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PREFACE TO THE FIRST EDITION. 

Tn the following work T have investigated the more 
elementary properties of the Ellipse, Parabola, and Hy¬ 
perbola, defined with reference to a focus and directrix, 
before considering the ixcneral Equation of the Second 
Degree. L believe that this arrangement is the best for 
beginners. 

The examples in the body of each chapter are for the 
most, part very easy applications of the book-work, and 
have been carefully selected and arranged to illustrate 
the principles of the subject. The examples at the end of 
each chapter arc more difficult, and include very many of 
those which have been set in the recent University and 
College examinations, and in the examinations for Open 
Scholarships, in Cambridge. 

The answers to the examples, together with occasional 
hints and solutions, are given in an appendix. I have 

also, in the body of the work, given complete solutions 

> 

of some illustrative examples, which I hope will be found 
especially useful. 

S. (\ s. 


b 
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PREFACE. 


Although I have endeavoured to present the ele¬ 
mentary parts of the subject in as simple a manner as 
possible for the benefit of beginners, I have tried to make* 
the work in some degree complete; and have therefore 
included a chapter on Trilinear Co-ordinates, and short 
accounts of the methods of Reciprocation and Conical Pro¬ 
jection. For fuller information on these latter subjects 
the student should consult the works of Dr Salmon, 
Dr Ferrers, and Dr C. Taylor, to all of whom it will be 
seen that I am largely indebted. 

I am indebted to several of my friends for their kind¬ 
ness in looking over the proof sheets, for help in the 
verification of the examples, and for valuable suggestions; 
and it is hoped that few mistakes have escaped detection. 

CHARLES SMITH. 


Sidney Sussex College, 
April, 1882. 


PREFACE TO THE SECOND EDITION. 

% 

The second edition has been carefully revised, and some 
additions have been made, particularly in the last 
Chapter. 

Sidney Sussex College, 

July , 1883. 



CHAPTER ]. 


Co-ordinates. 

1. If in a plane two fixed straight lines A'OX', \ r O Y' 
be taken, and through any point P in the plane the two 
straight lines PM, PL be drawn parallel to XOX', YU Y 
respectively; the position of the point P can be found 



when the lengths of the lines PM, PL are given. For we 
have only to take OL, OM equal respectively to the 
known lines PM, PL and complete the parallelogram 
LOMP. 

The lengths MP and LP, or OL and OM, which thus 
define the position of the point P with reference to the 

s. c. s. 1 
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lines OX, O Y are called the- co-ordinates of the point P 
with reference to the axes OXf^Y The point of inter¬ 
section of the axes is called the origin. "When the angle 
between the axes is a right angle the axes arc said to be 
rectangular; when the angle between the axes is not a 
right angle the axes are said to be oblique. 

OL is generally called the abscissa, and LP the or¬ 
dinate of the point P. 

The co-ordinate which is measured along the axis OX 
is denoted by the letter x, and that measured along the 
axis OY by the letter y. If, in the figure, OL be a and 
OM be b ; then at the point P y x — a, and y = b, and the 
point is for shortness often called the point (a, b). 

2. Let OM be taken equal to 0M y and OL' equal to 
OL, and through M', L draw lines parallel to the axes, as 
in the figure to Art. 1. Then the co-ordinates of the three 
points Q, R y 8 will be equal in magnitude to those of P. 
Hence it is not sufficient to know the lengths of the lines 
OL, LP, we must also know the directions in which they 
are measured. 

If lines measured in one direction be taken as positive, 
lines measured in the opposite direction must be taken as 
negative. We shall consider lines measured in the di¬ 
rections OX or OY to be positive, those therefore in the 
directions OX ' or OY must be considered negative. 

We are now able to distinguish between the co-ordi¬ 
nates of the points P, Q, R y 8. The co-ordinates of R are 
OL\ L'R, and these are both measured in the negative 
direction; so that, if the co-ordinates of P be a y b y those of 
R will be — a, — b. The co-ordinates of 8 will be a, — b ; 

and those of Q will be — a, b. 

• 

3. It must be carefully noticed that whether a line is 
positive or negative depends on the direction in which it is 
measured, and does not depend on the position of the 
origin; for example, in the figure to Art. 1, the line LO is 
negative although the line OL is positive. 

If any two points K y L be taken and the distances 
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OK, OL, measured from a point 0 in the line KL , be a 
and b respectively, then the distance KL must be KO+OL, 
or — OK + OL, that is — a+ b, and this will be the case 
wherever the point 0, from which distances are measured, 
may be. 

If 0 / 1 = - 3 , and OR = 4 ; thon^R = (- 3 ) +4 = 7 . If OA = 3 , and 

OB— - 4 ; then AB= - 3 + (- 4 ) = - 7 . 

The reader may illustrate this by means or a figure. 

4. To express the distance between two points in terms 
of their co-ordinates. 

Let P be the point (x, ?/), and Q the point (x" t y"), 
and let the axes be inclined at an angle co. 



Draw PM, QL parallel to OY f and QR parallel to (>X, 
as in the figure. 

Then OL = x", LQ - f, OM = x', MP = ?/. 

By trigonometry 

PQ* = QI? 4 - RP 1 - 2 QR .PPcos QRP. 

But QR = LM = OM - OL = x- x”, 

RP = MP- MR = MP- LQ— y — y", 
and angle QRP = angle OMP= nr — angle XO Y= tt — oj, 
PQ* = (/ “ a")* + (y - ?/") 2 4- 2(x - x") (y - y') cos n>, 
or PQ— + \f{{x —x”) 2 + {y'—y'Y + 2(«' — x") (y — y") cos g>). 

If the axes be at right angles to one another we have 

PQ=±*J{(*-xY+(y'-y"n 


1—2 
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The distance of P from the origin can he obtained from 
the above by putting x" = 0 and y" = 0. The result is 

OP — ± V{(^ 2 + ?/* + 2 x'y cos o)j, 
or, if the axes bo rectangular, 

OP= ± *J{x hi + f 2 }. 

Except in the case of straight lines parallel to one 
of the axes, no convention is made with regard to the 
direction which is to be considered positive. We may 
therefore suppose either PQ or QP to be positive. If 
however we have three or more points P, Q, It... in the 
same straight line, we must consider the same direction 
as positive throughout, so that in all cases we must have 
PQ + QR = PR. 

5. To find the co-ordinates of a point which divides in 
a given ratio the straight line joining two given points. 

Let the co-ordinates of P be x v y v and the co-ordi¬ 
nates of Q be x ?) y, and let R (x, y) be the point 
which divides'PQ m tho ratio Jc : l. 



Draw PL, RN, QM parallel to the axis of y, and PST 
parallel to the axis of x, as in the figure. 

Then LN : NM : : PS : ST :: PR : RQ :: k : l; 

l. LN — k. NM = 0, 

l (x — # A ) — Jc (x* — x) = 0; 


or 
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Similarly 


lx + kx„ 

/** — * * 

i+k 




_ ly, + k% t 
y ~ l + k * 


The most useful case is when the line PQ is bisected: 
the co-ordinates of the point of bisection are 

£(*!+*«)> i (&+&)• 

If the line were cut externally in the ratio k:l we 
should have 


LN:MN::k:l, 

LN:NMv.k.-l, 


and therefore x — ^ 1 

k—l 



kh “ hi 

k-l ' 


The above results are true whatever the angle between 
the co-ordinate axes may be. But in most cases formulae 
become more complicated when the axes are not at 
right angles to one auothev. We shall in future con¬ 
sider the axes to he at right angles in all cases except 
when the contrary is expressly stated$ 

Ex. 1. Mark in a figure the position of the point # = 1, y=2, and 
of the point *=-3, y--\\ and shew that the distance between them 
is 5. 

Ex. 2. Find the lengths of the lines joining the following pairs 
of points: (i) (1, -1) and (-1, 1); (il) («, -a) and (- 6, i); (iii) (3, 4) 
and (-1, 1). 

Ex. 3. Shew that the three points (1, 1), (- 1, - X) and (— N /.3, >/3), 
are the angular points of an equilateral triangle. 

Ex. 4. Shew that the four points (0, -1), (-2, 3), (G, 7) and (8, 3) 
are the angular points of a rectangle. 

Ex. 5. Mark in a figure the positions of the points (0, - 1), (2, 1), 
(0, 3) and (- 2, 1), and shew that they are at the corners of a square. 

Shew the Bame of the points (2,1), (4, 3), (2, 5) and (0, 3). 

Ex. 6. Shew that the four points (2,1), (5, 4), (4, 7) and (1, 4) are 
the angular points of a parallelogram. 

Ex. 7. If the point (.«, y) be equidistant from the two points (3, 4) 
and (1, - 2), then will x+ 3y=5. 
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0. To express the area of a triangle in terms of the 
co-ordinates of its angular points. 

Let the co-ordinates of the angular points A, B, G be 
®,. y,5 ■%, and ay.y, respectively. 



Draw the lines AK, BL, CM parallel to the axis of y, 
as in the figure. 

A A BG - KAGM - MCBL - LBAK. 

Now KAGM = A AGM+ A AKM 


= J KM. MG+-1 KM. KA 

= 2 to,-*.)(&,+&)• 

Similarly MCBL =l(x ,~* s ) (y, +y a ), 
and L BAK = J (.r 2 - xj (y s + y,); 

/. A ABC = J J(y,+ y,) (x„ - x,) + (y, + y a ) (*, - a:,) 

+ (y,+y.) ( a \ - •»•«)}; 

or, omitting the terms which cancel, 

A ABG— l (a;,y 2 - ay/, + ay/ a - ay/ a + ay/, - ay/„j 


«v Vv 1 

a , a » y a , 1 
a a , y„, 1 


The above expression for the area of a triangle will be found to be 
positive if the order of the angular points be such that in going round the 
triangle the area is always on the left hand. Whenever on substitution 
a negative result for the area is obtained, a reverse order of proceeding 
round the triangle has been adopted. 
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7. To express the area of a quadrilateral in tei'ms of 
the co-ordinates of its angular points . 

Let the angular points A, B, G f i)/taken in order, be 
(*,> yX (* a > yX (*,> y,) and (x t , yj. 



Draw AK y BL t CM, DN parallel to the axis of y, as in 
the figure. 

Then the area ABGD 

= KABL + LBGM - MGDN - FDAK. 

And, as in the preceding Article, 

KABL =1 (y, + y a ) (x, - *,), 

LBCM= £ (y a +y,) (a:, - a:,), 

MCDN = £ (y 3 + y j (x 3 - x t ), 

NDAK = \ (y 4 + y,) (« 4 - ®,). 

Hence ABGD = 4 {(y, + y a ) (x, - »,) + (y s +yj (a;, - x,) 

+ (y,+y.) (* 4 - *>>+(y.+//.) (*, - *4)1; 

or, omitting the terms which cancel, 

ABGD = i {y^-y^+y^ - y 3 x 3 + y 3 x t - y 4 ®, +y t x- y,a:J. 

The area of any polygon may be found in a similar 
manner. 


Ex. 1. Find the area of the triangle whose angular points are (2, 1), 
(4, 3) and (2, 5). 

Also find the area of the triangle whose angular points are (4, -5), 
(5, - 6) and (3, 1). Ans. 4, 
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Ex. 2. Find the area of the quadrilateral whose angular points are 
(1, 2), (3, 4), (5, 3) and (6, 2). 

Also of the quadrilateral whose angular points are (2, 2), (- 2, 3), 
(- 3, - 3) and (1, - 2). Ans. il, 20. 

8. If a curve be defined geometrically by a property 
common to all points of it, there will be some algebraical 
relation which is satisfied by the co-ordinates of all points 
of the cufrve, and by the co-ordinates of no other points. 
This algebraical relation is called the equation of the curve. 

Conversely all points whose co-ordinates satisfy a given 
algebraical equation lie on a curve which is called the locus 
of that equation. 

For example, if a straight line be drawn parallel to the 
axis OF and at a distance a from it, the abscissae of points 
on this line are all equal to the constant quantity a, and 
the abscissa of no other point is equal to a. 

Hence x — a is the equation of the line. 

Conversely the line drawn parallel to the axis of y 
and at a distance a from it is the locus of the equation 
x = a. 

Again, if x, y be the co-ordinates of any point P on a 
circle whose centre is the origin 0 and whose radius is 
equal to c, the square of the distance OP will be equal to 
x* -\-y* [Art. 4]. But OP is equal to the radius of the 
circle. Therefore the co-ordinates x, y of any point on the 
circle satisfy the relation a? 2 -f y 1 = c 2 . That is, a? 2 + y* = c* 
is the equation of the circle. 

Conversely the locus of the equation aj 2 +y 2 = c* is a 
circle whose centre is the origin and whose radius is equal 
to c. 

In Analytical Geometry we have to find the equation 
which is satisfied by the co-ordinates of all the points on a 
curve which has been defined by some geometrical pro¬ 
perty ; and we have also to find the position and deduce 
the geometrical properties of a curve from the equation 
which is satisfied by the co-ordinates of all the points on it. 

An equation is said to be of the w th degree when, 
after it has been so reduced that the indices of the vari- 
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ables are the smallest possible 'integers, the term or terms 
of highest dimensions is of n dimensions. For example, 
the equations axy 4- bx + c = 0, a? + soy >Ja + b a = 0, and 
tjx ■+■ \/y = 1 are all of the second degree. 

Ex. 1. A point moves so that its distanoes from the two points, (3,4), 
and (5, - 2) are equal to one another; find the equation of its locus. 

Ans. sc-3y = 1. 

Ex. 2. A point moves so that the sum of the squares of its distances 
from the two fixed points (a, 0) and (- a, 0) is constant (2c 2 ); find the 
equation of its locus. Ans. x 2 + y' 2 =c 2 - a 2 . 

Ex. 3. A point moves so that the difference of the squares of its 
distances from the two fixed points (a, 0) and (- a, 0) is constant (c 2 ); 
find the equation of its locus. Ans. 4 ax=-±c 2 . 

Ex. 4. A point moves so that the ratio of its distances from two 
fixed points is constant; find the equation of its locus. 

Ex. 5. A point moves so that its distanco from the axis of x is half 
its distance from the origin; find the equation of its locus. 

AllS. B^ 2 -35 2 = 0. 

Ex. 6. A point moves so that its distance from the axis of x is equal 
to its distance from the point (1, 1); find the equation of its locus. 

Ans. a; 3 -2uj-2y-j-2—0. 

9. The position of a point on a plane can be defined 
by other methods besides the one described in Art. 1. A 
useful method is the following. 

If an origin O be taken, and a fixed line OX be drawn 
through it; the position of any point V will be known, if 
the angle XOP and the distance OP be given. 



These are called the polar co-ordinates of the point P. 
The length OP is called the radius vector , and is 
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usually denoted by r, and the angle XOP is called the 
vectorial angle, and is denoted by 9. 

The angle is considered to be positive if measured 
from OX contrary to the direction in which the hands of 
a watch revolve. 

The radius vector is considered positive if measured 
from 0 along the line bounding the vectorial angle, and 
negative if measured in the opposite direction. 

If PO be produced to P', so that OP' is equal to OP 
in magnitude, and if the co-ordinates of P be r, 9 , those 
of P' will be either r, tt + 9 or — r, 6. 

10. To find the distance between two points whose polar 
co-ordinates are given. 

Let the co-ordinates of the two points P, Q be r x , 9 X \ 
and r x> 9 2 . 

Then, by Trigonometry, 

PQ 2 = OP 2 +OQ*- 2 OP . OQ cos PO Q. . 

But OP = r v OQ = r 2 and ^ POQ = XOQ — * XOP—9 ti —9 x \ 
PQ 9 = r* + r* - 2 r t r % cos (0 2 - 0,). 

The polar equation of a circle whose centre is at tlio point (a, a) and 
whose radius is c, is c 2 =a 2 -f r 2 -2a/-cos(0-a); where r, 6 are the polar 
co-ordinates of any point on it. 

11. To find the area of a triangle having given the 
polar co-ordinates of its angular / po , ints . 


R 



Let Pbe (?\, 0 % ), Q be (r 2 , 0 2 ), and R be (?’ 8 , 0 a ). 
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Then area of triangle PQR = A POQ + A QOR— A POR, 


and 

A POQ — | OP . OQ sin POQ 


= £»•,»•, sin (0,-0,), 

so 

A QOR = J r, r, sin (0, - 0.), 

and 

A P0R= \ r, i\ sin (0, - 0,) 


.-.A PQR = \ {i\ r 2 sin (ft, - ftj + r„ r 3 sin (ft, - ft 2 ) 

+^n siu 

12. Po change from rectangular to polar co-ordinates. 



If through 0 a line be drawn perpendicular to OX, and 
OX, OY be taken for axes of rectangular co-ordinates, we 
have at once 

x — ON = OP cos XOP— r cos 6, 
and y = NP — 0Psiu XOP— r sin ft 


Ex. 1. What are the rectangular co-ordinates of the points whose 
polar co-ordinates are ^1, ^ , ^2, ^ and ^ 4, - ^ respectively? 


Ex. 2. What are the polar co-ordinates of the points whose rect¬ 
angular co-ordinates are (-1, -1), (-1, \/3) and (3, - 4) respectively? 

Ex. 3. Find the distanco between the points whose polar co-ordinates 
are (2, 40°) and (4,100°) respectively. 

Ex. 4. '/Find the area of the triangle the polar co-ordinates of whose 
angular points are (1, 0), ^1, and (\/%, respectively. 
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The Straight Line. 

18. To find the equation of a straight line parallel to 
one of the co-ordinate axes. 

Let LP be a straight line parallel to the axis of x 
and meeting the axis of y at L, and let OL = b. 



Let x, y be the co-ordinates of any point P on the line. 

Then the ordinate NP is equal to OL. 

Hence y = b is the equation of the line. 

Similarly x —a is the equation of a straight line 
parallel to the axis of y and at a distance a from it. 

14. To find the equation of a straight line which passes 
through the origin. 

Let OP be a straight line through the origin, and let 
the tangent of the angle XOP = m. 

Let x t y be the co-ordinates of any point P on the 
line. 
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Then N1 P = tan NOP . ON 

Hence y = mx is the required equation. 



15. To find the equation of any straight line. 



Let LMP be the straight line meeting the axes in the 
points L, M. 

Let OM-c, ami let tan OLM — m. 

Let x, y be the co-ordinates of any point P on the line. 
Draw PN parallel to the axis of y, and OQ parallel to 
the line LMP , as in the figure. 

Then NP = NQ+ QP 

= ON tan NOQ + OM. 

But 

NP — y, ON = x, OM = c, and tan NOQ = ta nOLM— m. 
/. y = mx + c .(i) 

which is the required equation. 

So long as we consider any particular straight line the 
quantities m and c remain the same, and are therefore 
called constants. Of these, m is the tangent of the angle 
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between the positive direction of the axis of x and the 
part of the line above the axis of x t and c is the intercept 
on the axis of y . 

By giving suitable values to the constants m and c the 
equation y=mx+ c may be made to represent any straight 
line whatever. For example, the straight line which cuts 
the axis of y at unit distance from the origin, and makes 
an angle of 45° with the axis of x y has for equation 
y =x 4* 1. 

We see from (i) that the equation of any straight line 
is of the first degree. 


16. To shew that every equation of the first degree 
represents a straight line . 

The most general form of the equation of the first 
degree is 

Ax 4- By + (7 = 0.(i) 

To prove that this equation represents a straight line, 
it is sufficient to shew that, if any three points on the 
locus be joined, the area of the triangle so formed will be 
zero. 


Let (&•', y), (x'\ y") y and ( x"\ y") be any three points 
on the locus, then the co-ordinates of these points will 
satisfy the equation (i). 

We therefore have 


Ax + By +(7=0, 
Ax" +By" + C= 0, 
Ax'” + By"'+ C = 0. 


Eliminating A, B, C we obtain 

1 

*1 



the area of the triangle is therefore zero [Art. 6]. 

The equation Ax 4- By -I- G = 0 is therefore the equa¬ 
tion'of a straight line. 
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17. The equation Ax + By + 0=0 appears to in¬ 
volve three constants, whereas the equation found in Art. 
15 only involves two . But if the co-ordinates x , y of any 
point satisfy the equation Ax + By + 0=0, they will also 
satisfy the equation when we multiply or divide through¬ 
out by any constant. If we divide by B, we can write 

AC 

the equation y = — x — ^ , and we have only the tiuo 
A C 

constants — ^ and — which correspond to m and c in the 
equation y = mx + c. 


18. To find the equation of a straight line in terms of 
the intei'cepts which it makes on the axes. 

Let A y B be the points where the straight line cuts 
the axes, and let OA = a, and OB = h. 

Let the co-ordinates of any point P on the line be 

y- 



Draw PN parallel to the axis of y, and join OP. 
Then A APO + A PBO = A ABO ; , 

ay + hx = ahy 

*+y =i 

a 6 ’ 

This equation may be written in the form 

lx A my = 1, 
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where l and m are the reciprocals of the intercepts on the 
axes. 

19. To find the equation of a straight line in terms of 
the length of the perpendicular upon it from the origin and 
the angle which that perpendicular makes with an axis. 

Let OL be the perpendicular upon the straight line 
AB, and let OL =p , and let the angle XOL — a. 

Let the co-ordinates of any point P on the line be 
x, y. 

Draw PN parallel to the axis of y, NM perpen¬ 
dicular to OL , and PK perpendicular to NM, as in the 
figure. 



or p^occosoL+y sin a, 

which is the required equation. 

- 20. In Articles 15, 18 and 19 we have found, by 
independent methods, the equation of a straight line 
involving different constants. Any one form of the 
equation may however be deduced from any other. 

For example, if we know the equation in terms of the 
intercepts on the axes, we can find the equation in terms 
of p and a from the relations a cos a = p and 6 sin a = p, 
which we obtain at once from the figure to Art. 19. Hence 
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substituting these values of a and b in the equation 

- + % = 1, we get a? cos a + y sin a = p. 
a b 

If the equation of a straight line be 

Ax + By + (7 = 0; 


then, by dividing throughout by JA* + B* t we have 
A — a! 4. - —^- y + - - —-=0. 

TM ' . I A1 . TYl & ' . f - ' - 


Now 


*JA* + & *JA % + B iJ \/A* + B* 

B 


and 


VA 2 + B* 


are the cosine and sine 


*jA\ + & 

respectively of some angle, since the sum of their squares 
is equal to unity. If we call this angle a, we have ' 

x cos oi + y sin a —p = 0, 

G 

where p is put for- 7----—.-. . 

Ex. 1. If 3ac-4y-5=0, then dividing by N /3 2 + 4“ 2 we have 
lx -iy- 1=0. This is of the form * cos a 4 y sin a-J) = 0, where cos a — 
sina= and p — 1. 

Ex. 2. The equation ae+y + 5=0, is equivalent to 

5v . Sir 
x 00 s +y sin — = 


S 


n/2’ 


21. ^o find the position of a straight line whose 
equation is given, it is only necessary to find the co- 



s. c. s. 2 
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to x any two values whatever, and find from the given 
equation the two corresponding values of y . The points 
where the line cuts the axes are easiest to find. 

Ex. 1. If the equation of a line be 2x+ 5y=10. Where this cuts the 
axis of x, y— 0, and then x=5. Where it cuts the axis of y, x=0, and 
y = 2. 

Ex. 2. The intercepts made on the axes by the line 4x - y +2=0 are 
- and 2 respectively. 

Ex. 3. x-2y— 0. Here the origin (0, 0) is on the line, and when 
a:=4, y=2. 

The lines are marked in the figure. 

2%. If we wish to find the equation of a straight line 
which satisfies any two conditions, we may take for its 
equation any one of the general forms. 

(l) y = mx + c, (li) - + ^ = 1, 

* (iii) lx+my= 1 , (iv) x cos a 4- y sin a — p = 0 , 

or (v) Ax + By + G = 0. 

We have then to determine the values of the two 
constants m and c, or a and b , or l and m, or a and p, 
A B 

or and ^ for the line in question from the two con¬ 
ditions which the line has to satisfy. 

y Ex. 1. Find the equation of a straight line which passes through the 
point (2, 3) and makes equal intercepts on the axes. 

Let - + 1 -=1 be the equation of the line. 
a b 

Then, since the intercepts are equal to one another, a—b. 

Also, since the point (2, 3) is on the line, 

2 3 , 

- + -= 1 ; 
a a 

SO t/ 

a — 5 = b and the equation required is . + ?-1. 

6 o 

Ex. 2. Find the equation of the straight line which passes through 
the point (*/3, 2) and which makes an angle of 60° with the axis of x. 

Let y=mx + c be the equation of the straight line. 
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Then, since the line makes an angle of 60° with the axis of x, 
in =tan 60°= 

Also, if the point (/Js, 2) be on the line, 2 =m. ^/3+c, therefore c= -1, 
and the required equation is y= sj'dx- 1. 

23. To find the equation of a straight line drawn 
through a given point in a given direction. 

Let x\ y be the co-ordinates of the given point, and 
let the line make with the axis of x an angle tan" 1 m. 

Its equation will then be 

y — mx + c, 

and, since ( x, y) is on the line, 

y = mx + c, 

therefore, by subtraction, 

y-y'=m(x-x) .(i). 

The line given by (i) passes through the point (#', y) 
whatever the value of m may be ; and by giving a suitable 
value to m the equation will represent any straight line 
through the point (x, y). 

If then we know that a straight line passes through a 
particular point ( x\ y) we at once write down y — y 
— m(x — x') for its equation, and find the value of m from 
the other condition that the line has to satisfy. 

24. To find the equation of a straight line which 
passes through two given points. 

Take any one of the general forms, for example, 

y — mx-\-c .(i). 

Let the co-ordinates of the two points he x\ y and x\ y” 
respectively. Then, since these points are on the line (i), 
we have 

f =mx' +c.(ii), 

and f—mx'-^c .(iii). 

From (i) and (ii), by subtraction, 

y — y = m (x — x') 


.(iv). 

a—2 
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From (iii) and (ii), by subtraction, 

f-y‘^m{x"-x) .(v), 

aud therefore - ^, = -* *,. • 

y -y x —x 

This equation could be found at once from a figure. 

Ex. The equation of the line joining the points (2, 3) and (3, 1) is 
y -3 as-2 


1-3 3-2 


, or y + 2x -7=0. 


25. Let the straight line AP make an angle 6 with 
the axis of x. Let the co-ordinates of A be x', y\ and 
those of P be x, y, and let the distance AP be r. 



Draw AN, PM parallel to the axis of y, and AK 
parallel to the axis of x. 

Then AK = AP cos 6 , and KP = APsm 0, 
or x — x = v cos 6y and y — y = r sin 0. 

The equation of the line AP may be written in the 
form 

x — x r _ y — y __ 
cos 6 sin 6 

20 . Let the equation of any straight line be 

Ax -f By + C = 0.(i). 

Let the co-ordinates of any point Q be x\ y, and let 
the line through Q parallel to the axis of y cut the given 
straight line in the point P whose co-ordinates are x, y". 

Then it is clear from a figure that, so long as Q 
remains on the same side of the straight line, QP is drawn 
in the same direction; and that QP is drawn in the oppo¬ 
site direction, if Q be any point whatever on the other side 
of the straight line. 
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That is to say, QP is positive for all points on one side 
of the straight line, and negative for all points on the other 
side of the straight line. 

Now QP = y"-y' .(ii), 

and Ax' + By' +(7= Ax' + By + G — (Ax + By' + G ), 

[for ( x, y") is on the line, and therefore Ax -f By" + (7= 0 ] 
.*. Ax' +By'+ (7=- B(y''~y) .(iii). 

From (ii) and (iii) we sec that Ax' + By + G is positive 
for all points on one side of the straight line, and negative 
for all points on the other side of the line. 

If the equation of a'straight line be Ax + By + (7=0, 
and the co-ordinates x', y of any point bo substituted 
in the expression Ax + By + C ; then if Ax + By' + G be 
jwsitive, the point (x, y) is said to bo on fche positive side 
of the line, and if Ax' + By' + G be negative, ( x' f y') is 
said to be on the negative side of the line. 

If the equation of the line be written 

— Ax — By — (7 = 0 , 

it is clear that the side which we previously called the 
positive side we should now call the negative side. 

Ex. 1. The point (3, 2) is on the negative side of 2x - 3y - 1=0, and 
on the positive side of 3x -2y-l =0. 

Ex. 2. The points (2, -1) and (1,1) are on opposite sides of the line 
3je + 4y ~6-=0. 

Ex. 3. Shew that the four points (0, 0), (-1, 1), (- t 7 „ 0) and (2, 
are in the four different compartments made by tho two straight lines 
2aj-3y + l=0, and 3x-5y + 2=0. 

27. To find the co-ordinates of the point of intersection 


of two given straight lines. 

. Let the equations of the lines be 

ax + by + c= 0.(i), 

and ax + h'y + c' = 0.(ii). 


Then the co-ordinates of the point which is common to 
both straight lines will satisfy both equations (i) and (ii). 
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We have therefore only to find the values of x and y 
which satisfy both (i) and (ii). 

These are given by 

_ « __ y _ 1 

be — b'c ca! — c'fl a&' — a'b ’ 


28. find the condition that three straight lines may 
meet in a point. 

Let the equations of the three straight lines be 

ax + by + c = 0...(1), dx + b'y + c' = 0...(2), 

ax + b'’y + c" = 0... (3). 

The three straight linos will meet in a point if the 
point of intersection of two of the lines is on the third. 

The co-ordinates of the point of intersection of (1) and 
(2) are given by 

J? ' = __ J/_^ 1 

be — b'c cd — da ah' — db' 


The condition that this point may be on (3) is 


„ be - b'c cd - ca „ 
W^db + 6 aV^db + ° 


or, a" (6c' - b'c) + b" (cd - ca) + c" (aft' - db) = 0. 


EXAMPLES. 

1. Draw the straight lines whose equations are 

(i) x + y= 2, (ii) 3a*-4y=12, 

(iii) 4as-3y+l=0 f and (iv) 2x + 5y + 7-=0. 

2. Find the equations of the straight lines joining the following pairs 
of points—(i) (2, 3) and (- 4, 1), (ii) (a, b) and (6, a). 

Am. (i) x- 3y + 7=0, (ii) x+y=a + b. 

3. Write down the equations of the straight lines which pass through 

the point (1, -1), and make angles of 150° and 30° respectively with the 

axis otx. . . , 1 

Am.y+l==F-j- (*._!). 
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4. Write the following equations in the form xcosa+y sin a-p= 0,— 
(i) &r+4y-16—0, (ii) 12*- -5y+10=0. 

Jns. (i) + 0, (ii) -H*+Ay-f$=0. 

5. Find the equation of the straight line through (4, 5) parallel to 

2* - 3y - b =0. A m. 2x - 3y +7=0. 

6. Find the equation of the line through (2,1) parallel to the line 

joining (2, 3) and (3, -1). Am. 4x+y=3. 

7. Find the equation of the line through the point (5,6) which makes 

equal intercepts on the axes. Am. x+y — 11. 

8. Find the points of intersection of the following pairs of straight 
lines (i) bx + 7y =99 and 3* + 2y + 77=0, (ii) 2x - by -|-1=0 and x+y + 4=0, 

< m )«- + r la “ a i + « *• 

*"• «(- 67,62), (ii) (- 3, -1), (Hi) (£,. „£) . 

9. Shew that the three lines 5* + 3j/-7=0, 3x-4y-10—0, and 
x + 2y --0 meet in a poin f . 

10. Shew that the three points (0, 11), (2, 3) and (3, -1) are on a 
straight line. 

Also the three points (3a, 0), (0, 3 b) and (a, 26). 

11. Find the equations of the sides of the triangle the co-ordinates of 
whose angular points are (1, 2), (2, 3) and (- 3, - 5). 

Am. 8*- 5?/-l = 0, 7*-4y + l=0, *-y + l=0. 

12. Find the equations of tho straight lines each of which passes 
through one of tho angular points and the middle point of the opposite 
side of the triangle in Ex. 11. 

Am. 2x -- y=0, 3*-2y=0, 5x -Sy—0. 

13. Find tho equations of the diagonals of the parallologram the 
equations of whose sides are * - o=0, x-h-0, y c=0 and y-d=0. 

Am. (d-c)x + (a-b)y + bc-ad~0 and {d-c) x + (b - a) y + ac - bd= 0. 

14. What must be the value of a in order that the three lines 
3*+y-2=0, o*+2y-3=0, and 2x-y-3=0 may meet in a point? 

Am. a—5. 

15 y In what ratio is the line joining tho points (1,2) and (4, 3) divided 
by the line joining (2, 3) and (4,1)? Am. The line is bisected. 

16. Are the points (2 y 3) and (3, 2) on the same or on opposite sidgs 
of the straight line by - 6se+4=0? 
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17. Shew that the points (0, 0) and (3, 4) are on opposite sides of 
the line y - 2x+ 1=0. 

18. Shew that the origin is within the triangle the equations of whose 
sides are x—7y + 25=0, 5x+3y + ll=0, and 3a?-2y-1=0. 


29. To find the angle between two straight lines 
whose equations are given. 

(i) If the equations of the given lines be 
x cos a + y sin a —p — 0, and x cos a ' + y sin a — p' = 0, 

the required angle will be a — a or w — a — a. 

For a and a' are the angles which the perpendiculars 
from the origin on the two lines respectively make with 
the axis of x, and the angle between any two lines is equal 
or supplementary to the angle between two lines perpen¬ 
dicular to them. 


(ii) If the equations of the lines be 

y — nix *f c, and y — nix -f c ; 

then, if 0, 0' be the angles the lines make with the 
axis of Xy tan 0 = m and tan 0' = m ; 

. //l /jrv Wi Wi 

.•. tan(0 —0)= ; 

v 1 i + mm ’ 

m — vi \ 


.*. the required angle is tan 1 ^ 


-f mm 


)■ 


The lines are perpendicular to one another when 
1 + mm! — 0, and parallel when m = m. 

(iii) If the Equations of the lines be 

by + c = 0, and a!x + by + c = 0, 
these equations may be written in the forms 

a c . a c 

y = ~b x ~b’ and y== -b’ x ~b’- 


Therefore, by (ii), the required angle is 
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^ The lines ax + by + c = 0 and ax + b’y+ c —0 will 1 
be at right angles to one another, if aa + bb' = 0, and. 

will be parallel to one another if ba — b'a = 0 , or if . 


30. The condition of perpendicularity is clearly satis¬ 
fied by the two lines whose equations arc 

ax-{-by + cj= 0 and bx—ay+ c' = 0 . 

The condition is also satisfied by the two lines 

ax + by + c = 0 and ~ — % + c = 0 . 

... a b 

Hence if, in the equation of a given straight line, we 
interchange, or invert, the coefficients of x and y, and alten 
the sign of one of them, we shall obtain the equation of 
a perpendicular straight line; and if this line has to satisfy 
some other condition we must give a suitable value to the 
constant term. 


Ex. 1. The line through the origin perpendicular to 4// + 2x=7 is 
2 y — 4.r = 0. 

Ex. 2. The line through the point (4, 5) perpendicular to Sx - 2y + 5=0 
is 2 (x - 4) + 3 (y - 5) = 0, for it is perpendicular to the given line, and it 
passes through the point (4, 5). 

Ex. 3. The acute angle between the lines 

2j? + 3y+l — 0, and ar-y=0 is tan -1 5. 

31. To find the perpendicular distance of a fjiven point 
from a given straight line. 


Let the equation of the straight line be 



and let x\ y' be the co-ordinates of the given point P. 
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The equation 

x cos a + y sin a —p = 0.(ii) 

is the equation of a straight line parallel to (i). 

It will pass through the point (x, y) if 

x cos a + y' sin a —p' = 0.(iii). 


Now if PL be the perpendicular from P on the line (i), 
and ON , ON the perpendiculars from the origin on the 
lines (i) and (ii) respectively, then will 

LP = NN 


=P'-P 

= x cos a + y' sin a — p [from (iii)]. 


Hence the length of the perpendicular from any point 
on the line x cos ol+ y sin cl —p — 0 is obtained by substi¬ 
tuting the co-ordinates of the point in the expression 

x cos a 4- y sin a — p. 

The expression x cos a + y sin a — p is positive so long 
as p' is positive and greater than p, that is so long as 
P (x\ y f ) and the origin are on opposite sides of the line. 

If the equation of the line be ax + by + c = 0, it may be 
written 


a b 


!/ + 


,=0.(iv) 


Vo’+6* Va a + 6’ Vo’+6’ 

which is of the same form as (i) [Art. 20]; therefore the 
length of the perpendicular from (x } f) on the line is 
ft j_ b ^_ c 

•/aF+T? !C + V^+f’ y + Va’ + &” 


or 


ax’ + bif + c 

W+JT 



Hence , when the equation of a straight line is given in 
the form ax + by + c=Q, the perpendicular distance of a 
given point from it is obtained by substituting the co-ordi- 
nates of the point in the expression ax + by +c, and dividing 
by the square root of the sum of the squares of the coeffi¬ 
cients ofx and y. 
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If tbo denominator of (v) be always supposed to be 
positive, the length of the perpendicular from any point 
on the positive side of the line will be positive, and 
the length of the perpendicular from any point on the 
negative side of the line will be negative. [See Art. 26.] 

, 32. To find the equations of the lines which bisect the 

angles between two given straight lines . 

The perpendiculars on two straight lines, drawn from 
any point on cither of the lines bisecting the angles be¬ 
tween them, will clearly be equal to one another in mag¬ 
nitude. 

Hence, if the equations of the lines be 


ax + by + c = 0 .(i), 

and ax + b'y + c — 0 .(ii), 


and ( x\ y) be any point on either of the bisectors, 
ax' + by' + c . ax + b'y 4 - c 
+ b 1 Va' 2 + b* 


must be equal in magnitude. 

Hence the point (x , y) is on one or other of the 
straight lines 


ax 4- by + c _ ax 4- b'y 4- c 

jT+ir' ~ ' Ja" + ?/ r 



The two Lines given by (iii) are therefore the required 
bisectors. 


We can distinguish between the two bisectors; for, if we 
take the denominators to be both positive, and if the 
upper sign be taken in (iii), ax + by + c and ax -f b'y + d 
must both be positive or both be negative. 


tx . ax + bu + c . a'x -f b'x +c .. . 

7^ + 6* Ja’*+V* V A 


every point is on the positive side of both the lines (i) and 
(ii), or on the negative side of both. 

If the equations are so written that the constant terms 
are both positive, the origin is on the positive side of both 
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lines; hence (iv) is the bisector of that 
origin lies. 

Ex. The bisectors of the angles between the lines 4x - 3y +1=0, and 

12x -f 5?/+ 13=0 are given by - = ± ftil? j and the upper 

5 13 

sign gives the bisector of the angle in whioh the origin lies. 

33. To find the equation of a straight line through the 
point of intersection of two given straight lines . 

The most obvious method of obtaining the required 
equation is to find the co-ordinates x\ y of the point 
of intersection of the given lines, and then use the form 
y — y = m (x — x) for the equation of any straight line 
through the point ( x\ y). The following method is how¬ 
ever sometimes preferable. 

Let the equations of the two given straight lines be 


ax + by + c — 0.(i), 

a'x + b'y +c = 0.(ii). 

Consider the equation 

ax + by + c + \ (ax + b'y 4- c) = 0.(iii). 


It is the equation of a straight line, since it is of the 
first degree; and if (x, y) be the point which is common 
to the two given lines, we shall have 

ax + by'+ c = 0 
and ax’ + b'y* + c' = 0, 

and therefore (ax' + by + c) + X (ax -f b'y -f c) = 0. 

This last equation shews that the point (x, y) is also 
on the line (iii). 

Hence (iii) is the equation of a straight line passing 
through the point of intersection of the given lines. Also 
by giving a suitable value to \ the equation may be made 
to satisfy any other condition, it may for example be made 
to pass through any other given point. The equation 
(iii) therefore represents, for different values of X, all 
straight lines through the point of intersection of (i) 
and (ii). 


angle in which the 
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Ex. Find the equation of the line joining the origin to the point of 
intersection of 2x+5y - 4=0 and 3x - 2y+2=0. 

Any line through the intersection is given by 

2x+6y-4+X(3x-2y + 2)=0. 

This will pass through (0, 0) if - 4+2X=0, or if X=2; 

2x + 5y-4 + 2(3x-2y + 2)=0, 
or 8x + y=0, is the required equation. 

34. If the equations of three straight lines be 

ax + by+ c = 0, a!x 4- b'y -f c' = 0, and a n x + b”y -f c" = 0 

respectively; and if we can find three constants X, /a, v such 
that the relation 

X (ax + by 4- c) + fi (a'x4 - b'y +c') +v (a'x+ b"y+c")= 0...(i) 
is identically true, that is to say is true for all values of 
x and y, then the three straight lines will meet in a point. 
For if the co-ordinates of any point satisfy any two of the 
equations of the lines, the relation (i) shews that it will 
also satisfy the third equation. This principle is of fre¬ 
quent use. 

Ex. The three straight lines joining the angular points of a triangle 
to the middle points of the opposite sides meet in a point. 

Let the angular points A, B, C be (x', y'\ (x", y"), (x"\ y"'), respectively. 
Then D, E, F, the middle points of BC, CA, AB respectively, will be 

^x"+x"' y"+y^ ^x"+x' >r±y’^ &ml y'+y'^ 

The equation of AD will therefore be 

y - x - x 

»"+/' *"+•*" 

2 2 

or y (x" + s'" - 2x') - x ( y " + y'" - 2y') + x ' (y" + y'") - y' (x" + x'") — 0. 

So the equation of BE and CF will be respectively 
y (x"'+x' - 2x") - x (y /M +y f ~ 2y") + x" (y"' + y') - y" (x"' +x')=0 
and y (x' + x" - 2x"') - x (y' -fy" - 2y'") + x'" (y'+y") - y'" (x' + x")^ 0. 

And, since the three equations when added together vanish identically, < 
the three lines represented by them must meet in a point. '• 
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EXAMPLES. 

1. Find the angles between the following pairs of straight lines— 

(i) y = 2x+5 and 3s+y=7, 

(ii) x+2//-4=0 and 2x-y + l=0, 

(iii) Ax + By + C=0 and (A+B)x-(A-B)y = 0. 

Ans. (i) 45°, (ii) 90®, (iii) 46®. 

2. Find the equation of the straight line which is perpendicular to 
2x+7y- 5=0 and which passes through the point (3, 1). 

Am. 7x-2y=19. 

3. Write down the equations of the lines through the origin perpen¬ 
dicular to the lines 3x + 2y - 5 =0 and 4x+ 3y - 7=0. Find the co-ordinates 
of the points where these perpendiculars meet the lines, and shew that 
the equation of the line joining these points is 23x + lly - 35=0. 

4. Find the perpendicular distances of the point (2, 3) from the lines 

4x + 3y-7=0, 5x+12y-20=0, and 3x+4y-8=0. Ans. 2. 

5. Write down the equations of the lines through (1,1) and (- 2, -1) 
parallel to 3x+4y + 7=0; and find the distance between these lines. 

Ans. y. 

6. Find the equations of the two straight lines through the point 
(2, 3) which make an angle of 45° with x-t-2y=0. 

Ans. x-3y + 7=0, 3x+y=9. 

7. Find the equations of the two straight lines which are parallel to 
x + 7y +2=0 and at distance from the point (1, -1). 

t Ans. x + 7y + 0±5j2=0 m 

8. Find the equation of the line joining the origin to the point of 
intersection of the lines x - 4y - 7=0 and y + 2x -1=0. 

Ans. 13x + lly— 0. 

9. Find the equation of the straight line joining (1,1) to the point of 
intersection of the lines 3x + 4y - 2=0 and x - 2 y + 5 = 0. 

Ans. 7x+26y - 33=0. 

10. Find the equation of the line drawn through the point of inter¬ 
section of y-4x-l=0 and 2x + 5y-6=0, perpendicular to 3y+4x=0. 

Ans. 88 y - 66x -101 - 0. 

11. Find the lengths of the perpendiculars drawn from the origin on 
the sides of the triangle the co-ordinates of whose angular points are (2,1), 
(3, 2) and (-1, -1). 

12. Find the equations of the straight lines bisecting the angles 
between the straight lines 4y-\-3x -12=0 and 3y + 4x-24=0; and draw 
a figure representing the four straight lines. 

Am. y-x+12=0, 7y + 7x-36=0. 
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13. Find the equations of the diagonals of the rectangle formed by 
the lines ®+3y-10=0, a5+3y-20s=0, 3*-y + 5=0, and 3aj-y-5=0; 
and shew that they intersect in the point (§, §). 

14. Find the area of the triangle formed by the lines y-x— 0, 

y + x= 0, *-c=0. Am. c a . 

16. The area of the triangle formed by the straight lines whose 
equations are y - 2x=0, y - 3ac=0, and y=6x+4 is 1. 

16. Find the area of the triangle formed by the lines y— 2*+4, 

2y + 3x=5, and y + x+1—0. Am . 8 2 \ 8 . 

17. Shew that the area of the triangle formed by the lines whose 
equations are y=m l x+e lt y=m.jc +c 2 , and x=0 is 

i ( g i ~ c a) a ^ 

5 m i —m l * 


18. Shew that the area of the triangle formed by the straight lines 
whose equations are y=m 1 x+c l , y=m 2 pc+c 2 , and y=m i x+c a is 

4 ‘"^-+4 “~+4 ~i-- [Use Ex. 17.] 

19. Shew that the locus of a point which moves so that the sum of 
the perpendiculars let fall from it upon two given straight lines is constant 
is a straight line. 


35. A homogeneous equation of the nth degree will 
represent n straight lines through the origin . 

Let the equation be 

Ay n + By n ~'x 4- Cy n ~*a ?4 ... + Kx* = 0...(i). 
Divide by x n and we get 


A 



4 -A. = 0... 



Let m t , m s , m 3 . m n be the roots of this equation. 

Then it is the same as 



and therefore is satisfied when 

~ — m, = 0, when ^ — m a = 0, &c., 
and in no other cases. 

Therefore all the points on the locus represented by (i) 
are on one or other of the n straight lines 

y — m x x = 0, y — m t x = 0,. y — m H x = 0. 
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36. To find the mgle between the two straight lines 
represented by the equation Aaf + 2 Bxy 4 Gy* = 0. 

If the linos be y — m x x = 0 , and y — m 2 x = 0 , then 
(y — m x x) (y — m x x) = 0 is the same as the given equation 

„ 2B A o 
y + q osy+ or = 0; 

2B A 

m x 4 - m 9 = — .(i) and m x m x = .(ii). 


If 0 be the angle between the lines, 

tan 0 = ~, from (i) and (ii). 

If B* — AC is positive the lines are real, being coin¬ 
cident if & - AG = 0. 


If B 2 —AC is negative the lines are imaginary, but. 
pass through the real point ( 0 , 0 ). 

The lines given by the equation Ax* 4 2 Bxy + Gy*— 0 , 
will be at right angles to one another if A 4 G = 0 ; that 
is, if the sum of the coefficients of x* and y* is zero . 

37. To find the condition that the general equation of 
the second degree may represent two straight lines. 

The most general form of the equation of the second 
degree is 

ax 2 + 2 hxy + bf + 2 gx 4 2 fy + c = 0 .(i). 

If this is identically equivalent to 

(lx + my 4 n) (I'x + my 4 - n) = 0 ... .(«). 

we have, by equating coefficients in (i) and (ii), 

U' = a, mm — b, nn — c, 
mn + rnn = 2f nl' 4 nl = 2g, Im + I'm = 2h. 

By continued multiplication of the last three, we have 
8 fgli = 2 ll'mm'nn 4 - IV (m*n* 4 - mV 8 ) 

4- mm ' (n'*l* + n*V) 4 - nn (l'*m* 4 Vm'*) 
= 2 dbc + a ( 4tf 2 — 2 be) 

4- b (4 g* — 2ca) 4 - c (4th* — 2a6). 
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Hence abc — af* — bg 2 — ch? + 2 fgh = 0 .(iii) 

is the required condition. 

Unless the coefficients of x* and y 2 are both zero, we 
can obtain the above result more simply by solving the 
equation as a quadratic in x or in y. 

Suppose a is not zero; then if we solve the quadratic 
in we have 

ax + hy + g = ± ^/{(h? — ab) y 1 + 2 (Jig — of ) y -f- g* — ac}. 

Now in order that this may be capable of being reduced 
to the form ax -f By + C = 0 , it is necessary and sufficient 
that the quantity under the radical should be a perfect 
square. The condition for this is 

(K l — ab) (g* — ac) = (Jig — q/’) 2 , 
which is equivalent to (iii). 

38. To find the eg nation of the tines joining the origin 


to the common points of 

ax * + 2 hxy + b\f + 2 gx + 2 fy f c = 0.(i), 

and lx -{-my — 1 .(ii). 


Make equation (i) homogeneous ami of the second 
degree by means of (ii), and we get 
ax* -f 2 hxy + by 2 + 2 (ax + fy) (lx + my) + c (lx + my)' 2 = 0 

...(iii), 

which is the equation required. 

For equation (iii) being homogeneous represents 
straight lines through the origin [Art. 35J. To find where 
the lines (iii) are cut by the line (ii), we must put 
lx + my = 1 in (iii), and we then have the relation (i) 
satisfied; which shews that the lines (iii) pass through the 
points common to (i) and (ii). 

*39. To find the equation of the straight lines bisecting 
the angles between the two straight lines 

ax 2 + 2 hxy + by 2 = 0 . 

If the given lines make angles 6 X and # 3 with the axis 
of a*, then (y — x tan (y — x tan 0j) = 0 is the same as 
the given equation : and we obtain 

S. C. S. 


3 
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tan O x + tan 0 9 = — ^1- .(i), 


and 


tan 0, tan 0 8 = 


.(ii). 


If 0 be tlic angle that one of the bisectors makes with 
the axis of %, then will 

a 4- 0 9 a 0 X + 0 2 7T 

«=-Y' 0r5= 2 + 2 : 

and in either case 

tan 20 = tan (Q x + 0 2 ), 

2 tan 0 _ tan 0 t 4- tan 0 a 
1 — tan 8 0 1 — tan 0 L tan 0 a * 

If (or, y) be any point on a bisector, - = tan 0; 

•V 


or 


2 


hence 


V 

(r 


tan 0, + tan 0 2 


?/ 1 — tan 0 X tan 0 2 ’ 

1 ■ o 


x 


therefore, making use of (i) and (ii), we have for the re¬ 
quired equation 

2 xy _ 2h 

x'-fa'-b' 


or 


a? 2 — ?/ 2 _ xy 

T^b It ' 


EXAMPLES. 

« l.* 7 Shew that the two straight lines y % -2xy sec0+x 2 =O make an 
angle 0 with one another. 

* 2. Shew that the equation x 2 + xy - 6y 2 +- 7x+ 31y -18=0 represents 
two straight lines, and find the angle between them. Am. 45°. 

*3. Shew that each of the following equations represents a pair of 
straight lines, and find the angle between each pair: 

(i) fa-a) (y~a)~ 0, (ii) x*-4y*=0, 

(iii) xy=0 t (iv) xy-2x-3y+G=0, 

(v) a?-5xy + 4y 5 =0, (vi) x 9 ~5xy + 4y*+3x-4=0, 

(vii) x 2 + 2 xy cot 2a~ y 1 = 0. 
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% 4. For what value of X does the equation /// &Y 

12a;* - lOaey + 2y®+11* - 5y+X=0 

represent two straight lines? Shew that if the equation represents 
straight lines, the angle between them is tan _1 f. Am. X=2. 

, 5. For what value of X docs the equation 

12* 2 + X*y + 2y 3 -f11* - 5y + 2 = 0 

represent two straight lines ? Ans. -10, or- 8 /. 

* 6. For what value of X does the equation 

12**+36aey + Xy* + 6*+6y + 3=0 

represent two straight lines? Are the lines real or imaginary? Am. 28. 

7. For what value of X does the equation x*y+5*-+ 3y + 2=0 

represent two straight lines? Ans. X= y. 

8. Shew that the lines joining the origin to the points common to 
3** + &xy - 3y* + 2x + 3y=0 and 3* - 2y=1 are at right angles. 

The lines are 3* 2 + 5xy - By*+(2as+ 3y) (3* - 2y)=0. 


Oblique Axes. 

40. To find the equation of a straight line referred to 
axes inclined at an angle w. 



Let LMP be any straight line meeting the axes in the 
points L , M. 

Let x , y be the co-ordinates of any point P on the 
line. 

Draw PN parallel to the axis of y and OQ parallel to 
the line LMP\ as in the figure, % 


3—2 
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Then NP = NQ + QP .(i) 

r, , NQ sin NOQ . . 

But 7~v r = -, - \rftr ^=constant = m suppose, 

ON sin (a)-NOQ) 

and QP = OM = c suppose; 

therefore (i) becomes y = mx + c, which is the required 
equation. 

If 0 be the angle which the line makes with the axis 
of x, then 

sin 0 

VH ■ , /j\ } 

sin {co — 0) 

, „ tn sin cd 

.'. tan 0 ==-. 

1 4- m cos co 

41. Many of the investigations in the preceding 
Articles apply equally whether the axes are rectangular 
or oblique. These may be easily recognised. 

*42. To find the angle between two straight lines tvhose 
equations, referred to axes inclined at an angle co, are 
given. 

If the equations of the lines be 

y = mx 4- c, and y = nix 4- c, 

and if 0, & be the angles they make respectively with the 

axis of x, then [Art. 40] 

, * m sin cd w „ ni sin to 

tan 6 = ■=- , and tan 0 = -->--; 

1 4- m cos cd 1 4- ni cos co 

therefore tan (0 - 0') = - -y--™-- -, ...(i), 

14 -(m + vi) cos cd 4- nun x 

or the angle between the lines is 

tan -._(w - to') sill ft) 

1 4- (m4-m') ct>s co 4- mm ’ 

The lines will be at right angles to one another, if 

1 4- (m 4- m ) cos co 4- mm' = 0.(ii). 

If the equations of the two straight lines be 
ax 4- by 4* c = 0, and ax 4- b'y 4 -c = 0, 

and 0 be the angle between them, then m = —^, and 


But 


= constant = m suppose, 


tan" 1 - 
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— — and substituting these values in (i) we have, 


tan — 


(ab — ah') sin © 


ad + bb' — (ah’ + a'b) cos © * 

The lines will be at right angles to one another, if 
ad + bb' — ( ab ' + a'b) cos © = 0.(iii). 


*43. To find the perpendicular distance of any point 
(/> 0) from the line Ax 4- By +(7=0. 

Let the line cut the axes of x and y in the points K, L 
respectively, and let P be the point whose co-ordinates are 
fi g i and let PN be the perpendicular from it on the line 
LK. Then 

A PLK= A POK 4 A PZO- A LOK .(i), 

.*. PN. LK = OK. g sin © + OL ./sin © — OK. OL sin ©... 

(ii) : 

The relation expressed in (i) requires to be modified 
for different positions of the point and of the line, unless 
wc make some convention witli respect to the sign of tho 
area of a triangle, but the equation (ii) is universally true. 
Tho student should convince himself of the truth of this 
by drawing different figures. 

Now OK=- G -f, OL = — ~; 

A B 


also LJP= OK 2 + OU - 20K. OL cos © 

= {A* + P 54 — 2AB cos ©); 

from (ii) PN= .. .N,t B Nn -T sin “• 

v *J{A 2 +B *-2.d/?cos©} 

*44. To find the angle between the lines 

ad 1 -f 2 hxy + by 2 = 0, 
the axes being inclined at an angle ©. 

If the lines be y=m'x and y=m"x, 

2/i 

then will m + m = — 


7 > 
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and 


whence 


, ft «* 

mm — b ] 


m — m = - 


2 — ab 


But the angle between y = ma? and y = is 


( » //V • 

m —m ) sin <0 


tan' 1 --— V^- *7 7 , , „ [Art. 42]; 

1 + (m + m ) cos a> + m m 

therefore the angle required is 

, 2 — ab 1 sin <o 

tan , - ' , J 

b — 2A cos w + a 

The lines ax 2, + 2hxy + by 2 = Q are at right angles to 
one another, if 

a+ b — 2/a cos a) = 0. 


Polar Co-ordinates. 

45. yTo find the -polar equation of a straight line. 

Let ON be the perpendicular on the given line from 
the origin, and let ON = p, and XON= a. 

Let P be any point on the line, and let the co-ordinates 
of P be r, 0. 



Then, in the figure, z NOP is (6 —a), and 

OPcos NOP = ON. 

Therefore the required equation is 

r cos (6 — a) =p. 

This equation may also be obtained by writing r cos 0 
for x, and r sin 6 for y in the equation x cos a + y sin a = p. 
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46. To find the polar equation of the line through two 
given points. 

Let P, Q be the given points and let their co-ordinates 
be r, 0' and r", &' respectively. 

Let R be any other point on the line, and let the 
co-ordinates of R be (r, 6). 

Then, since 

A POQ + A QOR - A P0R=0, 

we have 

r' r" sin (0" — 0') 4- r"r sin ( 0 — 6") — rr sin (0 — ff) — 0. 

The required equation is therefore, 
rr' sin (i O '" — ff) 4- r r sin ( 6 — 6") 4- rr' sin ( & — 0) — 0. 


EXAMPLES. 

1. Shew that the lines given by the equation y l -x 2 ‘~0 arc at right 
angles to one another whatcvci the angle between the axes may be. 

2. Find the equation of the straight lino passing through the point 

(1, 2) and cutting the line x 2y — 0 at right angles, the axes being 
inclined at au angle of 60°. A ns. x~l. 

3. Find the angle the straight line y = Xx +6 makes with the axis of 

the axes being inclined at an angle whose cosine is jt. A ns. 45°. 

4. If y—mx + c and y — mx+c' make equal angles with the axis of x, 
then will m + m' + 2 mm! cos ut= 0. 

5. If tho lines Ax 2 + 2Bxy -H C;f- —0 make equal angles with the axis 
of j;, thon will Ti — A cos u. 

6. Shew that the lines given by the equation 

x 3 + 2xyooa w+y 2 cos 2«=0 

are at right angles to one another, tho axes being inclined at au angle «. 

7. Find tlio polar co-ordinates of the foot of the perpendicular from 
the pole on the line joining the two points (**i> ^i)* ( r a» &‘j) m 

47. We shall conclude this chapter by the solution of 
some examples. 

(1) On the aides of a triangle as diagonals , parallelograms are described, 
having their sides parallel to two given straight lines ; shew that the other 
diagonals of these parallelograms will meet in a point. 
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Take any two lines parallel to the sides of the parallelograms for the 
axes. Let A, B, C , the angular points of the triangle, be (x\ y\ (x”, y") 
and (.r'", y"') respectively. 



Then the extremities of the other diagonal of the parallelogram of 
which AI> is one diagonal will bo seen to be (x\ y") and (x' r , ?/). 

Therefore the equation of the diagonal FK will be 

y - y" _ x - v! 

or x (y' - y") 4- y (x' - x")+x"y" - x'y’— 0. 

Similarly the equation of HE will be 

* (y" - y'") + y {x" - x'") + x"'y m - x”y"= 0, 
and the equation of GD will be 

* [y’"-v')+V (*"' - *0 + *V - *'V"= 0 . 

The sum of these three equations vanishes identically, therefore the 
three straight lines meet in a point. [Art. 84.] 

(2) Any straight line is drawn through a fixed point A cutting two 
given straight lines OX, OY in the points P, Q respectively , and the paral¬ 
lelogram OPRQ is completed: find the equation of the locus o/R. 
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Take the two given lines for the axes, anil let the co-ordinates of the 
point A b efg. 

Let the equation of the line PQ in any ono of its possible positions be 

H =1 . (i) - 

Then the co-ordinates of the point R will be a and p. 

But, since the line PQ passes through the point (/, g), the values x =/, 
y=g satisfy the equation (i). Therefore 

H =i .< u >- 

Hence the co-ordinates a and p of the point R always satisfy the 
relation (ii). Calling the co-ordinates of the point R, x and y instead 
of a and p, wo have for tho equation of its locus 

i. 

x y 


(B) Through a fixed point 0 any straight line is drawn meeting two 
given parallel straight lines in P and Q; through P and Q straight lines 
are drawn in fixed directions , meeting in R: proi'c that the locus of R is a 
straight line. • 

Take tlic fixed point 0 for origin, and the axis of y parallel to the two 
parallel straight lines; and let tho equations of these parallel lines be 
x=a, x—b. 

Then, if the equation of OPQ be y = mx, the abscissa of V is a, and 
therefore its ordinate via ; also the abscissa of Q is h y and therefore its 
ordinate mb. 


Let PR be always parallel to y—m'x and QR always parallel to 


then the equation of PR will be 

y - vui—m' (at - «).(i), 

and the equation of QR will bo 

y - mb=m n (x - b) .(ii). 


At the point R the relations (i) and (ii) will both hold, and wo cun find, 
for any particular value of m, the co-ordinates of the point R by solving 
the simultaneous equations (i) and (ii). This however is not what wo 
want. What we require is the algebraic relation which is satisfied by the 
co-ordinates {x, y) of tho point Jf, whatever the value of m may be. To 
find this we have only to eliminate m between tho equation (i) and (ii). 
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The result is 

(b - a) y.~m!b (x- a) - m"a (x - 6). 

This equation is of the first (lcgrco, and therefore the roquired locus is 
a straight line. 

(4) To find the centres of the inscribed circle and of the escribed circles 
of a triangle whose angular points are given . 

Let (x\ ?/'), (x", y"), (x'", y'") be the angular points A, B t C respectively. 


The equation of BC is 

y (x" - x'") - x (y" - f) + y"x"' - x"y"'=0.(i), 

the equation of CA is 

y (x'" - x) - x (if - y 1 ) f y"V - x'"y'-= 0 .(ii), 

and the oquation of AH is 

y (x f - x") - x (y'- y")+y'x" - xy'-O.(iii). 


The perpendiculars on these lines from the centre of any one of the 
circlos are equal in magnitude . 

The centres of the four circles are therefore [Art. 81] given by 
± y(x" -x"')- x (f - y"')_+ g”*'" - *V " 

J(x"'-x')'+{y"'-yr 

=. 4. »<^-* "> - * (s' - v") +V*"-*y" , iv , 

j(*-xy+w-y"? . 

If the co-ordinates of the angular points A, B, C of the triangle be 
substituted in the equations (i), (ii), (iii) respectively, the left hand mem¬ 
bers of all three will bo the same. Hence, [Art. 2G] the angular points 
of the triangle are cither all on the positive sides of the lines (i), (ii), (iii), 
or all on the negative sides. 

Tho perpendiculars from the centre of the inscribed circle on the 
Rides of the triangle are all drawn in the same direction as those from 
the angular points of the triangle. Hence in (iv) the signs of all 
the ambiguities are positive for tho inscribed circle. 

For the escribed circles the signs are - + + , + - +, and + + - 
respectively. 
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Examples on Chapter II. 

1. A straight line moves so that the sum of the recipro¬ 
cals of its intercepts on two fixed intersecting lines is constant; 
shew that it passes through a fixed point. 

2. Prove that bx“ — 2hxy + ay 3 - 0 represents two straight 
lines at right angles respectively to the straight lines 

ax 2 -f 2/ixy + by 2 - 0. 

3. Find the equation to the n straight lines through 
(a, b) perpendicular respectively to the lines given by the 
equation 

+ v?f ,£C +/y/" - V +.+ pjf ■■ o. 

4. Find the angles between the straight linos represented 
by the equation 

a? 4 - 3 o?y — 3 xy 2 — y' 1 ---- 0. 

5. OA , OB are two fixed straight lines, A , ft being fixed 
points; P, Q are any two points on these lines such that the 
ratio of AV to BQ is constant; shew that the locus of the 
middle point of J*Q is a straight line. 

6. If a straight line be such that the sum of the perpendi¬ 
culars upon it from any number of fixed points is zero, shew 
that it will .pass through a fixed point. 

7. PM , PN are the perpendiculars from a point P on two 
fixed straight lines which meet in 0 ; MQ, NQ are drawn 
parallel to the fixed straight lines to meet in Q ; prove that, if 
the locus of P bo a straight line, the locus of Q will also be a 
straight line. 

8. A straight line OPQ is drawn through a fixed point 0, 
meeting two fixed straight lines in the points P, Q, and in tin', 
straight line OPQ a point R is taken such that OB, OR, OQ 
are in harmonic progression; shew that the locus of R is a 
straight line. 

9. Find the equations of the diagonals of the parallelogram 
formed by the lines 

a = 0, a — c, a- 0, a - c, 
where a = x cos a + y sin a-p, 

and a = x cos a! + y sin a - p'. 
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10. ABCD ia a parallelogram. Taking A aa pole, and AB 
as initial line, find the polar equations of the four sides and of 
the two diagonals. 

11. From a given point ( li , k) perpendiculars are drawn 
to the axes and their feet are joined; prove that the length of 
the perpendicular from (A, k) upon this line is 

hk sin* o» 

J{h a + k 2 + 2 hk cos o»} ’ 
and that its equation is hx - ky = h 2 — k 2 . 

12. The distance of a point (as,, y,) from each of two 
straight lines, which pass through the origin of co-ordinates, 
is 8; prove that the two lines are given by 

13. Shew that the lines FC, KB y and AL in the figure to 
Euclid i. 47 meet in a point. 

14. Find the equations of tho sides of a square the 
co-ordinates of two opposite angular points of which are 3, 4 
and 1, - 1. 

15. Find the equation of the locus of the vertex of a 
triangle which has a given base and given difference of base 
angles. 

16. Find tho equation of the locus of a point at which 
two given portions of the same straight line subtend equal 
angles. 

17. The product of the perpendiculars drawn from a point 
on the lines 

x cos 6 + y sin 0 = a, x cos <f> + y sin tf» a 

is equal to the square of the perpendicular drawn from the 
same point on the line 

0 + (^ . 0 + <A 0 — <i> 

x cos - 1 r— + y sin - - ~ a cos ; 

Z 2i Z 

shew that the equation of the locus of tho point is x* + y* - a 2 . 

18. PA , PB are straight lines passing through the fixed 
points A, Ji and intercepting a constant length on a giveu 
straight line; find the equation of the locus of P. 
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19. The area of the parallelogram formed by the straight 
lines 3x + 4y = 7 a , 3x + 4y= 7a,, 4a; + 3 y~ 7 b v and 4a; + 3y- 75, 
is 7 (a, - «,) (6, - 6,). 

20. Shew that the area of the triangle formed by the lines 
ax M + 2 hxy 4- bif = 0 and lx + my + n = 0 is 

u 9 J{h* — ab) 
am 9 — 2 him + ’ 

21. Shew that the angle between one of the lines given by 
ax? 4- 2 hxy + by 9 = 0, and one of the lines 

ax 9 + 2 hxy 4- by 2 + A (a;* 4- y 2 ) = 0, 
is equal to the angle between the other two lines of the system. 

22. Find the condition that one of the lines 

ax 9 + 2 hxy 4- by 2 — 0, 
may coincide with one of the lines 

ax 2 + 2 h'xy + b'y 2 — 0. 

23. Find the condition that one of the lines 

ax' + 2hxy 4 by 9 — 0, 
may be perpendicular to one of the lines 

ax 2 + 2 h'xy + b'y 2 ~ 0. 

24. Shew that the point (1,8) is the centre of the inscribed 
circle of the triangle the equations of whose sides are 

4y + 3a; = 0, \2y - 5x — 0, y- 15 = 0, respectively. 

25. Shew that the co-ordinates of the centre of the circle 
inscribed in the triangle the co-ordinates of whose angular points 
are (1, 2), (2, 3) and (3, 1) are j (8 + JiO) and J (10- J10). 
Find also the centres of the escribed circles distinguishing the 
diiierent cases. 

20. If the axes be rectangular, prove that the equation 
(a* - 3 y 2 ) x = my (y 2 - Xx 2 ) 

represents three straight lines through the origin making equal 
angles with one another. 

27. Shew that the product of the perpendiculars from the 
point (x, y ) on the lines ax 2 + 2 hxy 4- by 2 0, is equal to 

ax' 2 4- 2 \hxy i- hi /* 

J{a-oy + u* 
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28. If p v p t be the perpendiculars from (x, y) on the 
straight lines ax 2 + 2 kxy + by 9 - 0, prove that 

(Px + P?) {( a - &)*+ - 2 (a - 6) (ax* - by 9 ) 

+ 4h(a + b)xy + 4/**(x* + y*). 

20. Shew that the locus of a point such that the product 
of the perpendiculars from it upon the three straight lines 
represented by 

ay 9 + by s x + cyx* + dx? — 0 
is constant and equal to k B 

• is ay 3 + by 9 x + cyx 9 + daf -Id 2 J (a- c) 3 + (b - d) % - 0. 

30. Shew that the condition that two of the lines re¬ 
presented by the equation 

Ax 3 + 3 Ba*y + 3 Cxi/ + Dy* = 0 

may be at right angles is 

A 9 + SAC + SBD + = 0. 

31. Shew that the equation 

a (x* + y 4 ) — 4 bxy (x“ — y 9 ) + 6cx*7/* - 0 

represents two pairs of straight lines at right angles, and that, 
if 2 b 9 ~ a 9 + 3ac, the two pairs will coincide. 

32. The necessary and sufficient condition that two of the 
lines represented by the equation 

ay 4 + bxy 9 + cx 9 y 9 + dx 9 y + ex 4 - 0 
should be at right angles is 

(b + d) (ad + be) + (e- a) 9 (a + c + e) = 0. 

33. Shew that the straight lines joining the origin to the 
points of intersection of the two curves 

«x* + 2 hxy + by 3 + 2 yx — 0, 
and a'x 9 + 2 Kxy + Uy 9 + 2gx - 0, 

will be at right angles to one another, if g'(a + b) =g (a' + b'). 

34. Prove that, if the perpendiculars from the angular 
points of one triangle upon the sides of a second meet in 
a point, the perpendiculars from the angular points of the 
second on the sides of the first will also meet in a point. 

35. If the angular points of a triangle lie on three fixed 
straight lines which meet in a point, and two of the sides pass 
through fixed points, then will the third side also pass through 
a fixed point. 



CHAPTER III. 


Change of Axes. Anharmonic Ratios, or Cross 

Ratios. Involution. 

Change of Axes. 

48. When we know the equation of a curve referred 
to one set of axes, we can deduce the equation referred to 
another set of axes. 

49. To change the origin of co-ordinates without 
changing the direction of the axes. 



Let OX, OF be the original axes; OX', O'Y' the new 
axes; OX' being parallel to OX, and O'Y being parallel 
to OF. Let h, k be the co-ordinates of O' referred to the 
original axes. 
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Let P be any point whose co-ordinates referred to the 
old axes are x, y, and referred to the new axes x, y. 
Draw PM parallel to OY, cutting OX in M and O'X' 
in N. 

Then * » OM = OK + KM = OK + ON - h + x\ 

y = MP = MN+ NP—KO' + NP = k + y\ 

Hence the old co-ordinates of any point are found in terms 
of the new co-ordinates; and if these values be substituted 
in the given equation, the new equation of the curve will 
be obtained. 

In the above the axes may be rectangular or oblique. 

50. To change the direction of the axes without 
changing the origin , hath systems being rectangular. 



Let OX, 0 Y be the original axes ; OX', 0 Y the new 
axes ; and let the angle XOX’ = 6. 

Let P be any point whose co-ordinates are x, y re¬ 
ferred to the original axes, and x, y referred to the new 
axes. Draw PN perpendicular to OX, PN perpendicular 
to OX', N'M perpendicular to OX, and N'L perpendicular 
to PN, as in the figure. 

Then x=0N=0M-NM = OM - LN* 

= 0iV' cos 6-N'P sin e 
— x ' cos 0 — y’ sin 0 ; 
y = NP= NL + LP = MX + LP 
= ON' sin 0 4- N'P cos 0 
= x sin 0-\-y cos 0 . 
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Hence the old co-ordinates of any point are found in 
terms of the new co-ordinates; and if these values be 
substituted in the given equation, the new equation of the 
curve will be obtained. 


Ex. 1. What does the equation 3 x* + 2 xy + 3 y 2 -18# - 22y + 50=0 be¬ 
come when referred to rectangular axes through the point (2, 3), the new 
axis of x making an angle of 45° with the old ? 

First change the origin, by putting #' + 2, y' +3 for x, y respectively. 

The new equation will be 

3 (x f + 2) a + 2 (#'+2) (y ’+3) 4 3 (y 1 + 3) 2 - 18 (*' + 2) - 22 (y' + 3) + 50 ^0; 
which reduces to 3.c' 2 +2 x'y' + 3g ,,J - 1=0, 

or, suppressing the accents, tc 

3x 2 -1- 2 xy + 3 y 2 = 1.(i). 


To turn the axes through an angle of 45° we must write x 


for*,and*'~-+y-Lfory. 


Equation (i) will then be 


1 , 1 
\/2 " V \/2 


3 



+ 2 


• c V 
V'2 


*±y'+* 
■ + i 



which reduces to 4#' 2 + 2y 2 =l. 


Ex. 2. What does the equation x 2 - y 2 4 2# + 4y=0 become when the 
origin is transferred to the point (- 1, 2)? A ns. x 2 ~ y 2 3—0. 

Ex. 3. Shew that the equation 6.c 2 + 5xy - 6y 2 --1 lx + ly + 5 — 0, when 
referred to axes through a certain point parallel to the original axes will 
become 6.r 2 + 5a ty - 6y 2 - 0. 


• Ex. 4. What does the equation 4.x 2 + 2 s /3xij + 2 y 2 -1=0 become when 
the axes are turned through an angle of 30° ? Ans. 5x‘ J + >j‘ 2 -1 — 0. 

Ex. 5. Transform the equation x 2 -2.ry + y 2 + x -3y~0 to axes 
through the point (- 1, 0) parallel to the lines bisecting the angles be¬ 
tween the original axes. Ans. \/2y 2 -x — 0. 


Ex. 6. Transform the equation x 2 +cxy+y 2 —a", by turning the rect¬ 
angular axes through the angle . 

4 


51. To change from one set of oblique axes to another, 
without changing the origin. 

s. c. s. 


4 
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Let. OX, OF be the original axes inclined at an angle 
(o ; and OX 7 , OF be the new axes inclined at an angle 
<0 ; and let the angle XOX' = 0. 



o m h k x 


Let. P be any point whose co-ordinates are x, y re- 
ferreef to the original axes, and x, y referred to the new 
axes; so that in the figure OM—x, MP = y, OM' = x , 
and M'P= //, MP being parallel to OF and M'P parallel 
to o r. 

Draw PK and M'II perpendicular to OX, and M f G 
perpendicular to PK. 

Then KP = KG + OP - HM' + GP ; 

y sin o> = x sin XOX ' + y sin XOY' 

— x sin 0 + y sin (0 H- &>'). 

Similarly, by drawing PL perpendicular to OF, we 
can shew that 

x sin (0 — x sin A r '0 Y — y sin FO Y' 

= x sin {o) — 0)~ y sin {<0 + 0 — cu ). ' 

These formulae are very rarely used. The results which 
would be obtained by the change of axes are generally 
found in an indirect manner, as in the following Article. 

*52. If by any change of axes ax 2 + 2 hxy + by 2 be 
■ changed into a'x* + 2 lixy + b'y 2 , then will 
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a + b — 2h cos to a 4 b' — 2 li cos &>' 


and 


sin oo 

ab-h 9 a'b'-K 9 


• « / 
sin a a> 


sin *to 


* 2 / I 

SUl ft) 


where to and to are the angles of inclination of the two 
sets of axes. 

If 0 be the origin and P be any point whose co-ordi¬ 
nates are x,y referred to the old axes and x, y referred to 
the new, then OP 2 is equal to x* + y l 4- 2 xy cos to, and also 
equal to x 2 4 y* 4 2 x’y cos to'. 

Hence x 2 4 y 1 4 2 xy cos to is changed into 

x*+y 9 + 2xy cos to. 

Also, by supposition, 

ax 2 4 2hxy + by 9 is changed into ax ' 2 4 2h!xy 4 b'y 9 . 
Therefore, if X bo any constant, 

ax 2 4 2 hxy 4 by 9 4 X (a? 4 2 xy cos to 4 y 9 ) will be changed 
into ax 9 4 2 h'x'y 4 b'y' 9 + X (x z 4 2 xy cos to' 4- y 2 ). 
Therefore, if X be so chosen that one of these expressions 
is a perfect square, the other will also be a perfect square 
for the same value of X. 

The first will be a perfect square if 

(a + X) (b + A) — (Ji + X cos to) 2 = 0, 
and the second if 

(it 4 X) (l) 4 A) — (Jt 4 A cos ft> ) 2 = 0. 

These two quadratic equations for finding A must 
have the same roots. Writing them in the forms 

. t a+ b — 2h cos to ah — h 9 __ 

-l ' \ | * • O ™ “ " A# I *** O ' 

sin to sin ft) 

i a' 4- b r — 2 h! cos to' ah' — K 2 

and X 4- -- X -1—. a = 0, 

sin* ft) sm ft) 

we see that 

a 4* b — 2h cos to a 4- V — 2ti cos to 


sin* to 


• « / 
sin ft) 


- 0 ), 

4—2 
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and 


ah - h* a'b' - h' 2 


sin 9 co 


• 2 / 
sin © 


(ii). 


If both sets of axes are at right angles these equations 
take the simpler forms 

a + b s= a' + b r , and ab — h? — ah' — A' 2 .(iii). 


53. The degree of an equation is not altered by any 
alteration of the axes. 

For, from Articles 49, 50, and 51, we sec that, however 
the axes may be changed, the new equation is obtained 
by substituting for x and y expressions of the form 

la ./ + my + u, and lx + m y + n. 

These expressions are of the first degree, and therefore if 
they replace x and y in the equation the degree of the 
equation will not be raised . Neither can the degree 
of the equation be lowered , for, if it were, by returning to 
the original axes, and therefore to the original equation, 
the degree would be raised. 

if*' ♦ 

t t Ex. 1. Prove, by actual transformation of rectangular axes, that if 
ox 2 + 2 hxy + by 2 become a’x’~ + 2h'x'y' -h i’y' 2 , then will a-\-b~a' + b\ and 
h*-ab = h'*~a'b'. 

1 Ex. 2. If the formula for transformation from one set of axes to 
another with the same origin be x—mx' + iiy', y—m'x' + n'y'; shew that 
^ nfi+m'* -l mm' 

1 nn' * 

[.r a -f y 2 2 xy cos oj will become *' 2 h y' 2 +- 2x'y' cos u\ Substitute there¬ 
fore the given expressions for x and y, and equate coefficients of x' 2 and 
y' 2 to unity, and then eliminate cos w.] 


Anharmonic or Cross Ratios. 

*54. A set of points on a straight line is called a 
range; and a set of straight lines passing through a point 
is called a pencil; each line is called a ray of the pencil. 
If P } Qy It, S be four points on a straight line, the 
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ratio or PQ.RS : PS.RQ is called the iinhar¬ 

monic ratio or cross ratio of the range P, Q, R, S, and is 
expressed by the notation {PQRS\. 

If OP, OQ, OR, OS he a pencil of four straight lines 
the ratio sin POQ . sin BOS : sin PO$. sin ROQ is called 
the anharmonic ratio or cross ratio of the pencil, and is 
expressed by the notation 0 {PQRS}. 

If the cross ratio of a pencil or of a range is equal to 
— 1 it is said to be harmonic. 

It is easy to shew that if {PQRS} = — 1, then 
PQ : PS : : PR - PQ : PS - PR, 
so that PQ, PR, PS are in harmonical progression. 

If P, Q, R, S be a harmonic range, then Q and S are 
said to be harmonically conjugate with respect to P and R. 


*55. Tf four straight lines intersecting in a point 
O he cut by any straight line in the points P y Q, R, S, 
the cross ratio of the range P, Q, li, S will he equal 
to that of the pencil OP, OQ, OR, OS. 
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p .PQ = OP. OQ sin POQ, 
p,RS=OR. OS sin EOS, 
p .PS = OP. OSsin POS, 
p . RQ = OQ . OR sin ROQ. 

,, PQ. RS_ sin POQ. sin ROS 

Hence p'sTRQ “ imPffiTSnfflQ ; 

that is { PQRS] = 0 {PQRS}. 

If the pencil be cut by any two straight lines in 
the points P, Q, R, S and P', Q\ R', S' respectively, as in 
the figure, the cross ratios of the ranges P, Q, R, S and 
P', Q', R\ S' will be equal to one another, since they are 
both equal to the cross ratio of the pencil. 

If we draw the transversal P''Q ,f R" parallel to OS, 
it will meet OS at an infinitely distant point, aud, represent¬ 
ing this point by the symbol x>, we have 

P” W R" oo P"G" 
0{PQRS} = WOTST oo} = ; 

. R" 00 . 
since is unity. 

P oo J 


*56. To find the cross ratio of the pencil formed by the 
lines whose equations are 

x = 0, y — mx = 0, y = 0 and y — m'x = 0. 

Draw the line x = h cutting y — mx = 0 in P, the axis 
of x in N, and y — mx — 0 in Q. 

Then NQ — mh, and NP = mh. 

From the above we see that the four lines 


x — 0, y — mx =0, y = 0 and y + mx — 0 
form a harmonic pencil. 

If the axes are at right angles to one another the lines 
y — mx — 0, and y + mx — 0 make equal angles with either 
axis. 

Hence, if a pencil be harmonic and two alternate rays 
be at right angles to one another, they will bisect the 
internal and external angles between the other two. 
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*57. To find the cross ratio of the pencil farmed by the 
four lines 

y = hx t y — lx, y — mx, y — nx . 



Draw any line parallel to OY cutting the given lines 
in the points K, L, M, N respectively, and the axis of x in 
H, and let OH = x. 

Then 0 {»,«')- gj™. 

Now KL = 1IL — IIK = lx - kx, 

MN = HN- HM= nx'—mx, 

KN = JIN - IIK= nx'- kx', 

ML = IIL — IIM = lx — mx . 

*58. To find the condition that the lines given by the two 
equations ax s + 2 hxy -f bif = 0 and a'x* + 2 h'xy + b y 1 — 0 
may be harmonically conjugate. 

Let the pairs of lines be y = ax, y — a'x ; 
and y — /3x, y ~ (3'x. 

Then, if y = ax , y — 0x, y — ax , and y — /3'x form a har¬ 
monic pencil, we must have [Art. 57J 

(a-0) (*'-£') 

2aar' -\- 2/3ft — (a + a') (ft + ft)- 


or 
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. But, from the given equations we have 

^ , 2h 

a + a “--j- ** ~b’ 

/3 + / 8' = -~, fifU = . 

Hence the condition required is 

<x6' + ab = 27*7/. 

*59- We can shew in a similar manner that the pairs 
of points given by the equations 

ax* + 2hx + b = 0, and ax* + 2 h'x + b' = 0, 

are harmonically conjugate il 

«&' + </& =27*//. 


*60. Each of the three diagonals of a quadrilateral is 
divided harmonically by the other two diagonals. 



Let the straight lines QAB f QDC, PDA and PGB be 
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the sides of the quadrilateral. The line joining the point 
of intersection of two of these lines with the point of 
intersection of the other two is called a diagonal of the 
quadrilateral. There are therefore three diagonals, viz. 
PQ , AC, BD in the figure. 

We have to prove that 

[A OCR] = {BODS} = [QSPR} = -1. 

Let QO cut AD in K and BQ in L. 

Then, from Art. 55, 

[AOCR] = Q {AOOR] = [AKDP] 

= 0 \AKDP] — \ CLBP} 

= Q | CL BP] = [CO.All]. 

And, since {A 0 OR] = { GOAR ], 

AO. OR CO . AR 

or A R. GO ~ Oil .AO’ 

[A0CR} = ±1. 

We must take the negative sign, for two of the rays 
coincide if the anharmouic ratio of a pencil be equal to + 1. 

This follows from Art. 55, for if = 1, then P" and R" 

K 0 

are coincident. 

Hence the diagonal A C is cut harmonically. 

We can prove in a similar manner ihat the other 
diagonals are divided harmonically. 

Involution. 

*01. Def. Lot 0 be a fixed point on a given straight 
line, and P, P'; Q, Q'\ R, R'; &c. pairs of points on the 
line such that 

OP . OP' = OQ . OQ' = OR . OR 1 =.= a const. = k. 

Then these points are said to form a system in involution , 
of whicli the point 0 is called the centre. Two points 
such as P, P' are said to be conjugate to one another. The 
point conjugate to the centre is at an infinite distance. 
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If. each point be on the same side of the centre as its 
conjugate, there will he two points K t , K 2 , one on each side 
of the centre, such that OK* = OK* = OP . OP'. These 
points K t , K % are called daubte points or foci. 

It is clear that when the two foci are given the involu¬ 
tion is completely determined. 

An involution is also completely determined when two 
pairs of conjugate points are given. 

For, let a, a! and 6, b' be the distances of these points 
from any point in the straight line upon which they lie, 
and let x be the distance of the centre of the involution 
from that point. Then we have the relation 
(a — x) (a' — x) *= (5 — x) {U — x ), 
or (a + a 1 — b — b') x = act — bb'. 

Hence there is only one position of the centre. 

The position of the centre can be found geometrically 
by drawing circles one through each of the two pairs of 
conjugate points, then [Euclid m. 37] the common chord 
of the circles will cut the line on which the points lie in 
the required centre. 


*G2. If any number of points be in involution the cross 
ratio of any four points is equal to that of their four con¬ 
jugates. 

Let P, Q, R, 8 be any four points, and let the distances 
of these points from the centre be p, q, r, s respectively and 

k k k k 

therefore those of their conjugates respectively. 

p q v s 


Then 


[ POES] — — ^ ^ 

[ Q 1 t'-pHq-rV 


and 


{P'Q'R’S’} = 


fk k\ fk k\ 

\y y>/ \.y r) _ (p — q) (r — s ) 
_ k\ Ik _ k\ ~ (p- sj(r - q) ’ 
\S p) \q r) 


Hence (PQHtf) = [FQR8% 

The above gives us at once a means of testing whether 
or not six points are in involution. For P, P' will be con- 
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jugate points in the involution determined by A, A' and 
B, B\ if [ABA'P] = {A'B'AP}. 

*63. Any two conjugate points of an involution and the 
two foci form a harmonic range. 

Let K t1 be the two foci, and 0 the centre of 
the involution, and let K l O = c= OK r 

Then, if P, P' be the two conjugates we have to prove 
that 

K X P. K U F _ _ 

K X F .KJ > ~ ’ 

or (c + OP) (OP’ - c) + (c + OP') (OP - c) = 0, 

or OP .OF — c\ 

which we know to be true. 

*64. If any number of pairs of points in involution 
be joined to any point 0 wo obtain a pencil of lines which 
may be said to be in involution. 

Such a pencil is cut by any other transversal in pairs of 
•points which are in involution. This follows from Articles 
55 and 62. 


EXAMPLES. 


1. If P, Q, Ji t S bo any four points on a straight line, then 

PQ . RS+ PR . SQ + PS . QR=i). 

2, Shew that 


{PQIiS}.- {QPSJi}. {RSPQ) = {SRQP\. 

3. Shew that 

4. Shew that, by taking four points in different orders, six and only 
six different cross ratios are obtained, and that of these six three are the 
reciprocals of the other throe. 

5. If {PQRS\ = -1, shew that {SRQP\=- 1, {PRQS} - 2, and 
{PSQH\^: 

0. If {.PQiW?} — 1, and O be the middle point of Pit, then 

OP 3 ~ OQ. OS. 


7. 


If {PQRS\ =- - 1, shew that 


1 

PQ 



2 112 
Pli ’ E RQ + IIS ‘ HP ' 



CHAPTER TV. 


Thr Circle. 

G5. To find the equation of a circle referred to any 
rectangular axes. 



Let G be the centre of the circle, and P any point on 
its circumference. Let d, e be the co-ordinates of C\ x, y 
the co-ordinates of P; and let a be the radius of the circle. 
Draw CM, PN parallel to OY, and CK parallel to OX, as 
in the figure. Then 

CK 2 + KP 2 = CP 2 . 
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But GK = x — d, and KP = y — c\ 

.*. {x — df 4- (y — e) 2 = a 2 .(i), 

is the required equation. 

If the centre of the circle be the origin, d and e will 
both be zero, and the equation of the circle will be 

a? 4- y 2 = a 2 .(ii). 

The equation (i) may be written 

a? 4* ?/ — 2 dx — 2ey 4- d 2 + e l — a 2 = 0. 

The equation of any circle is therefore of the form 

* x 2 + y* + 2(jx + 2fy 4- c = 0.(iii), 

where g, f and c are constants. 

Conversely the equation (iii) is the equation, of a 
circle. 

For it may be written 

+of + (u +/)’=f +/*■ -o > 

and this last equation shews that the distance from any 
point on the locus of the equation (iii) from the point 

(-g, -/) is constant and equal to Vg s +/ 2 — c. The 
equation (iii) therefore represents a circle of radius 

V# 3 + f' 1 — c, the centre of the circle being at the point 

If <f +f 2 —c — 0 the radius of the circle is zero, and the 
circle is called a point-circle. 

If g l +/ 2 — cbe negative, no real values of x and of y 
will satisfy the equation, and the circle is called an imagi¬ 
nary circle. 

66. We have seen that the general 'equation of a 
circle is 

x 2 + V* + 2gx 4- 2 fy 4- c = 0. 

This equation contains three constants. If we want to 
find the equation of a circle which passes through three 
given points, or which is defined in some other manner, we 
assume the equation to be of the above form and deter¬ 
mine the values of the constants g, f c for the circle 
in question from the given conditions. 
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For example—To find the equation of the circle which 
passes through the three points (0,1), (1, 0) and (2, 1). 

Let the equation of the circle be 

+ if + 2 ( 7 # + 2 fy + c — 0. 

Then, since (0,1) is on the circle, the equation must be 
satisfied by putting x = 0 and y = 1; 

1 + 2 f + c = 0. 

Also, since (1, 0) is on the curve, 

1 + 2/7 + c = 0. 

And, since (2, 1) is on the curve, 

4+ 1 + 4(7 + 2/+c = 0. 

Whence g = f — — 1, and c — 1. 

The required cejnation is therefore 

# a + y l — 2 x — 2 y + 1=0. 

« 

67. To find the equation of a circle when the axes are 
iitolitted at an angle to. 

The'square of the, distance of the point (.r, y) from the 
point ( d , e) will be equal to 

(x — df + (y — e)* + 2 (x — d) (y — e) cos w. [Art. 4.] 

Therefore the equation of the circle whose centre is at 
the point (d, e), and whoso radius is a, will be 

(x — df + (y — df + 2 (x — d) (y — e) cos to = a* .(i), 

or os 2 + y 2 +2 xy cos to — 2x (d + e cos &>) — 2y (e + d cos to) 

+ rZ a + e* + 2 de cos to — a? = 0.(ii). 

Any circle therefore referred to oblique axes has its 
equation of the form 

x 2 + if + 2 xy cos to + 2 gx + 2 fy + c = 0.(iii), 

where g, f c are constants so long as we consider one 

particular circle, but are different for different circles. 

The equation (iii) will still be true if we multiply 
throughout by any constant; it then takes the form 

A#* + 2 A cos to xy + Ay 2 + 2 Ox + 2 Fy + (7 = 0.(iv). 

Hence the equation of a circle referred to oblique axes is 
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of the second degree, the coefficients of x 2 and ;?/* are 
equal to one another, and the ratio of the coefficients 
of xy and a? is 2cosa>, where co is the angle between 
the axes. 

We can find tho centre and radius of the circle represented by the 
equation a 2 4 y a 4 2xy cos w 4 2gx 4 2/y + <*=0. For it will be identical 
with (a -rf) a + (y-<») 2 1-2 (a- d) (y -e) cos w- a a =0, if d|-ecosw — -y, 
e+d cos« — -/, and d* + c 2 \- 2de cos w-d 2 =c. We therefore have d sin a w 
~f cos w-y, c sin a u —y cos w - f, and a 2 sin 2 w ~-f"\ y 2 — ‘2/y cos w - c sin 2 w. 


EXAMPLES. 


1. Find the radii and'the co-ordinates of the centres of the circles 
whose equations are (i) x- 1 y 2 - x - y — 0, (ii) -lx" f 4y 2 +4.r - 8//-1-3 — 0. 

Am. i. centre (A, 4), radius ; ii. centre ( - ) A , 1), radius -y . 

2. *Find the equation of the circle which passes through the points 

(0, 0), (a, 0) and (0, b). Am. x" 1 y 8 -ax-by =#. 

3. Find the equation of the circle which passes through the points 

(a, 0), (- a, 0) and (0, l). 

. Jfl 

Am. a 2 4- y 2 4 —-— y -n 2 -0. 
b 




4. Shew that, if the co-ordinates of the extremities of a diameter of a 
circle he (a', y') and (a", y") respectively, the equation of tho circle will be 

(a-a')(a a")4(y-y')(y y")^0. 

[The line joining any point P (.r, y) on the circle to (/, y') makes with 

V ~ V? 

the axis of x an angle tan" 1 -—^, tho line joining P to (x", y") makes 

X - X 

v y ff 

an angle tan -1 -—. Since these lines are at right angles, we have 

X — X 


or (a - a') (. c - x") 4 (y - y') (y - y") =0]. 

5. Shew that if the co-ordinates of the extremities of a diameter he 
(x\ y') and (x", y") respectively, the equation of the circle will be 
(a - x') (a - a") + (y - ?/) (y - y") + {(y - y') (a - a") 4 (g- y") {x - x!)) cos u 

= 0 , 


w being the angle between tho axes. 
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6. If the equation x 2 +xy+y 2 +2x+2y=0 represent a circle, shew 
that the axes are inclined at an angle of 60°, and find the centre and 
radius of the circle. 




Am. centre (-!,-$); ra dius 


V3* 


7. Find the equation of the circle through the three points (x', y'), 
(*", if), and (o' 1 ', if). 

68. Def. Let two points 1\ Q be taken on any curve, 
anti let the point Q move along the curve nearer and nearer 
to the point P; then the limiting position of the line PQ , 
when Q moves up to and ultimately coincides with P, 
is called the tangent to the curve at the point P. 

The line through the point P perpendicular to the 
tangent is called the normal to the curve at the point P. 

69. To find the equation of the tangent at any point of 
the circle whose equation is x 2 + y 2 = a 2 . 

Let x, y and x", y" be the co-ordinates of two points 
on the circle. 

The equation of the secant through the points (x\ y) 
and ( x ", y") is 

x - x y - if ^ 

But, since the two points are on the circle, we have 
x* + y 2 = a 2 , and x 2 + y" 2 = d 2 ; 

.*. aP - x* = y" 2 - y* .(ii). 

Multiply the corresponding sides of the equations 
(i) and (ii), and we have 

(*-<e') (x + x") = -(y-y) (y + y") .(iii). 

Let (pc', y") move up to and ultimately coincide with 
(pc, y ); then in the limit the chord becomes the taugent 
at (pc, y'). < The equation of the tangent at (pc, y) is there¬ 
fore obtained by putting x" = x, and y" = y. in equation 
(iii); the ; result is 

(pc - x)x -f (y - y) y' = 0, 
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or xx 4- yy = x % + y 2 ; 

xx + yy' sss a * 

is the required equation of the tangent at the point (x\ y). 

70. To find the equation of the tangent at any point of 
the circle whose equation is 

£ 4- V * 4- 2 gx + 2fy + c = 0. 

The equation of the secant through the two points 
(x, y'\ {x", y") will be 

x—x y—y r\ 

—,/ - .(i). 

x — x y — y 

Since the two points are on the circle, we have 
x 2 -f y'* + 2 gx + 2 ff + c =■- 0, 
x n 4- y” 3 + 2 gx' + 2fy" + c = 0, 

(#' - *") («?'++2 g)=- <y - yo (y 2/). ..(ii). 

Multiply the corresponding sides of the equations (i) 
and (ii), and wc get for the equation of the secant 
(a? - x) (x + x" 4- 2g) = - (y - y') (y 4- y"4- 2/). 

The equation of the tangent at (/, y) will therefore 
be 

(x - a?') (a.*' + g) + (y- y') (y +f) = 0, 
or xx 4 - yy' 4 -gx +fy = x‘+ y*4- gx 4 fy. 

Add gx'+fy' + c to both sides; then, since (x, y') is on 
the circle, the equation of the tangent becomes 
xx 4- yy' 4- g(x + x) +f(y 4- y) 4 c = 0. 

71. To find the equation of the normal at any point of 
a circle. 


Let the equation of the circle be 

+ y = 

If (x\ y) be any point on the circle, the equation of the 


tangent at that point will be 

xa/ + yy=a* .(i). 

The equation of the line through (x, y) perpendicular 
to (i) is [Art. 30] 

(x - x) y —(y— y) d — 0, 
s.c.s. 5 
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or xy'—yx'= 0.(ii). 

This is the required equation of the normal at (x, y). 

It is clear from equation (ii) that the normal at any 
point of the circle passes through the origin, that is through 
the centre of the circle. 

72. To find the points of intersection of a given straight 
line and a circle. 

Let the equation of the circle be 

# 3 + 2 / 2 = a 2 .(i), 

and let the equation of the straight line be 

y — 7nx + c .(ii). 

At points which are common to the straight line and the 
circle both these relations are satisfied. Points on the 
straight line satisfy the equation y % = (rnx + c) 2 , and points 
on the circle satisfy the equation y* = a 2 — x* ; hence for 
the common points we have 

(mx -f c) 2 = a 2 — a?, 

or x l (1 + m 2 ) + 2 mcx + c 2 — a 2 = 0.(iii). 

This is a quadratic equation, and every quadratic equation 
has two roots, real, coincident or imaginary. 

Hence there are two values of x, and the two corre¬ 
sponding values of y are found from (ii). So that every 
straight line meets a circle in two real, coincident, or 
imaginary points—imaginary points being those one or 
both of whose co-ordinates are imaginary. 

It is impossible to represent geometrically the two 
imaginary points of intersection of a straight line and 
a circle: we shall find however that imaginary points and 
lines have often an important significance: and it is 
necessary to consider them in oraei; to enunciate our 
theorems in their most general forms. 

The roots of the equation (iii) will be equal to one 
another, if 

(1 + ?/i 2 ) (c 2 — a 2 ) = mV, 

c 2 = a 2 (1 + m 2 ).(iv). 


that is, if 
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If the two values of x are equal to one another the two 
values of y must also be equal to one another from (ii). 

Therefore the two points in which the circle is cut by 
the line will be coincident if c~aj\ + m\ 

Hence the lino y = mx +ajl -fra 2 will touch the 
circle x l -f y 2 = a 2 for all values of m. 

Since either sign may be given to the radical J 1+ ni 2 , 
it follows that there are two tangents to a circle for every 
value of m, that is, there are two tangents parallel to any 
given straight line. 

73. To find the locus of the middle points of a system of 
parallel chords of a circle. 

Take the centre of the circle for origin, and the axis of 
x parallel to the chords. 

Let the equation of the circle be 

x*+y* = a* .(i); 

and let the equation of any one of the parallel chords be 

7 / — c = 0.(ii). 

Where (i) and (ii) meet we have 

x 2 + c 2 = a 2 ; 

.*. x = + Ja“ — c\ 

Since the two values of x are equal and opposite, it 
follows that the middle point of the chord has its abscissa 
zero, that is, the middle point of the chord is always on 
the axis of y. This is true for all values of c. If c > a 
the two values of x are both imaginary , but their sum 
is still zero, and therefore the middle point of the chord is 
still on the axis of y. * 

The locus of the middle points of parallel chords of a 
circle is therefore «the straight line through the centre 
which is perpendicular to the chords: the locus need not, 
however be supposed to be limited to that portion of this 1 
line which is within the circle. 

74. In the preceding Articles we have assumed no 
geometrical properties of the circle except that the distance 

5—2 
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from any point to the centre is constant. Some of our 
results may be obtained more readily by assuming the 
propositions proved in Euclid, Book in. For instance, let 
y') be any point on the circle whose equation is 
a ; 8 4 - y* = a 9 ; the equation of the line from (x' f y') to the 

centre of the circle is = 0 , and the equation of a 

y 

perpendicular line through (x, y) is [Art. 30] 

(x — x') x' + (y — y') y = 0 or xx' + yy ' — a 2 = 0 . 

And by Euclid III. this line is the tangent at the point. 


75. Two tangents can be drawn to a circle from any 
point; and these two tangents will be real if the point be 
outside the circle, coincident if the point be on the circle , and 
imaginary if the point be within the circle . 

Let the equation of the circle be 

®* + 2/* = «’, 

and let h, k be the co-ordinates of any point. Let x', y be 
the co-ordinates of any point on the circle, then the 
equation of the tangent at {x, y') will be 

xx + yy = a*. 

The tangent at ( x, y) will pass through the point 
(h t k) if 

hx' + ky'= a? ...(i). 

But ( x, y) is on the circle, therefore 

^ + ^ = .(ii). 

Equations (i) and (ii) determine the values of x' and of 
y for the points the tangents at which pass through the 
particular point (h f k). Substitute for y in (ii) and 
we get 


k 


j 


or (h* + &*) - 2a‘hx + a* (a'- k') = 0 .(iii). 

Equation (iii) gives the abscissae, and from (i) we get 
the corresponding ordinates. Since equation (iii) is a 
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quadratic equation, there are two points the tangents at 
which pass through (h, k). 

The roots of (iii) are real, coincident, or imaginary 
according as 

a A h* - a 3 (a 3 - k*) (h? + V) 
is greater than, equal to, or less than zero. 

That is, according as 

is greater than, equal to, or less than zero. That is, 
according as {h, k) is outside the circle, on the circle, 
or within the circle. 


EXAMPLES. 

1. Find the co-ordinates of the points where the line y=2x + l cuts 

the circle .r 2 -|-y s =2. Am. (- 1, - 1) and (£, I). 

2. Shew that the line Bx - 2f/=0 touches the circle x 2 + y 2 - 3.r + 2 y =0. 

3. Shew that the circles x^ + y~—2 and x 2 + y 1 - 6.c - 6y +10=0 touch 
one another at the point (1, 1). 

4. Shew that the circle .r a -f y~ - 2 ax -!lay + a-=0 touches tho axes of 
x and y. 

5. Find the equation of the circle which touches thu lines x-0,y 0, 

and x — c. Am. 4.r 2 +4 y 2 - lc.r ±‘icy + c 2 = 0. 

0. V Find the equation of the circle which touches the lines x—0, x=a, 
and 3x + 4 y -f* 5a = 0. 

A m. x 2 + y 2 - ax -f2 ay + or =0 or .r 2 + y 2 - ax + %ay -}- ^ J a 9 =0. 

7. Shew that the line y—ni (.r -«) + «>/1 + m 2 touches the circle 
2ax, whatever the value of m may he. 

8. Two lines are drawn through the points (a, 0), f - a, 0) respectively, 
and make an angle 0 with one another; find the locus of their intersection. 

The circles x 2 +y 2 -a 2 — db 2 ay cot 0. 

9. A circle touches one given straight line and cuts off a constant 

length (21) from another straight line perpendicular to the former; find 
the equation of the locus of its centre. A ns. y- - x 2 -~ T 1 . 

10. A line moves so that the sum of the perpendiculars drawn to it 
from the points (a, 0), (- a, 0) is constant; shew that it always touches o 
circle. 
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11. Find the equations of the two tangents to x 2 + y 2 =3, which make 

an angle of G0° with the axis of x. Am. y — >/3 (x±2). 

12. Find the cquation # of the circle inscribed in the triangle the 
equations of whose sides are x -1, 2y=5 and 3x -4 y — 5. 

Auk (x - 2) 2 + (y - 4) 2 — 1 . 

13. Shew that the two circles 

x*+ y 2 - 2ax - 2by - 2ab=Q and -f y 2 -[■ 2bx 4- 2ay — 2ab — 0 
cut one another at right angles. [This requires that the square of the 
distance between the centres of the circles is equal to the sum of the 
squares of their radii.] 

14. Shew that the two circlos represented by tlio equations 

x 2 yr + 2dx i-l- 2 =0, x'~ + y 2 + 2d'y -k 2 =0 
intersect at right angles. 

76. Tangents are drawn to a circle from any point; to 
find the equation of the straight line joining the points of 
contact of the tangents . 

Let the co-ordinates of the point from which the tan¬ 
gents are drawn be x y. Let the co-ordinates of the two 
points of contact be h, k and It, k\ and let x 2 + — a 3 = 0 

be the equation of the circle. 

The equations of the two tangents will be [Art. G9] 

xh -f ylc — u? — 0, 
xh' 4- yk' — a 2 = 0. 

Since both these tangents pass through the point 
(x\ y) t therefore both equations are satisfied by the co¬ 
ordinates x f , y ; 

x'h 4- y'k — a* = 0.(i), 

and x'li + y'k'— a*= 0.(ii). 

But the equations (i) and (ii) arc the conditions that 
the two points (h, k ) and (ft, k') may lie on the line whose 
equation is 

xx + yy — a 2 = 0.(iii). * 

Hence (iii) is the required equation of the straight line 
through the two points of contact of the tangents which 
pass through ( x y'). 

If the equation of the circlo be x*+y*+2gx + 2fy+c =-0, we can shew 
in a similar manner (by assuming the result of Art. 70) that the equation 
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of the line joining the points of contact of the tangents which pass 
through (.v\ y') is 

xrf + yy'+g (x+J) + f(y^y') + c=U. 

m 

If the point ( x\ y") ho outside the circle the two tan¬ 
gents will be real, and the co-ordinates h, k and h\ k' will 
all he real. If however the point (a/, y') bo within the 
circle the two tangents will be imaginary ; but, even 
in this case, the line whose equation is (iii) is a real 
line when x and y are real. So that there is a real lino 
joining the imaginary points of contact of the two imagi¬ 
nary tangents which can be drawn from a point within the 
circle. 

Def. The straight line through the points of contact of 
the taugents (real or imaginary) which can bo drawn from 
.any point to a circle is called the polar of that point 
with respect to the circle. 

The point of intersection of the tangents to a circle at 
the (real or imaginary) points of intersection of the circle 
and a straight line is called the pole of that line with re¬ 
spect to the circle. 

77. Let TP t TQ be the two tangents to a circle from 
any point T. Let Q move up to and ultimately coincide 
with the point P , then T will also move up to and 
ultimately coincide with P, and the tangents TP, TQ 
will ultimately coincide with one another and with the 
chord PQ. That is to say, the polar of T } when T is on 
the circle, coincides with the tangent at that point. 



This agrees with the result of Art. 7G. For the 
equation of the polar is of the same form as the equation 
of the tangent, and hence the polar of a point which is on 
the circle is the tangent at that point. 
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78. If the polar of a point P pass through Q, then 
will the polar of Q pass through F. 

Let P be the pointy#', y), and Q be the point (x\ y"), 
and let the equation of the circle be x* + y* — a 2 = 0. 

The equations of the polars of ( x\ y) and (#", y") arc 

xx + yy — a 2 = 0.(i), 

and xx" + yy"— a 2 = 0.(ii). 

If Q be on the polar of P, its co-ordinates must satisfy the 
equation (i); 

x'x + y"y — a* = 0; 

but this is also the condition that P may be on the line 
(ii), that is on the polar of Q , ■which proves the proposition. 

If Q be any point on a fixed straight line, and P be 
the pole of that line; then the polar of Q must pass 
through P, for by supposition the polar of P passes 
through Q. 

Conversely, if through a fixed point P any straight line 
be drawn, and Q be the pole of that line; then, since P is 
on the polar of Q, the point Q must always lie on a fixed 
straight line, namely on the polar of P. 

79. If the polars of two points P, Q meet in R, then 
R is the pole of the line PQ. For It is on the polar 
of P, therefore, by Art. 78, the polar of R goes through P; 
similarly it goes through Q ; and therefore it must be the 
line PQ . 

80. To give a geometrical construction for the polar of 
a point with respect to a circle . 

Let the equation of the circle be 

a? + y a = a a ; 

let P be any point, and let the co-ordinates of P be x, ?/. 

The equation of the polar of P with respect to the 
circle is 

xx 4- yy' — a 2 = 0.(i). 

The equation of the line joining P to 0, the centre of 
the circle, is x v 

,-4 = 0.(ii). 

x y 
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We see from the equations (i) and (ii) that the polar of 
any point with respect to a circle is perpendicular to the 
line joining the point to the centra of the circle. 

If ON be the perpendicular from 0 on the polar, 

0N= -nhr* ’ t Art - 31 -] 

v* +y 

also OP = Jx*~+ y n ; 


therefore ON. OP = a 9 . 


We have therefore the following construction for the 
polar. Join OP and let it cut the circle in A ; take N on 
the lino OP such that OP : 0 A :: OA : ON, and draw 
through N a line perpendicular to OP. 




Ex. 1. Write down the polars of the following points with respect to 
the circle whose equation is x 2 +y*—4 , 

(i) (2,3), (ii) (3,-1), <iii) (1,-1). 

Ex. 2. Find the poles of the following lines with respect to the circle 
who'se equation is x 8 + y 3 =35, 

(i) 4x + 6y-7=0, (ii) 8x-2y-5=0, (iii) ax + by-1—0. 

Ans. (i) (20, 80), (ii) (21, - 14), (iii) (35a, 35b). 

Ex. 3. Find the co-ordinates-of the points where the line x~l cuts 
the circle ar*+y*c= 4; find the equations of the tangents at those points, and 
shew that they intersect in the point (1, 0). 

Ans. (4, 12), 4.r±^- V2y=±. 

Ex. 4. If the polar of the point x\ y' with respect to the circle 
a?+y*=a* touch the circle {x - a) 2 + y 9 = a 2 , shew that y' 1 + 2 ax'=a 2 . 
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81. To find the polar equation of a circle. 

Let G bo the centre of the circle, and let its polar 
co-ordinates be p, a, and let the radius of the circle be 
equal to a. 



Let the polar co-ordinates of any point Pon the curve 

1,0 if 

Then * CP 2 = OC 8 -b OP 3 - 'IOC . OP cos COP. 

But CP= a, OC = p, r, * XOC— a, / AW = 0; 

.*. a 2 = p 2 + r 2 — 2?-p cos {6 - o) .(i), 

which is the required equation. 

If the origin be on the circumference of the circle p = a, 
and we have from (i) 

r = 2a cos [6 — a) .(ii). 

If, in addition, the initial line pass through the centre, a 
will be zero, and the equation will be 

r = 2a cos 6 .(iii). 

From equation (i) we see that if r v r t be the two values 
of r corresponding to any particular value of 0, then 

r i r 3 — P*—m* .(iv)» 

so that r l i\ is independent of 6. 

This proves that, if from a fixed point a straight line 
be drawn to cut a given circle, the rectangle contained by 
the segments is constant. 

From (iv) we see that if the origin be within the circle, 
in which case p is less than a, r x and r s must have different 
signs, and are therefore drawn in different directions, as is 
geometrically obvious. 
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82. To find the length of the tangent drawn from a 
given point to a circle. 

If T be the given point, and TP be one of the 
tangents from T to the circle whose centre is G, then we 
know that the angle CPT is a right angle; 

.*. Tl n = CT 2 — CP* .(i). 

Let the equation of the circle he 

(x - a) 2 + (y - &) 8 - c* = 0.(ii), 

and let the co-ordinates of T be x\ y. 

Then CT = {x' - a)* + (/ - b ) 2 ; 

therefore from (i) we have 

TP 2 = (x - a) 2 + (if - bf -c 2 .(iii). 

TP 2 is therefore found by substituting the co-ordinates 
x, y' in the left-hand member of the equation (ii). 

We see, therefore, that if $=0 be the equation of a 
circle (where & is written for shortness instead of x 2 + y 2 
+ 2 gx + 2 fy + c), and the co-ordinates of any point be sub¬ 
stituted in S, the result is equal to the square of the length 
of the tangent drawn from that point to the circle; or 
[Euclid JII. 37] to the rectangle of the segments of chords 
drawn through the point. If the point be within the circle 
the rectangle is negative, and the length of the tangent 
imaginary. 

If the equation of the circle be 

Ax 2 + Ay 2 + 2 Gx + 2 Fy +(7=0, 

to find the square of the length of the tangent from any 
point to the circle we must divide by A and then substi¬ 
tute the co-ordinates of the point from which the tangent 
is drawn. 

83. If x 2 + y 2 + 2 gx + 2 fy + c =0.(i) 

bo the equation of one circle, 

and x 8 + y 2 + 2g'x + 2\fy + c = 0.(ii) 

be the equation of another circle, the equation 

x * + #*+ + 2 fy + c = x 2 + y 2 + 2g'x + 2fy + c '... (iii) 
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will clearly be satisfied by the co-ordinates of any point 
which is on (i) and also on (ii). Equation (iii) represents 
therefore some locus passing through the points common to 
the two circles. 

But (iii) reduces to 

2 (g - <f) * + 2 (/-/') y+c- c' = 0.(iv), 

which is of the first degree, and therefore represents a 
straight line. 

Hence (iii), or (iv), is the equation of the straight line 
through the points common to the circles (i) and (ii).. 

Although the two circles (i) and (ii) may not cut one 
another in real points, the straight line given by (iii) or by 
(iv) is in all cases real, provided that g,f, c, g',f'> c are 
real. We have here therefore the case of a real straight 
line which , passes through the imaginary points of inter¬ 
section of two circles. 

Another geometrical meaning can however be given to 
the equation (iii). 

For if S — 0 be the equation of a circle, in which the 
coefficient of af is unity, and the co-ordinates of any point 
be substituted in <S>, the result is equal to the square of the 
tangent drawn from that point to the circle 8=0. [Art. 82.] 

Now if a?, y be the co-ordinates of any point on the 
line (iii) the left side of that equation is equal to the 
square of the tangent from (x, y ) to the circle (i), and the 
right side is equal to the square of the tangent from (x, y) 
to the circle (ii). 

Hence the tangents drawn to the two circles from any 
point of the line (iii) are equal to one another. 

Def. The straight line through the (real or imaginary) 
points of intersection of two circles is called the radical 
axis of the two circles. 

From the above we see that the radical axis of two 
circles may also be defined as the locus of the points from 
which the tangents drawn to the two circles are equal to 
one another. 
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The co-ordinates of the centres of the two circles are 
— g t —/and — g\ — f respectively: the equation of the 
line joining them, therefore is 

? + 9 _y+/ 

9-9' /-/’ 

which [Art. 30] is perpendicular to the line (iv). 

Hence the radical axis of two circles is perpendicular 
to the line joining their centres. This is geometrically 
obvious when the circles cut in real points. 


84. The three radical axes of three circles taken in 
pairs meet in a point. 

If 8 = 0, S' = 0, S" = 0 bo the equations of three circles 
(in each of which the coefficient of x * is unity), the equa¬ 
tion of the radical axis of the first, and second will be 

S-S'= 0. 

The equation of the radical axis of the second and third 
will be 

£'-£" = 0 . 


And of the third and first will be 

£"-£ = 0 . 

And it is obvious that if two of these equations be satisfied 
by the co-ordinates of any point, the third equation will 
also be satisfied by those co-ordinates. 

The point of intersection of the three radical axes 
is called the radical centre of the three circles. 


*85. To find the equation of a system of circles every 
pair of which has the same radical axis . 

If the common radical axis be taken for the axis of y, 
and a line perpendicular to it for the axis of x, then all the 
circles cut x = 0 in the same two points. 

Hence, if x* + y 9 + 2 gx + 2fy + c = 0 be the general 
equation of the circles, when we put x = 0 the roots of the 
resulting equation y % + 2 fy + c = 0 must be the same for 
all the circles. 

Therefore /and c must be the same for all the circles. 
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If we take as origin the point midway between the two 
points where x = 0 cute the circles, f will be zero, and the 
equation becomes 

x* + y* + 2?a? + c = 0...(i), 

which is the required equation, c being the same for all 
the circles. 

The radical axis cuts the circles in real points if c be 
negative, and in imaginary points if c be positive. 

The equation (i) can be written 

i‘B+9) , +y‘=g*-c. 

Hence, if g be taken equal to + *Jc the circle will reduce 
to one of the points (+ \Jc, 0). 

These points are called the limiting points of the system 
of co-axial circles. When c is positive, that is when the 
circles themselves cut in imaginary points, the limiting 
points are real, and conversely, when the circles cut in real 
points the limiting points are imaginary. 

* 86. If S = 0 and S' = 0 be the equations of two circles , 
S - X S' — 0 will, for different values of X, represent all 
circles which pass through the points common to S = 0 and 
gy __ o 

For, if S — 0 and S' = 0 be 

x* + y* + 2 gx -f 2fy + c = 0.(i), 

x 8 + y 8 + 2 gx + 2 \fy + c = 0.(ii), 

then will S — \ S' — 0 be 

x* + y 8 + 2 gx + 2 \fy + c — \ (as 8 + y* + 2 gx -f 2 f'y + c) 

= 0.(iii). 

Now (iii) is clearly the equation of a circle, whatever \ 
may be. 

Also, if the co-ordinates of any point satisfy both (i) 
and (ii), they will also satisfy (iii). 

Hence S — X S' = 0 is, for any value of X, a circle 
passing through the points common to S = 0 and S' = 0. 

By giving a suitable value to X the circle (iii) may 
be made to pass through any other point; therefore 
S — X S' = 0 represents all the circles through the inter¬ 
sections of S = 0 and S' = 0. 







THE CIRCLE. 


79 


The geometrical meaning of the equation S — \S' = 0 
should be noticed. From Art. 82 we see that any point 
whose co-ordinates satisfy the equation JS — \S' is such that 
the square of the tangent from it to the circle S = 0 is 
equal to \ times the square of the tangent from it to 
#' = 0. We have therefore the following proposition—the 
locus of a point which moves so that the tangents from it 
to two given circles are in a constant ratio, is another circle 
which passes through their common points. 

87. If 0, 0' be the centres of two circles whose radii 
are a, a # respectively, the two points which divide the 
line 00' internally and externally in the ratio a : a' are 
called the centres of similitude of the two circles. 

The properties of the centres of similitude arc best 
treated geometrically. 

The most important of the properties are (1) Two of 
the common tangents to two circles pass through each 
centre of similitude; (2) Any straight line through a 
centre of similitude of two circles is cut similarly by the 
two circles. 


EXAMPLES. 

I- 

1. Find the length of the tangent drawn from tho point (2, 5) to the 
circle x 2 +y 2 - 2x~ 3y -1=0. 

Also the length of the tangents from (4, 1) to the circle 

4x' + 4y* -Sx—y- 7 = 0. Arts. 3, 2 y/3. 

2. Find the equation of the circle through the points (3,0), (0, 2) and 

(- 1, 1); and find the value of the constant rectangle of the segments of 
all chords through the origin. Arts. —. 

3. Find the radical axis of the circles x- +y~+2x+3y - 7=0 and 

« 2 + y a -2a:-y + l = 0. Am.x+y-2-0. 

4. Find the radical axis of tho two circles x 2 + y 2 + bx+by - c=0 and 

ax 2 + ay 2 + a*x + h 2 y =0. . . , ca 

* 9 Atis. ax~ by+ -r=0. 

a-h 

5. Find the radical axis and the length of the common chord of the 
circles * 9 +^|+oa;+6y + c=0 and os*+y a + &B + ay + c=0. 

Ans. x-y= 0, {^{a + b)*- 4c}*. 



80 


THE CIRCLE. 


‘ 6. Shew that the three circles 

* 9 + y 8 +&r + 6y +12=0, a? 9 + y 9 + 2as+8y+ 16=0, and s 9 + 2/ 9 + 12y+24=0, 
have a common radical axis. 

. 7. Find the radical centre of the three circles 

* a + ^ 2 + 4x+7=0, 2£ 2 + 2y 2 + 3.r + 5y + 9=0, and x 2 +y~ + y = 0. 

Am. (- 2, - 1). 

8. Find the equations of the straight lines which touch both the 
circles x-+if 2 — 4 and (x - 4)® + i/ 2 =l. Find also the co-ordinates of the 
centres of similitude. 

Am. 3x± \/7y-8=s0, and a?±\/15y-8=0; (8, 0), (f, 0). 

9. If the length of the tangent from (/, g) to the circle x--\-y~~G be 
twice the length of the tangent from (/, g) to the circle x* + yr + 3.r + %=0, 
then will /®+ g* + 4/+ 4 g + 2=0. 

10. If the length of the tangent from any point to the circle 
x 8 +y’ + 2x0 be three times the length of the tangent from the same 
point to the circle z 2 -+ y 2 -4—0, shew that the point must be on the 
circle 4.r® + 4y‘ 2 - x - 18 = 0. 

11. Find the equation of the circle tin ^ ugh the points of intersec¬ 

tion of the circles .r a + y" |- *2x + 3y - 7 = 0 and .r 2 + y' 2 + 3x - 2y -1 — 0, and 
through the point (1, 2). Ans. x 2 -l y- + 4x - 7y + 5=0. 

12. Find the equation of a circle through the points of intersection of 

as 2 + y 9 - 4=0 and x' 2 + y 2 - 2x - 4y + 4 = 0 and touching the line x + 2y — 0. 

, Am. x 2 +y 2 - x - 2y=0. 

*88. Wc shall conclude this chapter by the solution 
of some examples. 

(1) To find the equation of the circle which cuts three given circles at 
right angles. 

Let the equations of the given circles be 

x* + y 1 + 2yx + 2fy+c=0 .(i), 

+ y* + 2flf'ac + 2/'y + c' = 0.(‘ i), 

ac 2 + y 2 + 2g"x+ 2 \f"y + <•" - 0 .(iii). 

If the circle whose equation is 

a? + y 2 + 2 Gx +2 Fy + C— 0.(iv) 

cut (i) at right angles, the square of the distance between their centres is 
equal to the sum of the squares of their radii. Hence we have 
(G - y) 2 + (F-/)®= G 2 +F 2 - C+g* +/ 2 - c, 
or 2Gg+2Ff-C-c-0 .(v). 

We also have, since the other circles are cut at right angles, 

' 2Gtf + 2Ff t .- C-c'=0.(vi), 

2 Gif + 2 Ff n - C7—c"=0.(vii). 
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Eliminating G, F, C, from the equations (iv), (v), (vi), and (vii), we 
have for the required equation 


x*+y*, 

X, 

Ui 

i 



/, 

-i 

-c\ 

9** 


-i 


9 ", 

r. 

~i 


(2) The polarx of any fixed point with rexpert to a xeriex of co-axial 
circles pass through another fixed point, and the polar of one of the 
limiting points of the system is the same for all the circles. 

The system of circles is given by the equation 

x 2 f »/* + l 2ax + c=0 .(i), 

where c is the same for all the circles [Art. 85]. 

The limiting points of the system are ( ±y/c, 0). 

Let the co-ordinates of the fixed point be (/, g ), then tho equation of 
the polar with respect to (i) will be 

*/+ !!9+ a ( r +/) + c - 0..(ii). 

And, whatever the value of a may be, the straight line (ii) always 
passes through the point given by xf+ yg +c = 0 and x +f = 0. 

If /= dL \/c and g= 0, equation (ii) reduces to /(.r+/j -ha (x +/)- 0; 
and therefore .r +f — 0. 

Hence the polar of one of the limiting points is the line through the 
other limiting point parallel to the radical axis. 

(3) If ABC he any triangle , and A'B'C' be the triangle formed by the 
polars of the three jmints A, B, C with respect to a. circle, so that B'C' is 
the polar of A, C'A' is the polar of B, and A'B' is the polar of C ; then will 
the three tines A A', BB', CC' meet in a point . 

Let the equation of the circle bo 


and let tho co-ordinates of tho points A, It, C be x\ y'\ x", y" ; and x'", y" f 
respectively. 

Then the equations of the three lines B'C ', C'A', A'B' will be 

XX ' + y y' -or - o .(ii), 


xx"\yy" « 2 =<). (hi), 

and xx"' + yy"' - a -=0.(iv). 


AX is a line through the intersection of (iii) and (iv), its equation is 
therefore [Art. 33] included in 

xx" + yy" - a 3 = X (xx'" + yy'" - a 2 ). 

We find X by making the above lino pass through A, whose co-ordinates 
are x\ if; we get therefore 

x'x" + y'y" - or —X (x'x"’ + y'y'" - a 3 ). 


S. C. S. 


6 
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Hence the equation of A A' is 

{xx" + yy" - a 2 )(x"Y + y'"y' - a 4 )- {xx"’ + yy '"- a?){x'x" + y'y" -a 2 )~0...(v). 
The other equations can now be written down from symmetry. 

They will be 

{xx'" + yy'" - ar){x'x" + y'y" - a 2 ) - ( xx' + yy 1 - a 2 )(/V"+ y"y"' - a 1 ) =0...(vi), 
and 

[xx' + yy' - a 2 )(*V"+ y"y"' - a 2 ) - [xx" + yy" - a 2 )^ V + if if - a 2 ) = 0... (vii). 

Since the three equations (v), (vi), (vii) when added together vanish 
identically, the three lines A A', JIB', CC' represented by thoso equations 
must meet in a point. [Art. 34.] 

(4) O is one of the points of intersection of two given circles, and any 
line through O cuts the circles again in the points I*, Q respectively . Find 
the locus of the middle point of PQ. 

Let 0 be taken for origin, and let the equations of the circles be 
[Art. 81] 

r=2a cos {0 — a), and r-— 2b cos (0 - fl). 

Then, for any particular value of 0, 

OP — 2a cos {0 - a), 
and OQ—2b cos (0 - 0). 

If JR, be the middle point of PQ, 

OJt = HOP+OQ)i 
.*. Oil —a cos (0-a) ft cos {0-0). 

The locus of 11 is therefore given by 

r—a cos {0 - a) + b cos {0 - f. J) 

= (a cos a +b cos 0) cos 0 -f {a sin a f 6 sin 0) sin 0. 
The locus is therefore the circle whose equation is 

r—A cos {0 - B), 

where A and B are given by the equations 

A cos B—a cos a + 5 cos 0, and A sin B = a sin a-fbsin/i. 

.(5) If from any point 0 on the circle circumscribing a triangle ABC, 
jyerpendiculars be drawn on the sides of the triangle , the feet of these per¬ 
pendiculars will lie on a straight line. 

Take the point 0 for origin, and the diameter through it for initial 
line, then the equation of the circle will be r—2a cos 0. 

Let the angular co-ordinates of the points A, B, C be a, 0, y respec¬ 
tively. 

The line IIC is the line joining (2 a cos 0, 0) and (2a cos y, y). To 
find the polar equation of 11C take the gcncial form p = r cos {0 ~ 0) 
[Art, 45] and substitute the co-ordinates of B and of C. We thus obtain 
two equations to determine p and 0. The equations will be 
p — 2 a cos 0 cos {0 - 0), and p - 2a cos y cos (y - 0). 
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Hence 0=/3+7, andp=2a «ob/3cos7. The equation of liC is therefore 


2a oos p cos y= r cos (0 - p - 7).(i). 

Similarly, the equations of CA and of A B will be respectively 

2a cos 7 cos a=r cos (0 - 7 - a).(ii), 

and 2a cos a cos p=r cos (0 - a - /9).(iii). 


The co-ordinates of the feet of the perpendiculars on the lines (i), (ii), 
(iii), from the point O, are 2a cos p oos 7, P+y ; 2 a cos 7 cos a, 7 +a; 
and 2 a cos a cos a+p. Theso three points are all on the straight line 
whose equation is 

2 a cos a cos p cos 7 =r cos (0 - a - p - 7) .(iv). 

The line through the feet of the perpendiculars is called the pedal line 
of the point O with rospcct to the triangle. 

Let D be another point on the circle, and let the angular co-ordinate 
of D be 8 . The four points A, Ji , C, D can bo taken in threes in four 
ways, and we shall have four pedal lines of O corresponding to the four 
triangles. We have found the equation of one of these pedal lines, viz. 
equation (iv). The equations of the others can be written down by sym¬ 


metry ; they will be 

2acos p cos7cos 8 —r cos ( 6 -p -7 - 5).(v), 

2a cos 7 cos 8 cos a = r cos (0 - 7 - 8 - a).(vi), 

and 2a cos 8 cos a cos p—r cos (0 - S - a-p) .(vii). 


The co-ordinates of the feet of the perpendiculars from O on the linos 
(iv), (v), (vi) and (vii) will be 2a cos a cos p cos 7, a + p + y> and similar 
expressions. Theso four points are all on the line whose equation is 
2a cos a cos p cos 7 cos 8 —r cos (0 - a - p - 7 - 5). 

This proposition can clearly be extended. 


Examples on Chapter IV. 

1. A point moves so that tho square of its distance from 
a fixed point varies as its perpendicular distance from a fixed 
straight line; shew that it describes a circle. 

2. A point moves so that the sum of the. squares of its 
distances from the four sides of a square is constant; shew 
that the locus of the point is a circle. 

3. The locus of a point, the sum of the squares of whose 
distances from n fixed points is constant, is a circle. 


G—2 
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4. A, B are two fixed points, and P moves so that 
PA — n . PB ; shew that the locus of P is a circle. Shew also 
that, for different values of n t all the circles have a common 
radical axis. 

5. Find the locus of a point which moves so that the 
square of its distance from the base of an isosceles triangle 
is equal to the rectangle under its distances from the other 
sides. 

6. Prove that the equation of the circle circumscribing 
the triangle formed by the lines x + y~ G, 2x + y — 4, and 
a; + 2y = 5 is 

x 2 + if - 17x - 19y + 50 = 0. 

7. Find the equation of the circle whoso diameter is the 
common chord of the circles 

x 2 + y 2 + 2x + 3y + 1 -- 0, and x 1 + f + ix + 3y + 2 - 0. 

8. Find the equation of the straight lines joining the 
origin to the points of intersection of the line x+ 2//-3 = 0, 
and the circle x 2 + f — 2x — 2y - 0, and shew that the lines are 
at right angles to one another. 

9. Any straight line is drawn from a fixed point O meeting 
a fixed straight line in P, and a point Q is taken on the line 
such that the rectangle OQ.OP is constant; shew that the 
locus of Q is a circle. 

10. Any straight line is drawn from a fixed point O 
meeting a fixed circle in P, and a point Q is taken on the line 
such that the rectangle OQ . OP is constant; shew that the 
locus of Q is a circle. 

11. Shew that the radical axis of two circles bisects their 
four common tangents. 

12. If O be one of the limiting points of a system of 
co-axial circles, shew that a common tangent to any two circles 
of the system will subtend a right angle at O. 

13. Prove that the equation of two given circles can 
always be put in the form 

x 2 + if + ax + b ■ 0, x 2 + y 3 + ax+ b = 0, 

and that one of the circles will be within the other if aa r anil 
b are both positive. 
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14. The distances of two points from the centre of a 
circle are proportional to the distances of each from the polar 
of the other. 

15. If a circle be described on the line joining the centres 
of similitude of two given circles as diameter, prove that the 
tangents drawn from any point on it to the two circles are in 
the ratio of the corresponding radii. 

16. Find the locus of a point which is such that tan¬ 
gents from it to two concentric circles are inversely as their 
radii. 

17. If two points A, B are harmonic conjugates with 
respect to two others (7, I), the circles on AB and CD as dia¬ 
meters cut orthogonally. 

18. Tf two circles cut orthogonally, every diameter of 
either which meets the other is cut harmonically. 

19. A point moves so that the sum of the squares of its 
distances from the sides of a regular polygon is constant; shew 
that its locus is a circle. 

20. A circle passes through a fixed point 0 and cuts two 
fixed straight lines through 0 , which are at right angles to one 
another, in points P, (J, such that the line PQ always passes 
through a fixed point; find the equation of the locus of the 
centre of the circle. 

21. The polar equation of the circle on (r/, a), (b, ft) as 
diameter is 

r 9 — r \a cos (0 — a) + b cos (0 — ft)\ + ah cos (a — ft) -- 0. 

22. Find the equation for determining the, values of r at 
the points of intersection of the circle and the, straight line 
whose equations are 

r = 2a cos 6, and r cos (0 — ft) - p. 

Deduce the value of p when the straight line becomes pl 
tangent. Ijr 

23. Find the co-ordinates of the centre of the inscribed 
circle of the triangle the equations of whose sides are 

3x — = 0, 7x — 24 y ----- 0, and 7\c — 12 y -36 — 0, 
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24. Find the locus of a point the polars of which with 
respect to two given circles make a given angle with one 
another. 

25. From any point on the radical axis of two circles 
tangents are drawn, and the lines joining the points of contact 
to the centres of the circles are produced to meet; find the 
equation of the locus of the point of intersection. 

26. If the four points in which the two circles 

.r® + y* + ax 4- by + c — 0, x* + jy* + ax + Vy + c — 0 
arc intersected by the straight lines 

Ax + By+C 0, A'x+B'y + C '-0 
respectively, lie on another circle, then will 

a — a\ b — b\ c — c 

A, B, C 

A', B\ V 

27. A system of circles is drawn through two lixed points, 
tangents arc drawn to these circles parallel to a given straight 
line; find the equation of the locus of tin* points of contact. 

28. If A t B, C be the centres of three co-axial circles, and 
f,. t be the tangents to them from any point, prove the 

relation 

l\Ct; +CAt?+ ABi; --- 0. 

29. Tf t ] , t 3 y be the lengths of the tangents from any 
point to three given circles, whose centres are not in the same 
straight line, shew that any circle or any straight line can be 
represented by an equation of the form 

At* + Bt* + Ct*-D. 

What relation will hold between A f /i, C for straight lines f 

30. If a circle cut two of a system of co-axial circles at 
right angles, it will cut them all at right angles. 

31. Shew that every circle which passes through two 
given points is cut orthogonally by each of a system of circles 
having a common radical axis. 

32. Prove that all circles touching two fixed circles are 
orthogonal to one of two other fixed circles. 
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33. If two circles cut orthogonally, prove that an inde¬ 
finite number of pairs of points can be found on their common 
diameter such that either point has the same polar with respect 
to one circle that the other has with respect to the other. Also 
shew that the distance between such j>airs of points subtends 
a right angle at one of the points of intersection of the two 
circles. 


34. If tho equations of two circles whose radii are a, a be 
S — 0, A" ----- 0, then the circles 


will intersect at right angles. 

35. Find the locus of the point of intersection of two 
straight lines at right angles to one another, each of which 
touches one of the two circles 

(.t* — af + y* - - (x -i- a)* + y s - c*, 

and prove that the bisectors of the angles between the straight 
lines always touch one or other of two other fixed circles. 


36. Shew that the diameter of the circle which cuts at 
right angles the three escribed circles of the triangle AHC is 

. -- (1 -f cos A cos Jj + cos 1i cos C + cos C cos A )-. 
sin A 


37. Find the locus of the point of contact of two equal 
circles of constant radius c, each of which passes through one 
of two fixed points at a distance 2 a apart: and shew that, if 
a — c, the locus splits up into a circle of radius a and a curve 
whose equation may be put into the form -<*•(«■-3/). 



CHAPTER Y. 

Tiie Parabola. 

89. Definitions. A Conic Section, or Conic , is the locus 
of a point which moves so that its distance from a fixed 
point is in a constant ratio to its distance from a fixed 
straight line. The fixed point is called a focus, the fixed 
straight line is called a directrix, and the constant ratio is 
called the eccentricity. 

It will be shewn hereafter [Art. 812] that if a right 
circular cone be cut by any plane, the section will be in all 
crises a conic as defined above. It was as sections of a cone 
that the properties of these curves were first investigated. 

We proceed to find the equation and discuss some of 
the properties of the simplest of these curves, namely that 
in which the eccentricity is equal to unity. This curve is 
called a parabola. 

90. To find the equation of a parabola. 

Let S be the focus, and let YY' be the directrix. Draw 
SO perpendicular to YY', and let OS = 2a. Take OS for 
the axis of x, and OY for the axis of y. 

Let P be any point on the curve, and let the co¬ 
ordinates of P be a?, y. 

Draw PN, PM, perpendicular to the axes, as in the 
figure, and join SP, 
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Then, by definition, SP= PM ; 
therefore PM 2 = SP* = PF* + SF *; 

that is, x 2 = y + (a? — 2a) a , 

or y a = 4a (x — a).(i). 

This is the required equation of the curve. 



The curve cuts the axis of x at a point A where y-o 
and from (i) when y = 0, x — a\ that is, OA = a. 

The point A is called the vertex of the parabola. 

If we transfer the origin to A , the axes being un¬ 
changed in direction, equation (i) will become [Art. 49] 

y 2 = 4 ax .(ii). * 

The focus is the point (a, 0). The directrix is the line 

x 4- a = 0. 

Also SP = MP= OA + AF = a + *. 


91. Since the equation of the parabola is y 2 = bax, 
and y 8 is a positive quantity, x must always be positive, 
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and therefore the curve lies wholly on the positive side of 
the axis of y. 

For any particular value of x there are clearly two 
values of y equal in magnitude, one being positive and the 
other negative. Hence all chords of the curve perpen¬ 
dicular to the axis of x arc bisected by it, and the portions 
of the curve on the positive and on the negative sides of 
the axis of x are in all respects equal. 

As x increases y also increases, and there is no limit 
to this increase of x and y t so that there is no limit to 
the curve on the positive side of the axis of y . 

The line through the focus perpendicular to the direc¬ 
trix is called the axis of the parabola. 

The chord through the focus perpendicular to the axis 
is called the latus-rectum. 

In the figure to Art. 1)0, SL = LK = OS — m 2a. There¬ 
fore the whole length of the latus-rectum is 4a. 

92. We have found that y 2 — 4a# =0 for all points 
on the parabola. 

For all points within the curve y l — \ax is negative. 

For, if Q be such a point, and through Q a line be 
drawn perpendicular to the axis meeting the curve in V > 
and the axis in AT, then Q is nearer to the axis than P 
ami therefore N(f is less than A r P 2 . But, P being on the 
curve, ATP 2 — 4a. A N — 0, and therefore J\ r Q* — 4 a. A N is 
negative. 

Similarly we may prove that for all points outside the 
curve y* — 4tax is positive. 

Hence, if the equation of a parabola be y 1 — 4<ax = 0, 
and we substitute the co-ordinates of any point in the left- 
hand member of the equation, the result will be positive 
if the point be outside the curve, negative* if the point 
be within the curve, and zero if the point be upon the 
curve. 


98. The co-ordinates of the points common to the 
straight line, whose equation is y = mx + c, and the 
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parabola, whose equation is y* = 4aa?, must satisfy both 
equations. 

Hence, at a common point, wc have the relation, 

(mx + c)* = 4a#.(i). 

Therefore the abscissae of the common points are given 
by the equation (i), which may be written in the form 

m*# 8 (2wic — 4a) x 4- c 8 = 0.(ii). ' v 

Since (ii) is a quadratic equation, we see that every 
straight line meets a parabola in two points, which may 
be real, coincident, or imaginary. 

When m is very small, one root of the equation (ii) is 
very great; when m is equal to zero, one root is infinitely 
great. Hence every straight line parallel to the axis of 
a parabola meets the curve in one point at a finite distance, p 
and in another at an infinite distance from the vertex. 

94. To find the condition that the line y — mx 4 e may 
touch thejmrabola y 1 — 4 ax = 0. 

As in the preceding Article, the abscissa? of the points 
common to the straight line and the parabola are given 
by the equation 

(mx 4- c)* = 4 ax, 

that is mV 4- (2me — 4a) x 4- c* = 0. 

♦ 

If the line be a tangent, that is if it cut the parabola 
in two coincident points, the roots of the equation must 
he equal to one anotlior. The condition for this is 

4 mV = (2m c — 4«)*, 

which reduces to me = a, or c~ ° . 

m 

Hence, whatever m may be, the line 

a ! 

y = mx -f- - I 

will touch the parabola if — 4a# = 0. 

95. To find the equation of the straight line passing 
through two given points on a parabola, and to find the 
equation of the tangent at any point. 
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Let the equation of the parabola be 

y 2 = 4 ax, 

and let x, y\ ami x \ y" be the co-ordinates of two points 
on it. 

The equation of the line through these points is 

y-y = (\\ 


But since the points are on the parabola, we have 

y 2 — 4tax', and y” 2 = 4 ax'\ 

y m — y' 2 — 4a (&•" — x) .(ii). 

By multiplying the corresponding sides of the equa¬ 
tions (i) and (ii), we have 

{y - y) (y"+y) = (* - *') 4 «, 

or, since y 12 — 4a#' = 0, 

y S?C t. jQ. ~ 4aa - ~ =0 .(>»). 

which is the equation of the chord joining the two given 
points. 

hi order to find the equation of the tangent at (#', y) 
we must put y" = y and x = at in equation (iii), and we 
obtain 


2 yy — 4 ax — y l ~ U, 

or, since y 2 — 4 tix\ 

yy = (x x) .(iv). 

Cor. The tangent at (0, 0) is x = 0; that is, the 
tangent at the vertex is perpendicular to the axis. 

96. We have found by independent methods [Articles 94 and 95] two 
forms of the equation of a tangent to a parabola. Either of these could 
however have been found from the other. Thus, suppose we know that 
the equation of the tangent at y') is 

(Of ~2a {.v 4 *'). 


then 


2a 2 ax' 

y ■=-,:;* + 


/ y' ' 

If this be the same line as that given b,v 


we must have 


y - nix+c 

2a , 2 ax’ 

m — ■ ,. and c—~ , ; 

y y 


therefore me—a, as in Article 94. 
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In the solution of questions wo should take whichever form of 
the equation of a tangent appears the more suitable for the particular 
case. 


Ex. 1. The ordinate of the point of intersection of two tangents to a 
parabola is the arithmetic mean between the ordinates of the points of 
contact of the tangents . 

The equations of the tangents at the points (x', y 1 ) and (x", y") are 

yy =2a (x+x') t 
and yy"--2a (x+x"). 

By subtraction, we have for their common point, 

V & “ H") =2</x' - 2ax" 

=-i (y' 3 ->/"*); 

••• y=\W+y")- 

Ex. 2. To find the locus of the point of intersection of two tangents to 
a parabola which are at right angles to one another. 

Let the equations of the two tangents be 


a 

y~mx+ -. 

m 


•■(*)* 


/ " 

y-m\ r + - .. 

m 


Then, since they are at right angles, mm' — 
equation can be written, 


»/ - — x - am. 
J m 


■ r • • .mum ^ U ). 

1. Hence tlic second 
.(iii). 


To find the abscissa of their common point we have only to subtract 
(iii) from (i), and we get 

0=x( m +- |+ a(m+— ); 

V m) \ m) 


and therefore we have x +a =0. 

The equation of the required Jocus is therefore x + a - 0 , and this 
[Art. 90] is the equation of the directrix. 


97. To find the equation of the normal at any point of 
a parabola. 

The equation of the tangent at (at, y) to the parabola 
if — 4 cuv — 0, is [Art. 95] 

yy — 2a (x -f x) .(i). 

The normal is the perpendicular line through ( x\ y). 

Therefore [Art. 30] its equation is 

(y-y’) =0 




...(ii). 
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The above equation may be written 

y , y'* 


•(iii). 


/ /a 

If we put m = — ^- , then y' = — 2am, and = — 


'3 

8 a 9 


am 


therefore (iii) becomes 

y = «?« — 2am — am 3 .(iv). 

This form of the equation of a normal is sometimes 
useful. 


98. We will now prove some geometrical properties 
of a parabola. 



Let the tangent at the point P meet the directrix in R 
and the axis in T. Let PN, PM be the perpendiculars 
from P on the axis and on the directrix. 

Let P(i, the normal at P, meet the axis in G. 

Then, if x, y be the co-ordinates of P, the equation of 
the tangent at P will be 

yy = 2a (x + of) .(i) [Art. 95J. 

Where this meets the axis, y = 0, and at that point, we 
have from (i), x 4- x = 0. 

TA = AN. .,.(a) ; 

TS=AS+AN = SP .09); 
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and since TS = SP, the angle STP is equal to the angle 
SPT; so that PT bisects the angle 8PM. .( 7 ). 

We see also that the triangles MSP and RMP are 
equal in all respects. 

Hence the angle RSP = the angle RMP— a right angle 

... ($). 

Again, since M is the point (— a, y), and 8 is the point 
(a, 0 ), the equation of the line SM is 

y-y = x + a 

-y' 2 a . 


.(ii). 


This is clearly perpendicular [Art. 30] to the tangent 
at P which is given by the equation (i), 

.*. SM is perpendicular to PT .(e). 

Since PT is perpendicular to SM and bisects the angle 
SPM, it will bisect SM. If then Z be the point of inter¬ 
section of SM and P2\ SZ = ZM. But SA = A 0. There¬ 
fore AZ is parallel to OM, anil is therefore the tangent at 
the vertex of the parabola; so that the line through 
the focus of a parabola perpendicular to any tangent PT 
meets PT on the tangent at the vertex.(f). 

We may prove the last proposition as follows. 

Let the equation of any tangent to the parabola be 


y = mx -f 


a 

m 



The equation of the line through the focus (a, 0) perpen¬ 
dicular to (iii) is 


01 


The lines (iii) and (iv) clearly meet where x = 0 . 
The equation of the normal at r (x\ y) is [Art. 971 

2a (y - ?/) + y (&' - a- - ') = o. 

At the point G we have y — 0 , and therefore 
— 2 ay' +y (x — x') = 0 , 
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or 


2a = a; — x = AG — AN = NG . 

NG = 2 a . (rj). 


EXAMPLES. 

1. Find the equations of tho tangents and the equations of the 
normals to the parabola y 2 -4ax=0 at the ends of its latus rectum. 

Ans. jc=py + tt=0, y±x^'ia=0. 

2. Find the points where the lino y—Sx-a cuts the parabola 

y s -4rt«=0. A ns. (a, 2a), 

3. Shew that the tangent to the parabola y 2 ~Aax —0 at the point 
(xf, y') is perpendicular to the tangent at the point 

a 2 - 4a»\ 

* 7 ’ v /• 

4. Shew that the line y = 2x + ~ cuts y‘ z - iax =0 in coincident points. 

Jt 

Shew that it also cuts 20a; 3 + 20y 2 =a 2 in coincident points. 

^ 5. A straight line touches both x‘ J + ?/ 2 =2a 3 and y 2 =8ax; shew that 
# its equation is y — ± (x+ 2a). 

6. Shew that the line 7x + 6y=13 is a tangent to the curve 

y 1 - 7x - % +14 =0. 

7. Shew that tho equation sc 3 +4 ax \-2ay—0 represents a parabola, 
whose vertex is at the point (- 2a, 2a), whose latus rectum is 2a, and 
whoso axis is parallel to the axis of y. 

8. Shew that all parabolas whose axes are parallel to the axis of 
y have their equations of the form 

n? + 2 Ax~\" 2f?y + a =0. 

0. Find the co-ordinates of the vertex and the length of the latus 
rectum of each of the following parabolas: 

(i) y 2 = 5®+ 10, (ii) x 3 -4je+2y=0, 

(iii) (y - 2) 3 =5 (x +4), and (iv) 3ac 2 +12®- 8y%0. 

Am. (i) (-2,0), 5. (ii) (2, 2), 2. (iii) (-4, 2), 5. (iv)V- 2, - $), §. 
10. Find the co-ordinates of the focus and the equation of the 
directrix of each of the parabolas in question 9. \ 

Ans. (i) (-$, 0), 4®+13 = 0. (ii) (2, 3), 2y-5=0. 
(iii) (-Vi 2), 4®+ 21=0. (iv) ( — 2, -$), 6y+13=0. 
y 11. Write down the equation of the parabola whose foeus is the 
origin and directrix the straight line 2x-y-l-0. Shew that the line 
2y=4® -1 touches the parabola. 
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12. If through a fixed point 0 on the axis of a parabola any chord 
POP be drawn, shew that the rectangle of the ordinates of P and P' 
will be constant. Shew also that the product of tho abscissas will 
bo oonstant. 

13. Find the co-ordinates of the point of intersection of tho tangents 

a - , y = m'x + - ,. Shew that tho locus of their intersection is a 

straight line whenever mvi f is constant; and that, wlion win*'+ 1=0, this 
line is the directrix. 

14. Shew that, for all values of m, the lino y = m (.» + «)+ a - will 

9 ' in 

touch tho parabola y 2 = 4a (x + a). 

15. Two lines are at right angles to one another, and one ofijiom 
touches y 2 = in (x+a), and the other y 1 — la' (x+a') ;*sliew that TRapoint 
of intersection of the lines will bo on the line x |-a + a'=0. 

1C. If i>crpendiculars be let fall on any tangent to a parabola from 
two given points on the axis equidistant from the focus, tho difference of 
their squares will bo constant. 

17. Two straight lines AP y AQ are drawn through tho vortox of 
a parabola at right angles to one another, meeting the curve in P, Q ; shew 
that the line PQ cuts the axis in a fixed point. 

18. If the circle x- + y” + Ax +Py + C —0 cut tho parabola ?/ 2 - 4 ax = 0 
in four points, the algebraic sum of the ordinates of those points will be 
zero. 

19. If tho tangent to the parabola y 2 - iax = 0 meet the axis in T and 
the tangent at the vertex A in V, and the rectangle TAYQ be completed; 

* shew that the locus of Q is the parabola y 1 i-ox—0. 

20. If P, Q, R be three points on a parabola whose ordinates are in 
geometrical progression, shew that the tangents at P, It will meet on the 
ordinate of Q. 

’• 21. Shew that the area of the triangle inscribed in tho parabola 
y 2 -Aax=0 is ~ (y a ~3f s ) (?/ 3 ~y l ), where y v y.,, ?/., arc the 

ordinates of the angular points. 

99. Two tangents can be drawn to a parabola from 
any pomt, which will be real , coincident , or imaginary , ac¬ 
cording as the point is outside, upon , or within Hie curve. 

s. c. s. 7 
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The line whose equation is 


. a 

y = mx + - 
J m 


(i) 


will touch the parabola if ~ 4uix, whatever the value of m 
may he [Art. 5)4]. 

The line (i) will pass through the particular point 

(*, y\ if 

if — mx + - rt , 

' m 

that is if — mf + a = 0.(ii). 

Equation (ii) is a quadratic equation which gives the 
directions of those tangents to the parabola which pass 
through the point ( x\ y). Since a quadratic equation lias 
two roots, two tangents will pass through any point {x , if). 

The roots of (ii) are real, coincident, or imaginary, ac¬ 
cording as y' 2 — 4tax is positive, zero, or negative. That 
is [Art. 92] according as ( x\ y) is outside the parabola, 
upon the parabola, or within it. 


100 . To find the equation of the line through the 
points of contact of the two tangents which can he drawn to 
a parabola f rom any point. 

Let x't y bo the co-ordinates of the point from which 
the tangents are drawn. 

Let the co-ordinates of the points of contact of the tan¬ 
gents be //, k and h', k' respectively. 

The equations of the tangents at (//,, k) and (//', lc) are 

yk — 2a (x 4 * h) 
and yk ' = 2a (x + h'). 

We know that ( x , if) is on both these lines; 


fk — 2a(x' +h) .(i) 

and fit — 2a {x + h') .(ii). 

But the equations (i) and (ii) are the conditions that 
the points ( h , k) and (V, k') may lie on the straight line 
whose equation is 

fy = 2a (x + x) .(iii). 
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Hence (iii) is the required equation of the line through 
the points of contact of the tangents from (x t y). 

The line joining the points of contact of the two 
tangents from any point P to a parabola is called the polar 
of P with respect to the parabola. [See Art. 7G.] 


101 . If the polar of the point P with respect to a 
parabola pass through the point Q, then will the polar of Q 
pass through P. 

Let the co-ordinates of P be x t y, and the co-ordinates 
of Q be x", y". 

The equation of the polar of P with respect to the 
parabola y * — kax — 0 is 

V'J =-■ - a ( x + x). 

If this line pass through Q (x" y y"), we must have 

y" o' = 2a (x" + x). 

The symmetry of tuis result shews that it is also the 
condition that the polar of Q should pass through P. 

It can be shewn, exactly as in Art. 79, that if the 
polars of two points P t Q nu et iu It, then It is the pole of 
the line PQ. 

The equation of the polar of the focus (a, 0 ) is x + a = 0. 
So that the polar of the focus is the directrix. 

If Q be any point on the directrix, Q is on the polar of 
the focus S } therefore the polar of Q will pass through S, 
so that if tangents be drawn to fc parabola from any point 
on the directrix the line joining the points of contact will 
pass through the focus. 


102 . The locus of the middle points of a system of 
parallel chords of a parabola is a straight line parallel to 
the axis of the parabola . 


The equation of the straight line joining the two 
points ( x\ y), (x f , y") on the parabola if — 4 ax = 0 is 
[Art. 95, (iii)] 

y W + y') ~ - yy ' = 0 .. .(i). 

Now, if the line (i) make an angle 0 with the axis of the 

7—2 
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tan 6 = 


4 a 


(ii). 


y +y 

But, if the co-ordinates of the middle point of the 
chord be (x, y), then will 

2x = x' +x \ and 2 y — y' + y"• 

Hence, from (ii), tan 0 = ~, 

or y = 2a cot 0 .(iii), 

so that y is constant so long as 0 is constant. 

Hence the locus of the middle points of a system 
of parallel chords of a parabola is a straight line parallel to 
the axis of the parabola. 

Def. The locus of the middle points of a system of 
parallel chords of a conic is called a diameter , and the 
chords it bisects arc called the ordinates of that diameter. 

We have seen in Art. 08 that a diameter of a parabola 
only meets the curve in one point at a finite distance from 
the vertex. The point where a diameter cuts the curve is 
called the extremity of that diameter. 


103. The tangent at the extremity of a diameter is 
parallel to the chords which are bisected by that diameter. 

All the middle points of a system of parallel chords of 
a parabola arc on a diameter. Hence, by considering the 
parallel tangent, that is the parallel chord which cuts the 
curve in coincident points, we sec that the diameter of a 
system of parallel chords passes through the point of con¬ 
tact of the tangent which is parallel to the chords. 

y 104. To find the equation of a parabola when the axes 
are any diameter and the tangent at the extremity of that 
diameter. 

Let P be the extremity of the diameter, and let the 
tangent at P make an angle 0 with the axis. 

Then NP= 2a cot 0 [Art. 102 (iii)], 

* PN* 

.*. A N = - .— = a cot* 0. 
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Let the co-ordinates of Q referred to the new axes* be 
x, y respectively, and draw QM perpendicular to the axis 
of the parabola, cutting the diameter PV in K. 



MQ = NP+ KQ = 2a cot 0 -f y sin 0 .(i), 

AM — AN + NM = AN + P V+ VK 

= a cot 8 0 + x + y cos 0 .(ii). 

But QM 2 =£= 4a. AM ; 

therefore, from (i) and (ii), 

(2a cot 0 + y sin 0) 2 *= 4a (a cot 2 0 + x -f y cos 0 ), 
or if sin 2 0 = 4 ojc .(iii). 


But AN = a cot 8 0; therefore SP— a -f AN — --. 

Slll 2 0 

Therefore, putting a' for SP ov the equation of 

the curve is y 2 = 4a'.r... (i v). 


105. If the equation of a parabola, referred to any 
diameter and the tangent at the extremity of that diameter 

as axes, be y 2 — 4*ax = 0 ; the line y = mx + — will be a 

tangent for all values of m ; the equation of the tangent 
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at any point (x\ y’) will be yy — 2a (x -f x) = 0; the 

equation of the polar of (x, y) with respect to the 

parabola will be yy — 2 a (x 4* x) = 0 ; and the locus of the 

middle points of chords parallel to the line y = mx will 

- 2 a 

be ?/ == . 

J m 

These propositions require no fresh investigations; for 
Articles 94, 95, 100 and 102 hold good equally whether 
the axes arc at right angles or not. 

106. The equation of the normal at any point (x\ y') 
of the parabola y 2 — 4 ax = 0 is 

y - y' + 2 a (*-*') = 0 .(»)• 

If the line (i) pass through the point ( h , /;) we have 

. «• 

The equation (ii) gives the ordinates of the points the 
normals at which pass through the particular point (h, k). 
The equation is a cubic equation, and therefore through 
any point three normals can be drawn to a parabola. 

Since there is no term containing y' 2 , we have, if y,, y 2 , 
y 3 be the three roots of the equation (ii), 

y. + y*+&= 0 .(“')• 

Now, for a system of parallel chords of a parabola, the sum 
of the two ordinates at the ends of any chord is constant 
[Art. 102]. Therefore the normals at these points meet on 
the normal at a lixed point the ordinate of which added to 
the sum of their ordinates is zero. 

Hence the locus- of the intersection of the normals at 
the ends of a system of parallel chords of a parabola is a 
straight line which is a normal to the curve. 

107. We shall conclude this Chapter by the solution 
of some examples. 

(1) To jind the loem of the point of intersection of two tangents to a 
parabola which make a given angle with one another. 
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The line y—mx + - is a tangent to the parabola y 2 - 4aas=0, whatever 
the value of m may be. [Art. 94.] 

If (x, y) be supposed known, the equation will give the directions of 
the tangents which pass through that point. 

The equation giving the directions will be 

m 9 x - my + a =0. 

And, if tho roots of this quadratic equation be tn t and ?/<„, then 
will 

V i a 

wij + m a — -- and TOjTO 2 = -; 

X X 

But, if the two tangents make an angle a with one another, 

, TO, - TO. 

tan a=— 1 —- 
1 + w,m 3 

tan 3 a=~~-~?f. 

(a+«) 

So that the equation of tho required locus is 

y l -\ax - (x + a) 2 tan 2 a =0. 

(2) To find the locus of the foot of the perpendicular drawn from 
a fixed point to any tanyent to a parabola. 

Let the equation of the parabola be y 2 - ±ax —0, and let h, k be the 
co-ordinates of the fixed point 0. 

The equation of any tangent to the parabola is 


y~-mx + 


The equation of a lino through (//, k) perpendicular to (i) is 




To find the locus we have to eliminate to between the equations (i) and 


From (ii) we have 


m = — 


x —■ h 


y-k' 


therefore, by substituting in (i), we get 

x - h y-k _ 

y + vT**+V-A=°- 

or y{y -k)(x-h) +x(x- h)* + a (y - k ) 2 =0.(iii). 

The locus is therefore a curve of the third degree. 

From (iii) we see that the point O itself is always on tho locus. If 
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the point 0 be outside the parabola this presents no difficulty, for two real 
tangents can in that case be drawn through 0, and the feet of the perpen¬ 
diculars from O on these will be 0 itself. When the point 0 is within the 
parabola the tangents from O are imaginary, and the perpendiculars to 
them from O are also imaginary, but they all pass through the real point 
O, and therefore O is a point on the locus. 

When h— a, h~ 0, that is when 0 is the focus of the parabola, (iii) 
reduces to x {y- + (x- a) 2 } — 0; so that the cubic reduces to the point 
circle y 2 + (x - a) 2 =0, and the straight lino as—0. [See Art. 08 £]. 


(8) The orthocentre of the triangle formed by three tangents to 

a parabola is on the directrix. 

* 

Let the equations of the sides of the triangle be 

y=m'x-\ — y-m"x+- and y-m'"x + - 
9 in' in * 9 m " 

The point of intersection of the second and third sides is 

a a a \ 

mV ’ + 

The line through this point perpendicular to thd ( first side has for 
equation 

« \ 

Now this lino cuts tlio directrix, whose equation is x— - a, in the 
point whose ordinate is equal to 


a a 1 / 
y ~m"~ \ X ~ 


\m 


4 —// 4 —Tit 4 * 
in" in ni 


■ m'W'J 


The symmetry of this result shews that the other perpendiculars cut 
the diroctrix in tho same point, which proves the theorem. 


(4) To find the locus of the point of intersection of two normals 
which arc at right angles to one another. 

Tho line whose equation is 

y~mx- 2 am - ant 3 .(i) 

is a normal to tho parabola y 1 - iax— 0, whatever the valuo of in may be. 

If the point (ae, y) be supposed known, the equation (i) gives the 
directions of the normals which pass through that point. 

If the roots of the equation (i) be m 2 , m 3 , we have 


7/ij "I - 'h nig—0. 

.<ii), 

2a-x 

.(iii), 

mpn^+ nijWj +... 

CL 

- V - . 

.(iv). 
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If two of tho normals, given by m v m*, suppose, be perpendicular to 
one another, we have 

wt 1 m 2 = - 1.(v). 

The elimination of %, m 2 , m 3 from the equations (ii), (iii), (iv) and (v) 
will givo the locus required. 

The result is y s —a (* - 3a). 


‘Examples on Chapter V. 


1. The perpendicular from a poiiit 0 on its polar with respect 
to a parabola meets the polar in the point M and cuts the axis 
in G y the polar cuts the axis in T, and the ordinate through 0 
cuts the curve in P, l v \ shew that the points T, P } M, G, P f 
arc all on a circle whose centre is S. 


2. Prove that the two parabolas if - ax, x 3 ~ by will 
cut one another at an angle 

, . 3a V* 

tan — —t. - ... 

2 (<$ + b%) 


3. If PSQ be a focal chord of a parabola, and PA meet 
tho directrix in M, shew that MQ will be parallel to the axis 
of the parabola. 


4. Shew that the locus of the point of intersection of two 
tangents to a parabola at points on the curve whose ordinates 
are in a constant ratio is a parabola. 


5. The two tangents from a point P to the parabola 
if— <[ax— 0 make angles 0 l , d 3 with the axis of x; find the 
locus of P (i) when tan $ 1 + tan 0 3 is constant, and (ii) when 
tan 2 ^ + tan 2 is constant. 

6. Find the equation of the locus of the point of inter¬ 
section of two tangents to a parabola which make an angle 
of 45° with one anothor. 


7. Shew that if two tangents to a parabola intercept a 
fixed length on the tangent at the vertex, the locus of their 
intersection is another equal paralnda. 
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8. Shew that two tangents to a parabola which make equal 
angles respectively with the axis and directrix but are not at 
right angles, intersect on the latus rectum. 

9. Prom any point on the latus rectum of a parabola 
perpendiculars are drawn to the tangents at its extremities; 
shew that the line joining the feet of these perpendiculars 
touches the parabola. 

10. Shew that if tangents be drawn to the parabola 
y z — 4aas 0 from a point on the line x + 4« = 0, their chord of 
contact will subtend a right angle at the vertex. 

11. The perpendicular TiV from any point T on its polar 
with respect to a parabola meets the axis in M ; shew that if 
TiV . TM is constant the locus of T is a parabola; shew also 
that if the ratio TN : TM is constant the locus is a parabola. 

12. Two equal parabolas have their axes parallel and 
a common tangent at their vertices: straight lines are drawn 
parallel to the direction of either axis; shew that the locus of 
the middle points of the parts of the lines intercepted between 
the curves is an equal parabola. 

13. Two parabolas touch one another and have their axes 
parallel; shew that, if the tangents at two points of these 
parabolas intersect in any point on their common tangent, the 
line joining their points of contact will be parallel to the 
axis. 

14. Two parabolas have the same axis; tangents are drawn 
from points on the first to the second; prove that the middle 
points of the chords of contact with the second lie on a fixed 
parabola. 

15. Shew that the loons of the middle point of a chord of 
a parabola which passes through a fixed point is a parabola. 

16. The middle point of a chord PP f is on a fixed straight 
line perpendicular to the axis of a parabola; shew that the 
locus of the pole of the chord is another parabola. 

17. If TP , TQ be tangents to a parabola whose vertex is 
A, and if the lines AP, AT, AQ, produced if necessary, cut the 
directrix in p, t, and q respectively; shew that pi -- tq. 
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18. If the diameter through any point 0 of a parabola 
meet any chord in P, and the tangents at the ends of that 
chord meet the diameter in Q, Q'; shew that OP 3 = OQ . OQ'. 

19. The vertex of a triangle is fixed, the base is of 
constant length and moves along a fixed straight line; shew 
that the locus of the centre of its circumscribing circle is a 
parabola. 

20. Shew that the polar of any point on the circle 

x* + if - 2 ax — Za* - 0, 
with respect to the circle 

uf 4- y' -i- 2ax — Za 2 0, 
will touch the parabola 

y* + 4ax - 0. 

21. PSP' is a focal chord of a parabola; V is the middle 
point of PP'j and VO is perpendicular to PP' and cuts the axis 
in 0; prove that SO, VO are the arithmetic and geometric 
means between SP' and SP. 

22. PSp, QSq, PSr are three focal chords of a parabola; 
QR meets the diameter through p in A , JiP meets the diameter 
through q in 7>, and PQ meets the diameter through r in C ; 
shew that the three points A, B , C are on a straight line 
through S. 

23. PP' is any one of* a system of parallel chords of a 
parabola, 0 is a point on PP' such that the rectangle PO . OP' 
is constant; shew that the locus of 0 is a parabola. 

24. On the diameter through a point 0 of a parabola two 
points P, J v are taken so that OP . OP' is constant; prove that 
the four points of intersection of the tangents drawn from P, / y 
to the parabola will lie on two fixed straight lines parallel to 
the tangent at 0 and equidistant from it. 

25. If a quadrilateral circumscribe a parabola the line 
through the middle points of its diagonals will be parallel 
to the axis of the parabola. 

26. If from any point on a focal chord of a parabola two 
tangents be drawn, theso two tangents are equally inclined 
to the tangents at the extremities of the focal chord. 
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27. Jf two tangents to a parabola make equal angles with 
a fixed straight line, shew that the chord of contact must 
pass through a fixed point. 

28. Two parabolas have a common focus and their axes in 
opposite directions; prove that the locus of the middle points of 
chords of either which touch the other is another parabola. 

29. Find the locus of the middle point of a chord of 
a parabola which subtends a light angle at the vertex. 


30. The locus of the middle points of normal chords of 

V s 4 (p 

the parabola if — iax - 0 is + -- =-x- 2 a. 

A 2 a f 


31. PQ is a chord of a parabola normal at P, AQ is 
drawn from the vertex A, and through P a lino is drawn 
parallel to AQ meeting the axis in It. Shew that Alt is 
double the focal distance of P. 


32. Parallel chords are drawn to a parabola; shew that the 
locus of the intersection of tangents at the ends of the chords 
is a straight line, also the locus of the intersection of the 
normals is a straight line, and the locus of tho intersection of 
these two lines is a parabola. 

33. If the normals at the points P, Q, R of a parabola 
meet in a point; shew that the circle PQH will go through 
the vertex of the parabola. 

34. If the normals at two points of a parabola be inclined 
to tho axis at angles 6, 4> such that tan 0 tan <£ = 2, shew that 
they intersect on the parabola. 

35. The locus of a point from which two normals can be 
drawn making complementary angles with the axis is a 
parabola. 

36. Two of the normals drawn to a parabola from a point 
P make equal angles with a given straight line. Prove that 
the locus of P is a parabola. 

37. The normal at a point P of a parabola meets the axis 
in PG is produced to //, so that GH-\PG\ prove that the 
other two normals to the parabola, which pass through H y are 
at right angles to each other. 
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38. The normals at three points P, Q, R of a parabola 
meet in the point 0. Prove that SR + SQ + SR + SA = 2 OM f 
where S is the focus and OM the perpendicular from 0 on the 
tangent at the vertex. 

39. Any three tangents to a parabola, the tangents of 
whose inclinations to the axis are in any given harmonical 
progression, will form a triangle of constant area. 

40. Shew that the area of the triangle formed by three 
normals to a parabola will be 

n* 

2 (»*I ~ “,)K - (“a -»»,)(«», + «s + »»,)“• 

41. If a tangent to a parabola cut two given parallel 
straight lines in l\ Q, the locus of the point of intersection 
of the other tangents from P, Q to the curve will be a parabola. 

42. If an equilateral triangle circumscribe a parabola, 
shew that the lines from any vertex to the focus will pass 
through the point of contact of the opposite side. 

43. From any point on if~a{x 4- c) tangents are drawn to 
y 2 4(tx; shew that the normals to this parabola at the points 
of contact intersect on a fixed straight line. 

44. If the normals at two points on a parabola intersect 
on the curve, the lino joining the points will pass through 
a fixed point on the axis. 

45. If through a fixed point any chord of a parabola be 
drawn, and normals be drawn at the ends of the chord, shew 
that the locus of the point of intersection of the normals is 
another parabola. 

4G. If three normals from a point to the parabola y z - 4 ax 
cut the axis in points whose distances from the vertex are in 
arithmetical progression, shew that the point lies on the curve 
27a// 8 — 2 (sc - 2a) 3 . 

47. If three of the sides of a quadrilateral inscribed in a 
parabola be parallel to given straight lines; shew that the 
fourth side will also be parallel to a fixed straight line. 

48. Circles are described on any two focal chords of a 
parabola as diameters. Prove that their common chord passes 
through the vertex of the parabohi. 
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49. Two tangents to a given parabola make angles with 
the axis such that the product of the tangents of their halves 
is constant; prove that the locus of the point of intersection 
of the tangents is a confocal parabola. 

50. If the circle described on the chord PQ of a parabola 
as diameter cut the parabola again in the points H, S, then 
will PQ and HS intercept a constant length on the axis of the 
parabola. 

51. If the normals at P, Q, H meet in a point 0, and 
PP\ QQ', liR bo lines through P, Q, H making with the axis 
angles equal to those made by PO, QO y HO respectively, then 
will PP\ QQ\ HR pass through another point O', and the line 
00' will be perpendicular to the polar of O'. 

52. The normals to a parabola at P, Q t Ti meet in 0 ; 
shew that OP. OQ. OR —a. OL. OM y whore OL ami QM are 
tangents from 0 to the parabola, aud 4 a is the length of the 
latus rectum. 

53. If from any point in a straight line perpendicular to 
the a^is of a parabola normals be drawn to the curve, prove 
that the sum of the squares of the sides of the triangle formed 
by joining the feet of these normals is constant. 

54. A triangle ABC is formed by three tangents to a 
parabola, another triangle DBF is formed by joining the points 
in which the chords through two points of contact meet the 
diameter through the third. Shew that A , B, C are the middle 
point of the sides of DBF. 

55. If ABC be a triangle inscribed in a parabola, and 
A 'B'G' be a triangle formed by three tangents parallel to the 
sides of the triangle ABC, shew that the sides of ABC will be 
four times^the corresponding sides of A'B'G'. 

56. ‘ If four straight lines touch a parabola, shew that the 
product of the squares of the abscissse of the point of inter¬ 
section of two of these tangents and of the point of intersection 
of the* other two is equal to the continued product of the 
abscissae of the four points af contact. 
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57. TP, TQ are tangents to a parabola, and p n p*, p 3 
are tlie lengths of th^perpendiculars from P, T, Q respectively 
on any other tangent to the curve; shew that pj) 3 -p*- 

58. OA, OB are tangents to a parabola, and AP, BP are 
the cormsjKjnding normals; shew that, if P lies on a fixed line 
perpendicular to the axis, 0 describes a parabola; and find 
the locus of 0, if P lies on a fixed diameter. 

59. PG is the normal at P to the parabola ?/ - \ax - 0 , 
G being on the axis; GP is produced outwards to Q so that 
PQ ■ GP; shew that the locus of Q is a parabola, and that 
the locus of the intersection of the tangents at P and Q is 

y 2 (x + \a) f lfbi 3 - 0. 



CHAPTER VI. 

The Ellipse. 

Definition . An Ellipse is the locus of a point which 
moves so that its distance from a fixed point, called the 
focus, bears a constant ratio, which is less than unity, to its 
distance from a fixed lino, called the directrix. 


108. To find the equation of an ellipse. 



Let ^ be the focus and KL the directrix. 

Draw SZ perpendicular to the directrix. 

Divide ZS in A so that SA : AZ = given ratio = e 
suppose. 

There will be a point A' in ZS produced such that 

SA' : A'Z :: e : 1. 
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Let G be the middle point of AA\ and let AA'= 2a. 
Then 8A = e. AZ t and SA' — esA!Z\ 

SA + SA'= e (AZ+A'Z); 
2AC=2e.ZC; 




Also SA'—SA = e(A Z - AZ ); 

or AA' — 2A$ = e. A A'; 

SC = e.AO=ae .(ii). 

Now let C be taken as origin, CA' as the axis of x, 
and a line perpendicular to CA' as the axis of y. 

Let P be any point on the curve, and let its co¬ 
ordinates. be x, y. 

Then, in the figure, 

SP 2 -= MAP; 

SN* + NF* - e*ZN'\ 

Now SN^ — S( * 4- 0 — tin 4 ./■ j 


and ZN = ZO + CN = a + x ; 

(’ 

(ae + x)’ + / = e 2 L: + , 

'or / + (1 - c*) =,t 2 (l -e 2 ), 

or 1.(iii). 

Putting .r — 0, we get y ~ ± a \/( 1 — c 8 ); which gives 
us the intercepts on the axis of y. Tf these lengths be 
called ± b, we have 

6*--=a 8 (L-tf 2 ) .(iv), 

and the equation (iii) takes the form 

^ + .(V). 

a b 

S. C. S. 8 
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The latus rectum is the chord through the focus 
parallel to the directrix. To find its length we must put 
x sa — ae in equation (v). 

Then if = 6* (1 - e") = , from (iv), 

Qj 

b* 

so that the length of the semi-latus rectum is —. 

° a 


109. In equation (v) [Art. 108] the value of y cannot 
he greater than 6, for otherwise &' 2 would be negative; and 
similarly x cannot be greater than a. Hence an ellipse is 
a curve which is limited in all directions. 

If x be numerically less than a, y 2 will be positive; 
and for any particular value of x there will be two equal 
and opposite values of y. The axis of x therefore divides" 
the curve into two similar and equal parts. 

So also, if y be numerically less than &, a; 2 will be 
positive, and for any particular value of y tli<5re will be two 
values of x which will be equal and opposite. The axis 
of y therefore divides the curve into two similar and equal 
parts. From this it follows that if on the axis of x the 
points S', Z' be taken such that OS' — SC, and CZ' = ZG, 
the point S' will also be a focus of the curve, and the line 
through Z‘ perpendicular to GZ' will be the corresponding 
directrix. 


9 



If (x, y) be any point on the curve, the co-ordinates 

. #2 2 

y will satisfy the equation. a +"^ a — 1=0; and it is 


clear that in that .case the co-ordinates — x', — y will also 
satisfy the cquatiou, so that the point (— x , — y) will also 
be on the curve. But the points (x' f y) and (— x, —y) are 
on a straight lino through the origin and are equidistant 
from the origin. Hence the origin bisects every chord 
which passes through it, and is therefore called the centre 
of the curve. 


The chord through the foci is called the major axis , 
and the chord through the centre perpendicular to this 
the minor axis. 
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110. To find the focal distances of any point on an 
ellipse . 

In the figure to Art/. 108, since SP = ePM , we have 

SP = eZN= e (ZG+ CN) = e + xj = a 4 ex ; 

also S'P— e. NZ' = e(GZ -CN) = a-ex- 

SP+S'P = 2a. 

An ellipse is sometimes defined as the locus of a point which moves so 
that the sum of its distances from two fixed points is constant. 

To find the equation of the curve from this definition. 

Let the constant sum be 2a, and the distance between the two fixed 
points be 2ae. 

Take the middle point of the line joining the fixed points for origin, 
and this line and a line perpendicular to it for axes, then we have from 
the given condition 

*J{x-ae)- + y 2 + J(x + ac)' 2 + y' 2 =2a 

which, when rationalized, becomes 

- y 2 + * 2 (l — e 2 ) — a 2 (l -c 2 ), 
which is the equation previously obtained. 


111. The polar equation of the ellipse referred to the 
centre as pole will be found by writing rcos# for x t and 
r sin# for y in the equation 


or 


-+^=i 
a* + P 

The equation will therefore be 
r 2 cos*# r l sin 2 # 

' "a 4 + v = 

1 cos 2 # sin 2 # 


P a* + P 


.(i). 


The equation (i) can be written in the form 

\ = \ + (} t - V) sin'0 .(ii). 

r a \o a J 

1 i 

Since p — 2 is positive, we see from (ii) that the least 


8—2 
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value of -4 is -1 , and that 4 increases as 6 increases from 
r a* r a 


0 to |, the greatest value of ~ being ^. Hence the 
radius vector diminishes from a to b as 0 increases from 


Oto I- 


112. We have found that for all points on the ellipse 

l+f- 1=0 

a b 

We can shew in a manner similar to that adopted in 
Art. 92 that, if x, y be the co-ordinates of any point within 

the curve, ^ — 1 will bo negative, and that *^ 2 + — 1 

will be positive if x , y be the co-ordinates of any point 
outside the curve. 


113. To find the points of intersection of a given 
straight line and an ellipse, and to find the condition that 
a given straight line may touch the ellipse . 

Note. We shall henceforth always take ^ + ~ = 1 as 

the equation of the ellipse, unless it is otherwise expressed. 
Let the equation of the straight line be 

y = mx + c .(i). 

At points which are common to the straight line and 
the ellipse both these relations are satisfied. Hence at 
the common points we have 

x 9 (mx + cf - 
a a + V “ l ’ 


or x * (¥ + re’m*) + 2mca s .f + a' (c 2 — b') = 0.(ii). 

This is a quadratic equation, and every quadratic 
equation has two roots, real, coincident, or imaginary. 

Hence there are two values of x, and the two corre¬ 
sponding values of y are given by equation (i). 
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The roots of the equation (ii) will be equal to one 
another, if 

a 8 (c 8 — b*) (6 8 + eM) = wi 8 c V, 
that is, if c 8 = aV + b\ 

If the two values of x are equal to one another the two 
values of y must also be equal to one another from (i). 

Therefore the two points in which the ellipse is cut by 
the line will be coincident if c = + b*). 

Hence the line whose equation is 

y = mx + *J(aV 4- Z> a ).(iii) 

will touch the ellipse for all values of m. 

Since either sign may be given to the radical in (iii), 
it follows that there are two tangents to the ellipse for 
every value of m, that is, there are two tangents parallel 
to any given straight line. These two parallel tangents 
are equidistant from the centre of the ellipse. 


114. To find the equation of the chord joining two 
points on the ellipse , and to find the equation of the tangent 
at any point. 

Let x, y and x", y" be the co-ordinates of two points 
on the ellipse. 

The equation of the secant through the points (x\ y) 
and (x", y") is 

_ v-y 

// / // / .in. 

x —x y — y 

But, since the two points arts on the ellipse, we have 

*2 //2 //2 
4 m n* * ii* * 


#2 //2 //2 
x y , , x . v , 

d 1 + ¥ ~ l ’ and + V ~ 1 ’ 


x' n 

d 8 


v m - ?r 

~~lr 




Multiply the corresponding sides of the equations (i) 
and (ii), and we have 

( w - x) (x" + x) = _ (y-y) (y" + y) 


a 


6 s * 


j 
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x (i X + x") y (■>/ + y") _ X (x + x") y (y + y") 

or - t +— b r- - + - J s 

at’* »/' s 

or, since, + •-' = 1, 

*(*' +«") , .»/(?/' + ?/") = , , y'y" ..... 

a* + 1 + a « + ••••(m), 


which is the equation of the chord joining the two given 
points. 

In order to find the equation of the tangent at (x, y) 
we must put x" =x\ and y" = y in equation (iii), and we 


obtain 


xx yy 

2 * 1 a 

a b 




Cor. 1. The co-ordinates of the extremities of the 
major axis are a, 0 and — a, 0 respectively, and, from (iv), 
the tangents at these points are x = a and x = — a. 

Hence the tangents at the extremities of the major 
axis are parallel to the minor axis. 

Similarly the tangents at the extremities of the minor 
axis are parallel to the major axis. 

CoR. 2. The tangent at the point (x\ y) is parallel 
to the tangent at the point (—a/, — y), and these two 
points are on a straight line'‘through the centre of the 
curve. 

Hence the tangents at the extremities of any chord 
through the centre of an ellipse are parallel to one another. 


115. To find the condition that the line lx + my — n — 0 
may touch the ellipse. 

The equation of the lines joining the origin to the 


points where the ellipse 

a? 





is cut by the straight line 

lx + my — n 


is [Art. 38] 
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If the line (ii) cut the ellipse in coincident points, the 
equation (iii) will represent coincident straight lines. 
Therefore the left-hand member of (iii) must be a perfect 


square: the condition for this is 

/I l*\ /I vn?\ _ 

U"kVW“«V"'/ ; 

whence uH 2 + Ifm* = n £ .(iv). 

Colt. The line x cos a + y sin a — p — 0 will toucli the 
ellipse, if 

p* — a 2 cos 2 a + b 2 sin 8 a.(v). 


lib. To find ' the equation of the normal at any point 
of an ellipse. 

The equation of the tangent at any point (x, y) 
of the ellipse is 

xx ' , V]f 1 
a 2 V * 


The normal is the line through (x\ ?/) perpendicular 
to the tangent; its equation is therefore [Art.. -SO] 


x — x 
x! 
a* 


y - v 

V 

V 


EXAMPLES. 

1. Find the eccentricities, and tlio co-ordinates of the foci of tlio 
following ellipses: 

(i) 2a; 2 +3?/ 8 -1 = 0, (ii) 8(*-l) 8 +6 {y + l) 2 - 1-0. 

Am. (i) (ii) (1, -1 \/ 6 )- 

2. Find the lengths of the latera recta of the ellipses in question 1. 

Am. I s/2 and £ y/i\. 

3. Shew that the line y-aH >/§ touches the ellipse 2^* + 3y 2 =l. 
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4. Shew that the line Si/=x—3 cuts the curve 4x 8 -8y*-2x=0 in 
two pointB equidistant from the axis of y. 

6. Is the point (2, 1) within or without the ellipse 2x a +3y 3 -12—0? 

6. Find the equations of the tangents to ^ + ^=1 which make an 
angle of 60° with the axis of x. 

7. Find (i) the equations of the tangents and (ii) the equations of tho 
normals at the ends of'the latera recta of 2x 2 + 3y 3 — 6. 

The four points are (=t 1, ± £ >/3). 

oj2 

8. Find the equations of the tangents to ^ =1 which make 


equal intercepts on the axes. Am. x±y±^/a' 2 + b 2 =0. 

9. Shew that the equation 4x 2 + 2 y*=Gx represents an ellipse whose 

eccentricity is y Q , and shew that the origin is at an extremity of the 
minor axis. 


10. Find the equation of the ellipse which has the point (-1,1) for 
focus, the line ix - 3y=0 for directrix, and whose eccentricity is f. 

A ns. 20x 2 +24a^ + 27y* + 72 {x - y +1) = 0. 

11. If the normal at the end of a latus w&tuin of an ellipse pass 
through one extremity of the minor axis, shew that the cccentrioity of the 
curve is given by the equation i A -f ? s -1 ~0. 

12. If any ordinate MP be produced to meet the'tangent at the end 
of the latus rectum through the focus S in Q, shew that the ordinate of 
Q is equal to the distance SP. 

13. A straight line AB of given length lias its extremities on two 
fixed straight lines OA, OH which are at right angles; shew that the locus 
of any point G on the line is au ellipse whose semi-axes are equal to CA 
afid CB respectively. 


117. Two tangents can be drawn to an ellipse from 
any pointy which will be real, coinddenty or imaginary , 
according as the point is outsidey upon , or i within the cui've. 

The line whose equation is 

y = mx 4- + W) .(i) 

will touch the ellipse, whatever the value of m may be 
[Art. 113]. 
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The line (i) will pass through the particular point 

« y')> ^ 

y = mx' + V(« 2 w 2 + &*), 

that is, if 


(y — mx')* — a?m* — b* = 0, 

or m* (a;' 2 — a*) — 2 mx y' -t y' 2 —b* — 0 . (ii). 

Equation (ii) is a quadratic equation which gives the 
directions of those tangents to the ellipse which pass 
through the point (x\ y). Since a quadratic equation has 
two roots, two tangents will pass through any point (x\ y'). 

The roots of (ii) are real, coincident, or imaginary, 
according as 

(x*-a*) (y'*-b*)-xy* 




>1 


is negative, zero, or positive; or according as % + — 1 is 

(Jb 0 

positive, zero, or negative. That is, [Art. 112] according as 
\x y y) is outside the ellipse, upon the ellip.se, or within it. 


118. To find the equation of the Hue through the points 
of contact of the tioo tangents which can be drawn to 
an ellipse from any point . 


Let x\ y be the co-ordinates of the point from which 
the tangents arc drawn. 

Let the co-ordinates of the points of contact of the tan¬ 
gents he 7/, k and Ji, k' respectively. 

The equations of the tangents at (//, k) and (h\ k') are 

xh. yk _ 

+ If ’ 


xli yk/ 

—u = 1 

•J I IS 1 • 

a b 


We know that (x\ y) is on both these lines; 

• xh + f k _ i r- 


and 
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But (i) and (ii) shew that the points (h, lc) and (///, k') 
are botli on the straight line whose equation is 


xx yy 

' lJ 



Hence (iii) is the required equation of the line through 
the points of contact of the tangents from ( x '> /)■ 

The line joining the points of contact of the two 
tangents from any point P to an ellipse is called the polar 
of P with respect to the ellipse. [See Art. 76.] 

119. If the polar of a point P with respect to an ellipse 
pass through the point Q, then will the polar of Q pass 
through P. 

This may be proved exactly as in Art. 78. 


120. To find the locus of the point of intersection of two 
tangents to an ellipse which are at right angles to one 
another. 

The line whose equation is 

y = mx 4- Ja 2 ni 2 + b* .(i) 

will touch the ellipse, whatever the value of m may be. 

If we suppose x .and y to be known, the equation gives 
us the directions of the tangents which pass through the 
point (x, y). 

The equation, when rationalized, becomes 

m 2 (x 2 — a 2 ) — 2 mxy 4- y* — h 2 = 0.(ii). 

Let m l and m ti be the roots of (ii) ; then, if the tangents 
be at right angles, = — 1; 



x* + y 2 = a 2 + b* .(iii). 

The required locus is therefore a circle. 

This circle is called the director circle of the ellipse. 


or 
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121. The circle described on the major axis of an 
ellipse as diameter is called the auxiliary circle . 



Tf the equation of the ellipse be 

x ‘+y‘=\ 

« I I'l ■ • • < 

a b 


the equation of the auxiliary circle will be 

2 2 
af y _ 

i ,7 — l 


-L #/ = I 
a a 


• 0 ). 

(ii). 


If therefore any ordinate NP of the ellipse be produced 
to meet the auxiliary circle in we have from fi) and (ii) 

NP 2 _ _ ON 2 Np 2 
b a a 


NP b 
•* Np~ a' 

Hence the ordinates of the ellipse and of the circle are 
in a constant ratio to one another. 

The angle A'Cp is called the eccentric angle of the 
point P. The point p on the auxiliary circle is said 
to correspond to the point P on the ellipse. 
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If the angle A'Gp be <f>, the co-ordinates of p will be 
a cos <f>, a sin <j >; and those of P will be a cos b sin (j >. 


122. To find the equation of the line joining two points 

whose eccentric angles are given. 

* 

Let <!>, </>' be the eccentric angles of the two points; 
then the co-ordinates are a cos</>, b sin 0, and a cos (j>\ 
b sin (f> respectively. 

Hence the equation of the line joining them is 

x — a cos <f> __ y — b sin <j» 

a cos <p — a cos </> b sin <f> — b sin <f>' ’ 

x y . . 

-cos <p ~ — sin <p 

a ___ b _ _ 

° r - sin 4 (<£ + </>')"" cos b (<£ + <f>') 9 

/. - cos J (<£ + 40 + ? sil1 i + </>') = cos i (<t> - $)— 

Cl 0 

which is the required equation. 

To find the tangent at the point </>, we have to put 
<t>'— <f> in equation (i), and we obtain 


X cos <b +¥ sin </> = 1 
a b 


(ii). 


123. From equation (i) of the preceding article we see 
that if the sum of the eccentric angles of two points on an 
ellipse is constant and equal to 2a, the chord joining those 
points is always parallel to the line 

’ cos a + ^ sin a - 1; 
a b 

that is, the chord is always parallel to the tangent at the 
point whoso eccentric angle is a. 

Conversely, if we have a system of parallel chords 
of an ellipse the sum of the eccentric angles of the 
extremities of any chord is constant. 
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Where this cuts the axis of x, y — 0, and at that point 
we have from (i), 



ON. GT 
CA rt “ 


or ON. GT = GA ,l 


Similarly 

The equation 


NP. Gt = GB l .. .. 
of the normal at P is 

x — x ?/ — v 



.(a). 

08 )- 

(ii). 


Where the normal cuts the axis of x, we have y = 0, and 
therefore from (ii). 


sc 


, & 3 , ,( A b*\ t , 

x — — «.«, or x — x 1 — .. — e x, : 
a \ a / 


GG = e\GN . 


-M- 



Also, since 

SG = #0 + OG = ae + eV, and G,S' = ac- eV, 


we have 

$6r _ ae + eV _a + ex' __ SP 
G$' ae — e*x' a — ex' tf'P * 
therefore PG bisects the angle SPS' . 


(8). 
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Again, since PG 2 = ON 2 + N1• = (ON-CG) 2 + ATP*, 
we have PG 2 = y' 2 + aP (1 — e 2 ) 2 , 

to. 


And PF—KG = 


[Art. 31]; 


PF.PG = b* .(«). 

The line whose equation is 

y = »i# + V (a 2 7 /f J 4 ?> 2 ).(iii) 

will touch the ellipse whatever the value of wi may be. 

Hence, if SZ, S'Z' be the perpendiculars from the foci 
on the line (iii), then [Art. 31] 

cr — mae + V (aV 4- b 2 ) , mae + J(a%i 2 4 l?) 

b/= v(i+*•) >and ^ /= ' vo+«vr‘ : 

,s"ir=“ J "‘ J + 62 - frf? = .(f). 

1 + w 


Again, the equation of the line through $ perpendicular 
to (iii) is 

my 4 x 4 ae = 0.(iv). 

To find the locus of Z the point of intersection of (iii) 
and (iv), we must eliminate m from the two equations. 
The equations may be written in the form 

y — mx = V (fi 2 m 2 4- b 2 ), and my + x = — ae. 

Square both sides of these equations and add, we thus 
obtain 

(x z 4- y 2 ) (14* m 2 ) = ttV 4- b* 4- ae 2 — a 2 (1 4 m 2 ); 

therefore the locus of Z is the auxiliary circle whose 
equation is 

x l ~ Ob 1 . (tj). 

We should liave arrived at the same result if we had 
supposed the perpendicular to have been drawn from S'. 
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126. Let P be any point, and let QQ' be the polar of 
P Let QQ' meet the axes in T, t Draw SZ, S'ZGK 
and PO perpendicular to QQ '; and let P 0 meet the axes 
in G, g. Then, if x y y be the co-ordinates of P, the 
equation of QQ' will be [Art. 118] 


+€ = i 


The equation of FOG will therefore be [Art. 30] 

X X 1/ W • / ■ • v 

- 7 ^=-—^ .(»)• 

x y 

a? 5* 

From (i) and (ii) we can prove, exactly as in the 
preceding Article, 

(a) GN. GT = CA\ (/3) NT. Ct = Cl?, 

(.y) GO = e 1 2 * GN, and (8) KG.PG = b\ 



EXAMPLES. 

1. Show that the focus of an ellipse is the pole of the corresponding 
directrix. 

2. Shew that the equation of the locus of the foot of the perpen¬ 

dicular from the centre of an ellipse on a tangent is r 8 —a a cos 2 0 + 6 s sin 8 0* 
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3. Shew that the sum of the reciprocals of the squares of any two 
diameters of an ellipse which are at right angles to one another is 
constant. [SeeArt. 111J 

4. If an equilateral triangle be inscribed in an ellipse the sum of the 
squares of the reciprocals of the diameters parallel to the sides will 
be constant. 

5. An ellipse slides between two straight lines at right angles to one 
another; shew that the locus of its centre is a circle. [See Art. 120.] 

6. If the points S\ 11' be taken on the minor axis of an ellipse such 
that S'C=Cff f =CS, where C is the centre and S is a focus; shew that 
the sum of the squares of the perpendiculars from S’ and If on auy 
tangent to the ellipse is constant. ^ 2. «, 

7. Shew that the locus of the point of intersection of tangents to an 
ellipse at two points whose eccentric angles differ by a constant is an ellipse. 

[If the tangents at 0 + a and 0 - a meet at (s', y '); then — =cob 0 sec a, 

CL 

^ --sin0sec a. Eliminate 0 for the locus.] 

8. The polar of a point V cuts the minor axis in t, and the perpen¬ 
dicular from P to its polar cuts the polar in the point O and the minor 

■Abcis in g ; shew that the circle through the points t, O , g will pass through 
the foci. [Prove that tC. Cy—tiC. CS'.] £ t J f * 

9. Prove that the line Ix+my -h»=0 is a normal to 

x _! l ?/ 2 1 if" 2 * 1-_(« 2 -i 2 ) a 

a 2 + b 2 ’ P m 2 “ n* ' 


[Compare 


with 


ax 
cos 6 


by . Icos0 

— A--6-; wo have — 

sin 0 


a 


m sin 0 
it 


— - : then eliminate 0.1 

a a - ft 2 

10. The perpendicular from the focus of an ellipse whose centre 
is C on the tangent at any point P will meet the line CP on the 
directrix. 

11. If Q be the point on the auxiliary circle corresponding to the 
point P on an ellipse, shew that the normals at P and Q meet on a fixed 
circle. 

12. If Q be the point on the auxiliary circle corresponding to the point 
P on an ellipse, shew that tlie perpendicular distances of the foci S, 11 
from the tangent at Q are equal to SP and IIP respectively. 

13. Shew that the area of a triangle inscribed in an ellipse is 

^ \ab {sin(/3-7) +sin( 7 -a) + ain(a-£)}, ^ 

where a, 0, y are the eccentric angles of the angular points. ^ T ' 

S. C. S. 9 
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127. To find the locus of the middle points of a system 
of parallel chords of an ellipse. 

The equation of the Jine through the two points ( x\ y) 
and («", y") on the ellipse is [Art. 114] 

x (x + x") y (»/ + f) _ xx" y'f ... 

a T" 12 *-1 2 1/3 .V 1 /* 

a 2 b a o 

If-the line (i) is parallel to the line y = mx, theu 

_ b 2 x + x" .. 

V . + y 

Now, if x, y be the co-ordinates of the middle point of 
the chord joining (x\ y) and (x\ y"), then 2x — x + x", 
and %y*=y +y"\ 
therefore, from (ii), we have 

b 2 x ..... 

m = — 2 .(in L 

ay 

Hence the locus of the middle points of all chords 
which are parallel to the line y — mx is the straight line 
whose equation is 

If 

y = -~ * x .(iv). 

From (iv) wo see that all diameters of an ellipse [Art. 
102, Defi\ pass through the centre. 

Writing (iv) in the form y = mx, we see that 

, b 2 ' 

mm = —=.(v). 

a x 


It is clear from the symmetry of the relation (v) that 
all chords parallel to y = mx are bisected by y = mx. 

Hence, if one diameter xf an ellipse bisect chords paral¬ 
lel to a second, the second diameter will bisect all chords 
parallel to the first. 

Defi Two diameters are said to be conjugate when each 
bisects chords parallel to the other. 


128. The tangent at an extremity of any diameter is 
parallel to the chords bisected by that diameter. 
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AH the middle points of a system of parallel chords of 
an ellipse are on a diameter. Hence, by considering the 
parallel tangents, that is the parallel chords which cut the 
curve in coincident points, we see that the ‘diameter of 
a system of parallel chords passes through the points 
of contact of the tangents which are parallel to the 
chords. 


120. Let P, D be extremities of a pair of conjugate 
diameters; let the co-ordinates of P be se\ y\ and the 
co-ordinates of D be x\ y" . The equations of CP and 
nn y x , y x 

y ' r y x 


t. 127 we ha ve ^; 

x x a 


xx y y __ 




+ 


b* 


= (I 




If (f>, <f>' be the eccentric angles of P and 1) respectively, 
then x' — a cos <f>, yf ~b sin <f>, x" = a cos <f>', y" = b sin <f>. 
Substituting these values in (i) we have 

cos <f> cos <f> + sin <f> sin <j> = 0, 
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Hence the difference of the eccentric angles of two 
points which are at extremities of two conjugate diameters 
of an ellipse is a right angle. 

If pCp\ dCd' be the diameters of the auxiliary circle 
corresponding to the diameters PCP\ DCD' of the ellipse, 
then pCp y dCd' will be at right angles to one another. 
Hence the co-ordinates of D and of D' can be at once 
expressed in terms of those of P or of P'. 

130. To shew that the sum of the squares of two con¬ 
jugate semi-diameters is constant . 

Let P\ D be extremities of two conjugate diameters of 
the ellipse. 

Let the eccentric angle of P be <j>, then the eccentric 
angle of D will be <f> + - [Art. 129]. 

The co-ordinates of P will be acos<£, 7>sin<£, and 

(♦ 

and OIF = a* cos 2 ^ ± ^ + 7> 2 sin 2 ^ ± ^ ; 

/. CV + CD 2 « u* + b\ 

131. The area of the parallelogram which touches an 
ellipse at the ends of conjugate diameters is constant 

Let PCP\ DCD ' be the conjugate diameters. The 
area of the parallelogram which touches the ellipse at 
P, P, D t D'is 4* CD. CD sin PCD, or 4 CD . CP where 6 T Pis 
the perpendicular from C on the tangent at P. 

Now if the eccentric angle of P be <f>, the eccentric 
angle of D will be <f> ± ^ . 

CD* — a 2 cos 2 ^<f) ± + b 2 sin 2 ^> + , 

CD* sss a 2 sin 8 <f>+b 2 cos* <f> .(i). 


those of D will be a cos ^j , b sin 

cos 2 </> + b 2 sii 



or 
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The equation of the tangent at P will be [Art. 122] 

x . y . , 

y. ein /K — 


OF* = 


- cos d> + j- sin <f> = 1. 
a T b 

1 


cos 51 <j> sin® <f> ’ 


[Art. 31], 


a 


or 


CF' 2 = - 2 - 


a*6* 


(ii). 


a 2 sin* <f> -b b 2 cos* . ’ 

From (i) and (ii) wc see that the area of the parallelo¬ 
gram is equal tof iab* 


132. If r y r' be the lengths of a pair of conjugate 
semi-diameters, and 6 be the angle between them, then 

rr'sin 0 = ab [Art. 131]. 

Hence sin 6 is least when rr is greatest. 

Now the sum of the squares of two conjugate diameters 
is constant; hence the product will be greatest when the 
diameters arc equal to one another. 

Hence the acute angle between two conjugate diameters \ 
of an ellipse is least when the conjugate diameters arc equal 
to one another. 


133. Let the eccentric angles of the. extremities P, D 

7T 

of two conjugate diameters be <f>, <j> ± respectively; then 

CP 2 — a 2 cos* (f> -bF sin* 0, 
and CD 2 = a* sin* <f> + b 2 cos* <j >; 

.*. CP 2 - CD 2 - (a 2 - 1r) cos 2<£. 

Hence CP = CD when <b is or ^ . 

4 4 

The equations of the equal conjugate diameters are 
therefore 



Hence the equi-conjugate diameters of an ellipse are 
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coincident in direction with the diagonals of the rectangle 
formed by the tangents at the ends of its axes. 

134. Def The two straight lines drawn from any 
point on an ellipse to the extremities of any diameter are 
called supplemental chords. 

Any two supplemental chords of an ellipse are parallel 
to a pair of conjugate diameters. 

Let the chords be formed by joining the point Q to the 
extremities P, P' of the diameter PCP'. Let V be* the 
middle point of QP , and V' the middle point of QP'. 
Then CV' and CV arc conjugate, for each bisects a chord 
parallel to the other; and CV', CV are parallel respec¬ 
tively to QP and QP'. 

Hence QP and QP' are parallel to a pair of conjugate 
diameters. 


135. We can find the position of a pair dfe&onjugate 
diameters which make a given angle with one another. 

For, draw any diameter PCP and on PP' describe a 
segment of a circle containing the given angle. If this 
circle cut the ellipse in a point Q , the angle PQP' is equal 
to the given angle, and QP, QP' are parallel to conjugate 
diameters [Art. 134], 

The circle and ellipse will not however intersect in any 
real points besides the points P, P' if the given angle 
be less than that between the equi-conjugate diameters of 
the ellipse [Art. 132]. 


136. To find the equation of an ellipse referred to any 
pair of conjugate diameters as axes. 

Let the equation of the ellipse referred to its major 
and minor axes be 



Since the origin is unaltered we substitute for x, y ex¬ 
pressions of the form lx + my, Vx + my in order to obtain 
the transformed equation [Art. 51]. 
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The equation of the ellipse will therefore be of the 

form Aa? -f 2Hxy + By 2 = 1.(ii). 

By supposition the axis of x bisects all chords parallel 
to the- axis of y. Therefore for any particular value of x 
the two values of y found from (ii) must be equal and of 
opposite sign. Hence 11 = 0 ; the equation will therefore 

be of the form Aa? + = 1.(iii). 

To obtain the lengths (a\ b') of the intercepts on the 
axes of x, y, we must put y = 0 and x = 0 in (iii); wc 

thus* obtain Aa' 2 = 1 = Bb'\ 

Hence the equation of an ellipse referred to conjugate 
diameters is 





where a', b' are the lengths of the semi-diameters. 


137. By the preceding Article wc sec that when an 
ellipse is referred to any pair of conjugate diameters as 
axes of co-ordinates, its equation is of the same form 
as when its major and minor axes are the axes of co¬ 
ordinates. 

It will be seen that Articles 113,114,115,118 and 127, 
hold good when the axes of co-ordinates are any pair of 
conjugate diameters. 

138. We shall conclude this chapter by the solution of 
some examples. 

(1) To Jind when the area of a triangle inscribed in an ellipse is 
greatest. 

Lot the eccentric angles of P, Q, II, the angular points of the triangle, 
be <f> v 0 2 , ; let p, q, r be tho tlireo corresponding points on the auxiliary 

circle. 

The areas of the triangles PQR, and pqr are [Art. 6 ] 

\ a cos 0 lf 6 sin <p v 1 , and A a cos <f> v a sin 0 j, If 

a cos 0 2 , b sin 0 ._„ 1 a cos 0 „, a sin 02 , 1 1 

! a cos 0 a , b sin 0 3 , 11 a cos 0 3 , a sin 0 3 , 1 j 

.*. A PQR : A pqr :: b i a. 
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Hence the triangles PQR and pqr are to one another in the constant 
ratio b : a. Therefore PQR is greatest when pqr is greatest. 

Now A pqr in greatest when it is an equilateral triangle; and in that 

2ir 

case ~ 02 — ~ 03 ~ 03 ~ 0i ” '3" • 

Hence when a triangle inscribed in an ellipse is a maximum, the 
eccentric angles of its angular points are a, a-f^, a+ ^. 

(2) If any pair of conjugate diameters of an ellipse cut the tangent at 
a point P in T, T'\ shew that TP . PT’—CD 2 , where CD is the diameter 
conjugate to CP . 

Take CP t CD for axes of x and y, then the equation of the ellipse will 

be*; + £=l. 
a 1 b 1 

The equation of the tangent at P (a, 0) will be x—a. 

If y=mx, y—ni'x be the equations of any pair of conjugate diameters, 
then 

nvm! = - [Art. 127].(i). 

But PT—ma, and PT'—m'a ; 

.\ PT . PT-mania 2 .(ii) 

.-. TP.Pr=b^ from (i). 

(3) The line joining the extremities of any two diameters of an 
ellipse which arc at right angles to one another will always touch a fixed 
circle. 

Let CP t CQ be two diameters which are at right angles to one another, 
and let the equation of the line PQ be 

x cos a+y sin a— p. 

The equation of the lines CP, CQ will bo [Art. 38] 


x 2 y 2 (x cos a + y sin a\ 2 

Tr- + 6* H- y—) .<*)• 


But, since the lines CP, CQ are at right angles to one another, tlic 
sum of the coefficients of x 2 and y 2 in (i) is z.cro [Art. 3C]; 

1 1 _ 1 
''' a* + IP' p 2 ’ 

which shews that the perpendicular distance of the lino PQ from the 
centre is constant. 

Hence the lino PQ always touches a fixed circle. 
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( 1 ) To Jind the locus of the poles of normal chords of an ellipse. 
The equation of the normal at any point 0 is 

ax by 


cos 0 sin 0 


=« 2 -b 2 .(i). 


The equation of the polar of any point {x\ y') is 

*■*' , )W' ■, 

—o + ~j.T 1. 

a - o- 


(ii). 


or 


The equations (i) and (ii) will represent the same straight line, if 

and (,.*-&*)£=- b --, 

' 7 a- costf ' 'b 2 sm0 

•j * 

(a- -- 6 2 ) cos 0=--, and (a 2 - b 2 ) sin 6—- ; 

x y 


therefore, by squaring and adding the two last equations, we have 

la 1 - 6 3 ) 2 —— + ^ 

Hence the equation of the locus is 

x-y- (a 2 - Zr ) 2 = a«y 2 + b*xK 

(5) If a quadrilateral circumscribe an ellipse , the line through the 
middle points of its diagonals icill pass through the centre of the ellipse. 

Lot the eccentric angles of the four poiuts of contuct of the tangents 
he a, p, 7 , 8. 

The equations of the tangents at the pointed, p are 

jj « jy It 

cosa + ^sina— 1 , and -cos/S-t • I -siu/3— 1 . 
b a b 


a 


These meet in the point 

f cos A (o + ft) sin l 
\ cos (a -- fi) ’ 1 cos A (a - p)J 

The tangents at y and 8 will meet in the point 

/ cos A (7 4 5) sill-A (y + 5)\ 
\ cos £( 7 - -5)’ cos l (y — 8)/ 


The co-ordinates of the middle point of the line joining these poiuts of 
intersection arc given by 

_ a cosj (g -t- P) cos i (7 -8) + cos | (7 + 5)_cos i (a - * p) 

X 2 cos 3 (7 — 5) cos 4 (a —/3) ’ 

b sin A (a f p) cos A (7 - 5) + sin £ (7 -f 5) cos A (a - p) 
y ~ 2 cos ^(7 - 5) cos l (a - p) 
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Therefore the line joining the centre of the ellipse to this point 
makes with the major axis an angle the tangent of which is 

b sin $ (a+ P) cos ^ (7 - 8) + sin A (7 4-3 ) cos \ (a - p) 
a cos £ (a + p) cos A (■>»- 5) + cos £ (7 + 5) cos (a - p) ’ 

which is equal to 

h sin (s - a) + sin (s-p) + sin (« - 7 ) + sin (s_-5) 
a cos (* - a) + cos (# - p) +cos [n - 7 ) + cos (# - 8 ) ’ 

where 2 « = a+ p+y + S. 

The symmetry of the above result shews that the line joining the 
centre of the ellipse to one of the middle points of the diagonals of 
the quadrilateral will pass through tile other two middle points. 


Examples on Chapter VI. 

1. If SP, S'P be the focal distances of a point P on an 
ellipse whose centre is (7, and CD be the semi-diameter conju¬ 
gate to CP ; shew that SP . S P - CD 2 . 

2. The tangent at a point P of an ellipse meets the 
tangent at A, one extremity of the axis ACA\ in the point Y; 
shew that CY is parallel to A'P, C being the centre of the 
curve. 

3. A point moves so that the sutn of the squares of its 
distances from two intersecting straight lines is constant. 
Prove that its locus is an ellipse, and find the eccentricity in 
terms of the angle between the lines. 

4. P, Q are fixed points on an ellipse and li any other 
point on the curve; V' are the middle points of PR, QR, 
and VG, V' G f are perpendicular to PR, QR respectively and 
meet the axis^in G, G\ Shew that GG' is constant. 

5. A scries of ellipses are described with a given focus and 

corresponding directrix; shew that the locus .of the extremities 

of their minor axes is a parabola. 

■ 

6. PNP r is a double ordinate of an ellipse, and Q*is any 
point on the curve; shew that, if QP f Ql v meet the major axis 
in M, M' respectively, CM. CM' = CA*. 
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7. Lines are drawn through the foci of an ellipse perpen¬ 
dicular respectively to a pair of conjugate diameters and 
intersect in Q; shew that the locus of Q is a concentric ellipse. 

8. The tangent at any point P of an ellipse cuts the 
equi-conjugate diameters in 1\ T'\ shew that the triangles TCP f 
T'CP are in the ratio of CT 2 : CT' 2 . 

9. If CQ he conjugate to the normal at P, then will CP 
be conjugate to the normal at Q. 

10. If 7*, D be extremities of conjugate diameters of an 
ellipse, and PP\ DD' be chords parallel to an axis of the 
ellipse; shew that PI)' and P’D are parallel to the equi- 
conjugates. 

11. If P y J) are extremities of conjugate diameters, and 
the tangent at P cut the major axis in T, and the tangent at 
D cut the minor axis in 2 1 '; shew that TT will be parallel to 
one of the equi-conjugates. 

12. QQ' is any chord of an ellipse parallel to one of the 
equi conjugates, and the tangents at Q, Q' meet in T\ shew 
that the circle QTQ' passes through the centre. 

13. In the ellipse prove that the normal at any point is a 
fourth proportional to the perpendiculars on the tangent from 
the centre and from the two foci. 

14. Two conjugate diameters of an ellipse are drawn, and 
their four extremities are joined to any point on a given circle 
whose centre is fit the centre of the ellipse; shew that the sum 
of the squares of the lengths of these four lines is constant. 

15. PNP* is a double ordinate of an ellipse whose centre 
is Cy and the normal at P meets CP' in 0; shew that the locus 
of O'is an ellipse. 

16. If the normal at any point P cut the major axis in G, 
shew that, for different positions of P, the locus of tho middle 
point of PG will bo an ellipse. 

17. Ay A* are the vertices of an ellipse, and P any point 
on the curve; shew that, if PUT be perpendicular to AP and 
PM perpendicular to A'P } M y N being on the axis A A', then 
will MN be equal to the latus rectum of the ellipse. 
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18. Find the equation of the locus of a point from which 
two tangents can be drawn to an ellipse making angles 0,, 0 2 , 
with the axis-major such that (1) tan 9 x + tan 0 t is constant, 
(2) cot + cot 0 2 is constant, and (3) tan 6 l tan 0 a is constant. 

19. The line joining two extremities of any two diameters 
of an ellipse is either parallel or conjugate to the lino joining 
two extremities of tlicir conjugate diameters. 


20. If P and J) are extremities of conjugate diameters of 
an ellipse, shew that the tangents at P and D meet on the 
x 2 if 

ellipse + 2, and that the locus of the middle point of 


Cl 0 


X 
«• • 


21. A line is drawn parallel to tho axis-minor of an ellipse 
midway between a focus and tho corresponding directrix; prove 
that the product of the perpendiculars on it from the extremi¬ 
ties of any chord passing through that focus is constant. 


22. If the chord joining two points whose eccentric angles 
are a, j3 cut the major axis of an ellipse at a distance d from the 

a, B cl — a 

o tan 7, - 

2 2 d H a 

of the major axis. 


centre, shew that tan JV tan~ — \ ", where 2a is the length 


23. If any two chords be drawn through two points on tho 
axis-major of an ellipse equidistant from the centre, shew that 
cl y S 

tan - tan ^ tan £ tan - -= 1, where a, /?, y, 8 arc the eccentric 

W aJ ml 

angles of the extremities of the chords. 


21., If 8, H be the foci of an ellipse and any point A be 
taken on the curve ami the chords ASP, PlIC, G8D, DUE... be 
drawn and the eccentric angles of A, P>, C , />,... be 0 , 0 , 0 , 0..... 

0 9 6 $ 6 0 3 3 4 

prove that tan tan 2 — cot -f cot ■- 3 ■ tan 3 tan • -«... 

A A A A A 9 A 


25. Shew that the area of tho triangle formed by the 
tangents at the points whose eccentric angles are a, /?, y respec¬ 
tively is ab tan i (/? - y) tan -J (y - a) to J (a — /?). 

26. Prove that, if tangents be drawn to an ellipse at 
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points whose eccentric angles aro <j> 2 , 0 a , the radius of tho 
circle circumscribing the triangle so formed is 


2 >qr 

3'2ab 


sec 


sec ^ 3 - 1 Kfic — L— 


o 


- sec 


p, g, r being the leugth of the diameters of the ellipse parallel 
to the sides of the triangle, and a, b the serai-axes of the ellipse. 

27. From any point F on an ellipse straight lines aro 
drawn through the foci 8, // cutting the corresponding direc¬ 
trices in Q, 11 respectively; shew that the locus of the point of 
intersection of Qll and FS is an ellipse. 

28. Tf F, p be corresponding points on an ellipse and its 
auxiliary circle, centre C, and if CF be produced to meet the 
auxiliary circle in q; prove that the tangent at the point Q on 
the ellipse corresponding to q is perpendicular to Cp, and that 
it cuts off from Cp a length equal to CF. 

29. If F, Q bo the points of contact of perpendicular tan¬ 
gents to an ellipse, and p y q he the corresponding points on the 
auxiliary circle; shew that Cp, Cq are conjugate diameters of 
the ellipse. 

90. From the centre C of two concentric circles two 
radii CQ, Cq are drawn equally inclined to a fixed straight line, 
the first to the outer circle, the second to the inner: prove that 
the locus of the middle point F of Qq is an ellipse, that FQ is 
the normal at F to this ellipse, and that Qq is equal to the 
diameter conjugate to CF. 

31. If o) is the difference of tho eccentric angles of two 
points on the ellipse the tangents at which are at right angles, 
prove that ab sin <a~kp, where k, p are the semi-diameters 
parallel to the tangents at the points, and a, b are the semi-axes 
of the ellipse. 

32. Two equal circles touch one another, find tho locus of 
a point which moves so that the sum of the tangents from it 
to the two circles is constant. 


33. Prove that the sum of the products of the perpen¬ 
diculars from the two extremities of each of two conjugate 
diameters on any tangent to an ellipse is equal to the square of 
tho perpendicular from the centre on that tangent. 
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34. Q is a point on the normal at any point P of an ellipse 
whose centre is G such that the lines CP, CQ make equal 
angles with the axis of the ellipse; shew that PQ is proportional 
to the diameter conjugate to CP. 

35. If a pair of tangents to a conic he at right angles to 
one another, the product of the perpendiculars from the centre 
and the intersection of the tangents on the chord of contact is 
constant. 

36. Find the. locus of the middle points of chords of an 
ellipse which all pass through a fixed point. 

37. If V he any point on an ellipse and any chord PQ cut 
the diameter conjugate to CP in H, then will PQ. Pit be equal 
to half the square on the diameter parallel to PQ. 

38. Find the locus of the middle points of all chords of 
an ellipse which are of constant length. 

39. Tangents at right angles are drawn to an ellipse; find 
the locus of the middle point of the chord of contact. 

40. If three of the* side's of a quadrilateral inscribed in an 
ellipse are parallel respectively to three given straight lines, 
shew that the fourth side will also he parallel to a fixed straight 
line. 

41. The area of the parallelogram formed by the tangents 
at the ends of any pair of diameters of an ellipse varies inversely 
as the area of the parallelogram formed by joining the points of 
contact. 

42. If at the extremities P, Q of any two diameters 
CP, CQ of an ellipse, two tangents Pp, Qq be drawn cutting 
each other in T and the diameters produced in p, and q, then 
the areas of the triangles TQp, TPq will be equal. 

43. From the point 0 two tangents OP, OQ are drawn to 

the ellipse 1; shew that the area of the triangle CPQ 

is equal to 

dVjVW + aTlT-aV 
b‘ti+a'V~ 

and the area of the quadrilateral OPCQ is equal to 

(W + oW-oW)*, 

C being the centre of the ellipse, and h, k the co-ordinates of 0. 



THE ELLIPSE. 


143 


44. TP, TQ are tangents to an ellipse whose centre is C, 
shew that the area of the quadrilateral CPTQ is ab tan h((f) — <£'); 
where a, b are the semi-axes of the ellipse, and <j>, <j> arc the 
eccentric angles of P and Q. 


45. PGP' is a diameter of an ellipse and QC(/ is the 
corresponding diameter of the auxiliary circle; shew that the 
area of the parallelogram formed by the tangents at P, P', (J, Q' 


Mb 

1S (a — b) sin 2(f) 


where cf) is the eccentric angle of P. 


4G. A parallelogram circumscribes a circle, and two of the 
angular points are on fixed straight lines parallel to one an¬ 
other and equidistant from the centre; shew that the other two 
are on an ellipse of which the circle is the minor auxiliary 
circle. 


47. Two fixed conjugate diameters of an ellipse are met in 
the points P, Q respectively by two lines OP, OQ which pass 
through a fixed point 0 and arc parallel to any other pair of 
conjugate diameters; shew that the locus of the middle point 
of PQ is a straight line. 

48. If from any point 0 in the plane of an ellipse the per¬ 
pendiculars OM, ON be drawn on the equal conjugate diameters, 
the direction OP of the diagonal of the parallelogram MONP 
will be perpendicular to the polar of 0. 

49. Three points A, P, B are taken on an ellipse whosfb 
centre is C. Parallels to the tangents at A and B drawn 
through P meet CB and CA respectively in the points Q and R. 
Prove that QR is parallel to the tangent at P, 

50. Find the locus of the point of intersection of normals 
at two points on an ellipse which are extremities of conjugate 
diameters. 


51. Normals to an ellipse are drawn at the extremities 
of a chord parallel to one of the equi-conjugate diameters; 
prove that they intersect on a diameter perpendicular to the 
other equi-conj ugate. 

52. If normals T>e drawn at the extremities of any focal 
chord of an ellipse, a line through their intersection parallel to 
the axis-major will bisect the chord. 
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53. If a length PQ be taken in the normal at any point P 
of an ellipse whose centre is C, equal in length to the semi¬ 
diameter which is conjugate to CP, shew that Q lies on one or 
other of two circles. 


54. Shew that, if <f> be the angle between the tangents to 
x * ?/ 

the ellipse — 2 + y, — \ ~ 0 drawn from the point (x, y'), then 

/ /*j /a 

will tan <f> (i x' a -f y ,% - a* — b 2 ) -■ 2ab ^ ~ - 1. 


55. TP, TQ are the tangents drawn from an external 

X* fly 3 

point (x, y) to the ellipse — 2 + —1-0; shew that, if S be a 

. sr 

focus, 


x 2 if 

+ V, . 


UP. SQ ' d* b ! 


56. If two tangents to an ellipse from a point T intersect 
at an angle <f>, show that ST . IIT cos </> -• CT 2 - a 2 — 6 J , where 
C is the centre of the ellipse and S, 11 the foci. 

57. If the perpendicular from the centre C of an ellipse 
on the tangent at any point P meet the focal distance SP, 
produced if necessary, in U\ the locus of It will be a circle. 


58. If two concentric ellipses be such that the foci of one 
lift on tlio other, and if e, o' be their eccentricities, shew that 


their axes are inclined at an angle cos 



59. Shew that the angle which a diameter of an ellipse 
subtends at either end of the axis-major is supplementary to 
that which the conjugate diameter subtends at the end of the 
axis-minor. 

60. If 9, O' be the angles subtended by the axis major of 
an ellipse at the extremities of a pair of conjugate diameters, 
shew that cot" 6 + cot 3 & is constant. 

61. If the distance between the foci of an ellipse subtend 
angles 29, 29' at the ends of a pair of conjugate diameters, shew 
that tan 2 9 + tan 2 #' is constant. 
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62. If X, X' be the angles which any two conjugate diame¬ 
ters subtend at any fixed point on an ellipse, prove that 
cot s X + cot s X' is constant. 

63. Shew that pairs of conjugate diameters of an ellipse 
are cut in involution by any straight line. 

64. A triangle whose sides touch an ellipse and enclose 
it, is a minimum; shew that each side of the triangle touches 
at its middle point, and that the triangle formed by joining the 
points of contact is a maximum. 

65. A, ]}, C, D arc four fixed points on an ellipse, and P 
any (jther point on tho curve; shew that the product of the 
peipendiculars from P on AB and CD bears a constant ratio to 
the product of the perpendiculars from P on PC and DA. 

66. t Find the locus of the point of intersection of two 
normals to an ellipse which are perpendicular to one another. 

67. Find the equation of the locus of the ]>oint of inter¬ 
section of the tangent at one end of a focal chord of an ellipse 
with tho normal at the other end. 

68. Two straight lines are drawn parallel to the axis-major 

of an ellipse at a distance - from it; prove that the part 

Ja* - 0 2 

of any tangent intercepted between them is divided by the 
point of contact into two parts which subtend equal angles at 
the centre. 

69. PG is the uormal to an ellipse at 1\ G being in the 

major axis, GP is produced outwards to Q so that PQ -- GP; 
shew that the locus of Q is an ellipse whose eccentricity is 
a 2 — b a . 

- 3 — , and find the equation of the locus of the intersection of 

the tangents at P and Q. 


S. C. & 


10 



CHAPTER VII. 


The Hyperbola. 


Definition, The Hyperbola is the locus of a point 
which moves so that its distance from a fixed point, called 
the focus, bears a constant ratio, which is greater than 
unity, to its distance from a fixed straight line, called the 
directrix. 


139. To find the equation of an hyperbola. 

Let S be the focus and ZM the directrix. 

Draw SZ perpendicular to the directrix. 

Divide ZS in A so that SA : AZ= given ratio — e : l 
suppose. Then A is a point on the curve. 

There will also be a point A' in SZ produced such that 

SA f : A'Z :: e : 1. 

Let G be the middle point of AA', and let AA = 2a. 
Then SA = e. AZ t and SA = e.AZ; 

.*. SA+8A' = e(AZ+AZ); 
2SG=2e.AG-, 

GS = ae .(i). 

Also SA - SA = c (A'Z— AZ), 

AA' = e(AA-2AZ); 


or 
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\ AC=c.ZC, 

or CZ=*~ .(ii). 

e 

Now let G be taken jis origin, GA as the axis of x, 
and a line perpendicular to GA as the axis of y. 

Let P be any point on the curve, and let its co¬ 
ordinates be x, y. 



Then, in the figure 

SP 2 = e 2 PM 2 ; 

SN* •+ NP 2 — e*ZN*. 

Now tiff = GN - G8 = - ae, 


and 

or 

or 


ZN^CN-VZ = x---, 

e 

(x — ae) 2 -f y % = <? , 

y 2 + x 2 (1 - e 2 ) =. a 2 (1 - e *), 



10—2 
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Since e is greater than unity a 1 (1 — e 2 ) is negative; 

if we put — b 9 for a 9 (1 — e 2 ), the equation takes the forai 

-2 . .2 


2 2 
? _ y _ i 

a 8 1 ? ” 1 


(iv). 


The lotus rectum is the chord through the focus parallel 
to the directrix. To find its length we must put x = ae 
in equation (iv). 


Then y 9 = l? (e 9 — 3) = , since b 2 — a 9 (e 9 — 1); 


* 

so that the length of the semi-latus rectum is 


b 9 


a 


140. Jn equation (iv) [Art. KID] ur 9 cannot he less than 
a 9 , for otherwise y 9 would be negative. 

Hence no part of the curve lies between 

x — — a and .r = a. 

If x be greater than a, y 9 will be positive; and for any 
particular value of x there will be two equal and opposite 
values of y. Therefore the axis of x divides the curve 
into two similar and equal parts. 

For any value of y, af is positive; and for any particular 
value of y there will be two equal and opposite values of x. 
Therefore the axis of y divides the curve into two similar 
and equal parts. From this it follows that if on the axis 
of x the points \ Z' be taken such that CS' = and 
CZ’ = Z(J, the point S' will .also be a focus of the curve, 
and the lino through Z' perpendicular to CZ' will be the 
corresponding directrix. 

If (x, y) be any point on the curve, it is clear that the 
point (— x', —y) will also be on the curve. But the points 
(x, y) and (— x', — y) are on a straight line through the 
origin and are equidistant from the origin. Hence the 
origin bisects every chord which passes through it, and is 
therefore called the centre of the curve. 

’From equation (iv) [Art. KID] it is clear that if x 9 be 
greater than a 9 , y 9 will be positive, and will get larger and 
larger as a: 9 becomes larger and larger, and there is no 
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limit to this increase of x and y. The curve is therefore 
shaped somewhat as in the figure to Art. 139, and consists 
of two infinite branches. 

AA' is called the transverse axis of the hyperbola. 
The line through C perpendicular to A A* does not meet 
the curve in real points; but, if B , B' be the points on this 
line such that BC = GB' = b, the line BB' is called the 
conjugate axis. 

141. To find the focal distances of any point on an 
hyperbola . 

In the figure to Art. 130, since SP— ePM, we have 
SP = eZN= e(ON- CZ) = e(x-~^ = ex-a: 

also S’P = e. PM’ = e (CN+ Z'C)=e (x + ~ 

S’P — SP = 2a. 




= ex + a ; 


142. The polar equation of the hyperbola referred to 
the centre as pole will be found bj' writing r con6 for x, 
and r sin# for y in the equation 

¥ ~ 

The equation will therefore be 

r 2 cos 2 0 r a sin 2 6 

~ d l ~ b £ ’ 

1 cos 2 # sin 2 # ... 

or o — ...(i). 

r a~ b“ w 


The equation (i) can bo written in the form 

\= W l . + ») «“**.(*>)■ 

r a \a bJ 

We see from (ii) that A is greatest, and therefore r is 

least, when 0 is zero. As 0 increases, \ diminishes, and 

6 2 r 

is zero when sin 2 0 — so that for this value of 0. 

a* + b * 
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6 * 1 

r is infinite. If sin 2 # be greater than -=—~ 2 , — 2 will be 

negative, so that a radius vector which makes with the 

axis an angle greater than sin" 1 - * ^ does not meet 

the curve in real points. + "' 

143. Most of the results obtained in the preceding 
chapter hold good for the hyperbola, and in the proofs 
there given it is only necessary to change the sign of b*. 
We shall therefore only enumerate them. 

Let the equation of the hyperbola be 

a? y* __ 


~_ .y_ __ 1 

a 2 b 2 " * 


(i) The line y = mx + */(a 2 m 2 — b 2 ) is a tangent for all 
values of m [Art. 113]. 

(ii) The equation of the tangent at (x\ y') is 

/ / 

^ — 1 [Art. 114.] 


__ vv _ I 

d 2 b 2 ~ * 


(iii) The equation of the polar of (as', y) is 
^-#-1. [Art. 118.] 



The equation of the normal at (x\ y) is 



[Art. 116.] 


(v) The line lx 4- viy = n will touch the curve, if 
« 2 /* — b 2 m 2 -■ n 2 [Art. 115]. 

(vi) The line x cos a + y sin a = p will touch the 
curve, if p 2 — a 2 cos 2 a — b 2 sin 2 a [Art. 115]. 

(vii) The equation of the director-circle of the hyper¬ 
bola is x? +y 2 = a 2 — b 2 [Art. 120]. 

The director-circle is clearly imaginary when a is less 
than b , and reduces to a point when a — b. 
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(viii) The geometrical propositions proved in Art. 125 
are also true for the hyperbola. 

(ix) The locus of the middle points of all chords of 
the hyperbola which are parallel to y = mx is the straight 

line y ~ mx, where mm' = - a [Art. 127]. 

(h 


144. The lines y = mx, y = m'x are conjugate if 

, b* 

inm = o. 
a 2 

These two diameters meet the curve in points whose 
abscissa) are given by the equations 


* (i? " ?) = and * (a* “ 1 ‘) = L 
The first equation gives real values of x if m be less 

than « , and the second gives real values if m be less than 
a 

b . b* 

. But, since mm'= m and m f cannot both be less 
a 1 a 2 

than -, nor both be greater. 

A 

Therefore, of two conjugate diameters of an hyperbola 
one meets the curve in real points, and the other in 
imaginary points. 

The two conjugate diameters are coincident if m — + -. 


145. Let P, D be extremities of a pair of conjugate 
diameters; let the co-ordinates of P be x, y\ and the 
co-ordinates of 2) be x", y". We know from Art. 144 that 
if one of these two points be real the other will be 
imaginary. 

The equations of CP and CD are 


1 

~y' 


x . y x 
-7 and -*77 = - 7 /. 
x y x 


Hence, from (ix) Art. 143, we have 
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o.„.m, 

a 8 & 2 . w ’ 


whence 


a/v* _ yy» 


or, since (#', y') and (a?", y") are both on the curve, 

^1(\ + t\ = (*1 _ 

« 8 V + 6V U* /&*’ 




••• *"=±j»V-i 


■(ii). 


s--±^V-l 


and from (i) y” = + - x 

From (ii) and (iii) we have 


,(iii). 


CP 2 + Cir = a ;' 2 + y ' 2 - ® y ' 2 - ^ a :' 2 


= a 2 - /A 

So that, as in the case of the ellipse, the sum of the 
squares of two conjugate diameters is constant. 

146. Definition. An asymptote is a straight lino which 
meets a curve in two points at infinity, but which is not 
altogether at infinity. 

To find the asymptotes of an hyperbola. 

To find the abscissae of the points where the straight 
line y = mx -f c cuts the hyperbola, we have the equation 

a ; 2 (mx -f c ) 2 

*2 """ | •» ' * ) 

a o 


,/l m a \ 2 me c" _ A 

l>‘) 6 a V> 1-0 .W- 

Both roots of the equation (i) will be infinite if the 
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coefficients of x 2 and of x are both zero • that is, if 


—o — = 0, and me = 0. 

a b 


Hence we must have c = 0, and m = ± 


a 


The hyperbola 


x* 
a ; a 


=1 
» o -i 


has therefore two real asymptotes whose equations are 
£=+-£•; or, expressed in one equation, 


a 


.v 


x ir _ ...* 

^8 0..,.(ll) 

Draw lines through B, B' parallel to the transverse 
axis, and through A, A* parallel to the conjugate axis; 
then we see from (ii) that tli° asymptotes are the diagonals 
of the rectangle so formed. 

The ellipse has no real points at infinity, and therefore 
the asymptotes of an ellipse are imaginary. 

147. Any straight line parallel to an asymptote will 
meet the curve in one point at infinity. 

For, one root of the equation (i) Art. 140 will be in¬ 
finite, if the coefficient of ,r 2 is zero. This will be the case 

if m — ± ~. So that the line ?/= + -# + c meets the 

a ° ~ a 

curve in one point at infinity wh: tever the value of c may be. 

148. The equation of the hyperbola which has BB’ for 
its transverse axis and A A' for its conjugate axis is 


if 

-L *' zr: I 
2 r | o 1 

a b 


(i). 


This hyperbola and the original hyperbola, whose 
equation is 

- {, = 1.(ii), 

a b 

are said to be conjugate to one another. 
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We append some properties of a pair of conjugate 
hyperbolas. 



(1) The two hyperbolas have the same asymptotes. 

(2) If two diameters be conjugate with respect to one 
of the hyperbolas, they will be conjugate with respect 
to the other. 

This follows from the condition in (ix) Article 143. 

(3) The equations of the hyperbolas (ii) and (i) can 
[Art. 142] be written in the forms 

1 _ cos 2 0 sin 2 0 
r* ~ " cf ~ V ’ 

1 __ cos 9 6 sin 2 0 

a* W~' 

It is clear that if, for any value of 0, r“ is positive for one 
curve it is negative for the other. 

Hence every diameter meets one curve in real points 
and the other in imaginary points; moreover the lengths 
of semi-diameters of the two curves are, for all values of 0, 
connected by the relation r* — — r 2 . 

(4) If two conjugate diameters cut the curves (ii) and 
(i) in P and d respectively, then CP 2 — Cd 2 = a 2 — b 2 . 

Let x\ y be the co-ordinates of P, and x\ y" the 
co-ordinates of d . 
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Then the equations of CP and Cd are 


x y - x 


-4 = 0, and -^=0. 

x y x y 

b 2 

The condition for conjugate diameters, viz. mm — a , 

a 


gives 


or 


xx _yy _ ft 

if b 2 ' 

x' 2 x" 2 __ y 2 if 2 

a 4 6 4 


.(iii), 


And, since (x , y) is on (ii), and {os', y") on (i), we 

/V a 

have 




or 


a; 


r* 


"2 


a 


y . 
u 


2 > 


// 


• ?/ . « 
*5 


// / 
5 =+ ?/ 
a “ 5 


& 2 


and, from (iii), 

Hence CP 2 - Cd 2 = x' 2 + y n - x' n - / 

2 

'2 . /a '2 ^ / 

= •<-' +’/ -^ 2 .'/ -^ 2 * 

/. C'i K - 


(iv), 

.(v). 


(5) r riie parallelogram formed l>y the tangents at 
P, P', <i, c/' is of constant area. 

The parallelogram is equal to 4CP . Cd sin PCd, or 
equal to iCd . CV, where CF is the perpendicular from C 
on the tangent at P. 

* CP and* Cd must not be looked upon as conjugate semi-diameters, 
since tbe points P and d are not on the same hyperbola. The line dCd' 
cuts the original hyperbola in two imaginary points; and if these points 
be D, D', we see from (3) that CD' 1 ~ - Cd 2 . 
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Now the equation of the tangent at P is 

nx'_yy '. 

a* 6 * ’ 


OF 2 — 


* , y 
¥ + ¥ 


And 

Hence 




Gd . GF = ab. 


then 


(6) The asymptotes bisect Pd and Pd'. 

If x, y b<e the co-ordinates of the middle point of Pd, 


2x = x + x\ and 2y = y + y" ; 


#, a , 

/ // X ± ¥ V 

x x +x _ b u t a 

J ~ a 


therefore the middle points of Pd and of Pd! are on one 
or other of the lines 

5 = , V 
a 1 b‘ 

Also, since GPKd is a parallelogram GK bisects Pd 
or Pd’, and therefore is one of the asymptotes, so that the 
tangents at D, D' meet those at d, d' on the asymptotes. 

(7) The equations of the polars of (x, y) with respect 
to the hyperbolas (ii) and (i) respectively are 

xx yy . xx yy 

2 “ 72 = 1 , and -+'— = 1 . 

a b a b 

Hence the polars of any point with respect to the two 
curves are parallel to oue another and equidistant from the 
centre. 

If ( x, y) be any point P on (ii), then its polar with 
respect to (i) is 

_xx yy_ 

«*' + 6* ’ a 1 ¥~ “ 
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But the last equation is the tangent to (ii) at the point 
(— x\ — y) % which is the other extremity of the diameter 
through P. 

Hence, if from any point on an hyperbola the tangents 
PQ, PQ' be drawn to the conjugate hyperbola, the line 
QQ' will touch the original hyperbola at the other end of 
the diameter through P. 


149. To find the equation of an hyperbola referred to 
any pair of conjugate diameters as axes. 

The equation of the hyperbola referred to its transverse 
and conjugate axes is 


x 


a 



1 . 


Since the origin is unaltered we substitute for x, y ex¬ 
pressions of the form Ix + my, l'x + m'y in order to obtain 
the transformed equation [Art. 51]. 

The equation of the hyperbola will therefore be of the 
form 


AP -f tllxy -f It if = l.(i). 

By supposition the axis of x bisects the chords parallel 
to the axis of y. Therefore for any particular value of x 
the two values of y found from (i) must be equal and 
opposite. Hence 11= 0; the equation will therefore be 
of the form 


AP+fhf = 1.(ii). 

Of the two semi-conjugate diameters one is real and 
the other imaginary. If their lengths be a and J — \ U \ 
since these are the intercepts on the axes of x and y re¬ 
spectively, we obtain from (ii) 

Aa' 2 = l = -lib' 2 . 


Hence the required equation is 


2 2 
* _ 2 / _i 

a' 2 b' 2 - 



150, . Since the equation of the curve is of the same form 
as before, all investigations in which it was not assumed 
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that the axes were at right angles to one another still hold 
good. For example (i), (ii), (iii), (v) and (ix) of Art. 143 
require no change. Art. 146 will also apply without change, 
so that the equation of the asymptotes of the hyperbola 
whose equation is (ii) is 


151. To find the equation of an hyperbola when referred 
to its asymptotes as a.res of co-ordinates. 

Let the asymptotes be the lines CK, C/C in the 
figure, and let the angle ACIC = a, so that tan a = - . 

Let P bo any point y) of the curve, and let x, y 
be the co-ordinates of P when referred to CK, CK'. Draw 
PM parallel to C/C to meet CK in M, and draw PiV 
perpendicular to the transverse axis. 



Then CM = x\ MP = y, CN ■= .r, NP = y. 
Now CN = CM cos a + MP cos a. 


or x = (ix + y’) cos a.(i). 

Also NP= JJ/Psiu a - CM sin a, 

or y = (y — x ) sin a .(ii). 
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Hence, by substituting in the equation 

_ t _ 

a s V s ~ 

we obtain 

cos 2 a (x + 1 /y 1 sin 2 a (if — xf .... 

—V“ ~ - =1 . 

t, , , 5 r sin 2 a cos 2 a 1 

but tan a = -, therefore I9 = „ = .... 

a b* a 2 a*+b* 

Hence, suppressing the accents, we have from (iii) 

4./*// = a 2 4- 5 2 , 

which is the required equation. 

The equation of the conjugate hyperbola, when referred 
to the asymptotes, will be 

4 xy = — (a 2 + b 2 ). 

* ^ 

152. The e(jnations of an liyperbola, of the asymptotes, 
and of the conjugate liyperbola are 


r. _ •' - 1 
a 2 6 2 ’ 


x l y“ y . 

— /., = 0, ami a - 1 

a" b l 


x f 


respectively. 

If the axes of co-ordinates be changed in any manner, 
wc should, in order to obtain the new equations, have 
to make the same substitutions in all three cases. 

Hence, for all positions of the axes of co-ordinates, the 
equations of an hyperbola and of the conjugate hyperbola 
will only differ from the equation of the asymptotes by 
constants, and the two constants will be equal and opposite 
for the two hyperbolas. 

153. To find the equation of the tangent at any point 
of the hyperbola whose equation is 4.ry = a? + 6 2 . 

The equation of the line joining the two points (of, y'), 

{*"> f) is 

v - if ■ 

y " ~~ y rf' — x .. 
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But, since the points (x\ y) and (x", y") are on the 
curve, 

+ ////. 
x y — 4< ~ x y * 


„ , xy 

v -y=~”~ !h 

v " “ y __ x ~~ x " 


.(ii). 


From (i) and (ii) we have 

y — y _ x — x 

"> " >/“" • 

2/ ® 

The equation of the tangent at (./;',//) is therefore 


// — // x — x 

- r +-= 0 , 

V X 


x y 
- + > - 2. 

« y 


(ih). 


From (iii) we see that the intercepts on the axes are 
2x and 2 y. 

Hence the portion of the tangent intercepted by the 
asymptotes is bisected at the point of contact. 

The area of the triangle cut off from the asymptotes 
by any tangent is from (iii) equal to 2xy sin eo; or, since 
/ / • ^dl) 

4txy — d 2 -f b 2 , ami sin co — “ ^, the area of the triangle 
is equal to ah. 


154. When the angle between the asymptotes of an 
hyperbola is a right angle it is called a rectangular hyper¬ 
bola. 

The angle between the asymptotes is equal to 2 tan" 1 ^ , 

and therefore when the angle is a right angle we have 
b = a. On this account the curve is sometimes called an 
equilateral hyperbola. 
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155. The asymptotes and any pair of conjugate diame¬ 
ters of an hyperbola form a harmonic pencil. 

The tangent at the extremity of any diameter of an 
hyperbola is parallel to the conjugate diameter; also 
[Art. 153], the portion of the tangent intercepted by the 
asymptotes is bisected at the point of contact. Hence 
[Art. 55] the pencil formed by the asymptotes and a pair 
of conjugate diameters is harmonic. 

156. We may, as in the case of the ellipse, express the 
co-ordinates of any point on the hyperbola in terms of a 
single parameter. We may put x = a sec 0, and y — b tan 0, 
since for all values of 0, sec 2 0 — tan a 0 =1. 

If PN be the ordinate of any point P on the curve, and 
NQ be the tangent from N to the auxiliary circle; then 
ON = a sec AGQ . Hence AGQ is the angle 0. 

157. The equation of an ellipse or hyperbola referred 
to a vertex as origin is found by writing x — a for x in 
the equation referred to the centre as origin. The equation 
will therefore be 


or 


(x — cCf 




x 8 y 2 2a? 

~»+ 



Now, if the distance from the vertex to the nearer focus 
remain fixed (d suppose), and the eccentricity become 
unity, the curve will become a parabola of latus rectum 4d. 

The equation of the parabola can be deduced from (i). 
For, since a(l — e) = d, a must be infinite when e = l. 

b* 

Also a (1 — e 8 ) = d (1 + e) = 2d ; therefore — = 2 d. 


Hence, from (i) 



— 2x = 0 , 


or, since a is infinite, 


s. c. s. 


y* = ±4dx. 


11 
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The parabola therefore is a limiting form of an ellipse 
or of an hyperbola, the latus rectum of which is finite, but 
the major and minor axes are infinite. The centre and 
the second focus are at infinity. 

It is a very instructive exercise for the student to 
deduce the properties of a parabola from those of an ellipse 
or hyperbola. 

158. Let the focus of a conic be on the directrix. 

Take the focus as origin, and let the directrix be the 
axis of y ; then the equation of the conic will be 

cc 2 + y 2 — e 2 ^ 2 , 

or x 2 (l — e 2 ) + y* = 0. 

This equation represents two straight lines which are 
real if e be greater than unity, coincident if e be equal to 
unity, and imaginary if e be less than unity. 

Hence we must not only consider as conics an ellipse, 
a parabola, and an hyperbola, but also two real or imaginary 
straight lines. 

It should be noticed that the directrix of a circle is at 
an infinite distance; also that the foci and directrices of 
two parallel straight lines are all at infinity. 


Examples on Chapter VII. 

1. ' AOB, COD are two straight lines which bisect one 
another at right angles; shew that the locus of a point which 
moves so that PA . PJi — PC . PD is a rectangular hyperbola. 

2. If a straight line cut an hyperbola in Q y Q' and its 
asymptotes in It , R\ shew that the middle point of QQ' will 
be the middle point of RR\ 

3. - A straight line has its extremities on two fixed straight 
lines and passes through a fixed point; find the locus of the 
middle point of the line. 
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4. * A straight line has its extremities on two fixed straight 
lines and cuts off from them a triangle of constant area ; find 
the locus of the middle point of the line. 

5. OA, OB are fixed straight lines, P any point, and PM, 
PIP the perpendiculars from P on OA, OB ; find the locus of 
P if the quadrilateral 0 If PIP be of constant area. 


6. The distance of any point from the centre of a rectan¬ 
gular hyperbola varies inversely as the perpendicular distance 
of its polar from the centre. 


7. PIf is the ordinate of a point P on an hyperbola, PG 
is the normal meeting the axis in G ; if NP be produced to 
meet the asymptote in Q, prove that QG is at right angles to 
the asymptote. 


8. If e, c be'the eccentricities of an hyperbola ami of the 

conjugate hyperbola, then will 1. 

a c 


9. The two straight lines joining the points in which any 
two tangents to an hyperbola meet the asymptotes are parallel 
to the chord of contact of the tangents and are equidistant 
from it. 


10. Prove that the part of the tangent at any point of an 
hyperbola intercepted between the point of contact and the 
transverse axis is a harmonic mean between the lengths of the 
perpendiculars drawn from the foci on the normal at the same 
point. 

11. If through any point 0 a line OPQ be drawn parallel 
to an asymptote of an hyperbola cutting the curve in P and 
the polar of 0 in Q, shew that P is the middle point of OQ. 

12. A parallelogram is constructed with its sides parallel 
to the asymptotes of an hyperbola, and one of its diagonals 
is a chord of the hyperbola; shew that the direction of the 
other will pass through the centre. 

13. * A, A' are the vertices of a rectangular hyperbola, and 
P is any point on the curve; shew that the internal and external 
bisectors of the angle APA' are parallel to the asymptotes. 

11—2 



164 


THE HYPERBOLA. 


14. A, A' are the extremities of a fixed diameter of a 
circle and P, P arc the extremities of any chord perpendicular 
to this diameter; shew that the locus of the point of intersec¬ 
tion of AP and A'P' is a rectangular hyperbola. 

15. Show that the co-ordinates of the point of intersection 
of two tangents to an hyperbola referred to its asymptotes as 
axes arc harmonic means between the co-ordinates of the points 
of contact. 

16. From any point of one hyperbola tangents arc drawn 
to another which has the same asymptotes; shew that the chord 
of contact cuts off a constant area from the asymptotes. 

17. The straight lines drawn from any point of an equi¬ 
lateral hyperbola to the extremities of any diameter are equally 
inclined to the asymptotes. 

18. The locus of the middle points of normal chords of 
the rectangular hyperbola x a - y 2 = o? is (y a - a? 3 ) 3 = &a 2 a?y*. 

19. Shew that the line x 0 is an asymptote of the 
hyperbola 2 xy + 3a; 9 + 4a; = 9. 

What is the equation of the other asymptote r ! 

20. Find the asymptotes of xy - 3x —2 y 0. 

What is the equation of the conjugate hyperbola ? 

21. Shew that in an hyperbola the ratio of the tangents 
of half the angles which the radii vectores from the foci to a 
point on the curve make with the axis, is constant. 

22. A circle intersects an hyperbola in four points; prove 
that the product of the distances of the four points of inter¬ 
section from one asymptote is equal to the product of their 
distances from the other. 

23. Shew that if a rectangular hyperbola cut a circle in 
four points the centre of mean position of the four points is 
midway between the centres of the two curves. 

24. If four points be taken on a rectangular hyperbola 
such that the chord joining any two is perpendicular to the 
chord joining the other two, and if a, /?, y, 8 be the inclinations 
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to either asymptote of the straight lines joining these points 
respectively to the centre; prove that tan a tan j3 tan y tan 8 --1. 


.3 


ir 


25. A series of chords of tlie hyperbola ^ ~'y 3 ~ ^ are 

tangents to the circle described on the straight line joining 
the foci of the hyperbola as diameter; show that the locus of 

ZX? J 

their poles with respect to the hyperbola is — 4 + ^. 


26. If two straight lines pass through fixed points, and 
the bisector of the angle between them is always parallel to a 
fixed line, prove that the locus of the point of intersection of 
the linos is a rectangular hyperbola. 

27. Shew that pairs of conjugate diameters of an hyperbola 
are cut in involution by any straight line. 

28. The locus of the intersection of two equal circles, 
which are described on two sides AB, AC of a triangle as 
chords, is a rectangular hyperbola, whose centre is the middle 
point of BC, and which passes through A , B, C. 



CHAPTER VIII. 


Polar Equation of a Conic, the Focus being the 

Pole. 


159. To find the polar equation of a conic , the focus 
being the pole. 

Let S be the focus and ZM the directrix of the conic, 
and let the eccentricity be e. 



Draw SZ perpendicular to the directrix, and let SZ be 
taken for initial line. 

Let LSL' be the latus rectum, then e. SZ = SL = l 
suppose. 
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Let the co-ordinates of any point P on the curve be 
r, 0. Let PM, PN bo perpendicular respectively to tho 
directrix and to SZ. 

Then we have 

SP = e. PM = c. NZ= e . NS 4- c. SZ, 
or r = e . r cos (ir — 0) + l ; 

- = 1 + e cos 0. 
r 

If the axis of the conic make an angle a with the 
initial line the equation of the curve will be 

■ = 1 + e cos (6 — a), 
r 

For in this case SP makes with SZ an angle 6 — a. 

160. If r, 0 be the co-ordinates of any point on the 
directrix, then 

r cos 6 = SZ — - ; 

e 

therefore the equation of the directrix is 

l p 

- = e cos 6. 
r 

The equation of the directrix of " = 1 + e cos 6 — a is 

^ = ecos (0 — a). 


161. To shew that in any conic the semi-latus rectum is 
a harmonic mean between the segments of any focal chord. 

If PSP' be the focal chord, and the vectorial angle of 
P be 0, that of P\ will bo 0 + 7r. 

Hence, if SP = r, and SP ' = r, we have 

~ = 1 + e cos 0, and \ = 1 + e cos (0 + 7r) ; 


Hence 


l l 

r + r' 

M 

r r 


= 2. 
_2 
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3 62. To trace the conic - = 1 + 6cos 9 from its equation. 

r 

(1) Let e=l, then the curve is a parabola, and the 
equation becomes 

^ = 1 + cos 9. 



I 


At the point A , where the curve cuts the axis, 

0 = 0 and r = ^ . 

As the angle 9 increases, (1 + cos 6) decreases, that is 

decreases, and therefore r increases: and r increases 
r 

without limit until 0 = 7r, when r is infinite. As 6 in¬ 
creases beyond tt, 1 + cos 9 increases continuously, and 
therefore r decreases continuously until when 9 — 2tt it 

again becomes equal to ^ . The curve therefore is as in 

the figure going to an infinite distance in the direction AS, 
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(2) Let e be less than unity, then the curve is an 
ellipse. 

At the point A, 6 — 0, and r = • 

As 6 increases cos# decreases, and therefore - decreases, 

r 

that is r increases, until O — ir. when r — -— . [Since e<l, 

1 — e L 

this value of r is positive.] 



The curve therefore cuts the axis again at some point 

A! such that SA' = —. 

1 —e 


As 6 passes from 7 r to 2ir f cos 6 increases continuously 
from — 1 to 1; hence - increases continuously, and r de¬ 
creases continuously from to ^ . 


Since, for any value of 0, cos 6 — Cos (27 r — 0 ), the curve 
is symmetrical about the axis. 

Therefore when e is less than unity, the equation repre¬ 
sents a closed curve, symmetrical about the initial line. 


(3) Let e be greater than unity, then the curve is an 
hyperbola. 

*..1 • . i it A 1 l 


At the point A, 6 = 0 and r — 


l'+e* 
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As 0 increases cos 6 decreases, and therefore r increases 
until 1 +• e cos 0 = 0. For this value of 0, which we will 
call a (the angle ASK in the figure), the value of r will be 
infinitely great. 

As 0 increases beyond the value a, (1 + e cos 0) becomes 

negative, and when 0 = i r, r = — ^ = SA’ in the figure. 

6 X 

(i+ e cos 0) will remain negative until 0 is equal to 
(2 t r — a), the angle ASK' in the figure. When 0 is equal 
to (27r — a), r is again infinite. If 0 is somewhat less than 
this, r is very great and is negative , and if 0 is somewhat 
greater, r is very great and is positive . The values of r 
will remain positive while 0 changes from ( 27 t — a) to 27r. 
The curve is therefore described in the following order. 
First the part ABO, then C'PA' and A'BE, and 
lastly E'QA. 



The curve consists of two separate branches, and the 
radius vector is negative for the whole of the branch 
C'PA'DR 

If, as in the figure, a line SQP be drawn cutting the 
curve in the two points Q and P which are on different 
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branches, the two points Q and P must not be considered 
to have the same vectorial angle. The radius vector SP 
is negative, that is to say SP is drawn in the direction 
opposite to that which bounds its vectorial angle, the 
vectorial angle must therefore be ASp, p being on PS 
produced. So that, if the vectorial angle of Q be 0, 
that of P will be 0 — n r. 

163. To find the polar equation of the straight line 
through two given points on a conic , and to find the equation 
of the tangent at any point. 

Let the vectorial angles of the two points P\ Q be 
(a — /3) and (a-f/3) respectively. 

Let the equation of the conic be 

- = 1 -f ecos 6 .(i). 

The straight line whose equation is 

~ = cos0-f 7? cos [6 — cl) .(ii), 

will pass through any two points, since its equation con¬ 
tains the two independent constants A and B. 

It will pass through the two points P, Q if r has 
the sa'me values in (ii) as in (i) when 6 = a — /3, and when 
0 = a + &. 

This will be the case, if 

1 + e cos (a — /3) = A cos (a — 0) + B cos 
and 1 + e cos (a + fi) — A cos (a + /3) + B cos /3; 

.*. A = e, and B cos /3 = 1. 

Substituting these values of A and B in (ii) we have 
the required equation of the chord, viz. 

- e cos 6 + sec /3 cos (*-«).<i»). 

To find the equation of the tangent at the point whose 
vectorial angle is a, we must put p = 0 in (iii), and we 
obtain 

; = e cos 0 + cos ( 0 — a) 


(iv). 
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Cor. If the equation of the conic be 

|1 ■+■ e cos (0 — y)> 

the chord joining the points (a — ft) and (a + ft) has for 
equation 

l = e cos (0 — 7 ) 4- sec ft cos (0 — a), 

and the tangent at a has for equation 

^ = e cos (0 — 7) 4- cos (0 — a). 


164. To find the equation of the polar of a point with 
respect to a conic. 

Let the equation of the conic be 

?- = 1 + e cos 0 .(i), 

r 7 

and let the co-ordinates of the point be i\, 0 V . 

Let a ± ft be the vectorial angles of the points the tan¬ 
gents at which pass through (?\, Of 

The equation of the line through these points will be 

- = e cos 0 + sec ft cos (0 — a).(ii). 

The equations of the tangents will be 
^ = e cos 0 + cos (0 — a + ft ), 

and ^ = e cos 0 + cos (0 — a — ft). 

Since these pass through (i\ } Of we have 

£-=eco 30 , + cos( 0 1 -a + / 9 ); 


and 


— = e cos 0 X -f cos (0, — a — ft ); 


hence 

curve 


0j = a, and cos ft =- e cos 0 r 
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Substitute for a and ft in (ii), and we have 

^ — e cos 0^ — e cos 0^ = cos (0 — 0 4 ).. .(iii), 

which is the required equation. 

165. We will now solve some examples. 


(1) The equation of the tangents at two points whose vectorial angles 
are a, p respectively are 

l 

= e cos 0 + cos (0 - a), 


and 

Where these meet, 


^=ecos0 + cos (0-/3). 


cos (0 - a )=cos (0 -/3); 


2 


Hence, if T be the point of intersection of the tangents at the two 
points P, Q of a conic , ST will bisect the angle PSQ. If however 
the conic be an hyperbola, and the points be on different branches of the 
curve, ST will bisect the exterior angle PSQ ; for, as we have seen, 
the vectorial angle of P (if P be on the further branch) is not the angle 
which SP makes with SZ, but the angle PS produced makes with SZ. 


(2) If the tangent at any point P of a conic meet the directrix in K, 
then the angle KSP is a right angle. 

If the vectorial angle of P be a, the equation of the tangent at 
P will be 

l 

- = ccos0 + cos (0 - a). 
r » 

This will meet the directrix, whose equation is l=er cos0, where 

cos (0 - a)=0. 

7T 

Hence, at the point A’, 0 - a = ± „ . 

Therefore the angle KSP is a right angle. 

(3) If chords of a conic subtend a constant angle at a focus, the 
tangents at the ends of the chord will meet on a fixed conic, and the 
chord will touch another fixed conic. 

Let 2/9 be the angle the chord subtends at the focus. Let a-p and 
a+p be the vectorial angles of the extremities of the chord. 
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The equation of the chord will be 

l 


or 


-=e cos 0 +sec p cos (0 - a), 
l cob 3 „ 

--- — e com p . cos 0 4-cos (0 - a ). 


■(0. 


But (i) is the equation of the tangent, at the point whose yectorial 
angle is a, to the conic whose equation is 


* =1 -j- e cos p . cos 0. 


.(ii). 


Hence the chord always touches a fixed conic, whose eccentricity 
is e cos /3, and semi-latus rectum l cos p. 

The equations of the tangents at the ends of the chord will be 

-~e cos 0 + cos (0 - a -}- fi). 


and 


- =ccos 0 + cos (0 - a - ft). 


Both these lines meet the conic 

* — e cos 0 + cos p 
r 

l 

in the same point, viz. where 0---a and -- — c cos a + cos p. 

Hcnco, the locus of the intersection of the tangents at the ends of the 
chord is the conic 

l sec/3 


= 1 + e sec p . cos 0 


.(iii). 


Both the conics (ii) and (iii) liuve the same focus and directrix as the 
given conic. 

(4) To find the equation of the circle circumscribing the triangle formed 
by three tangents to a parabola. 

Let the vectorial angles of the three points A, Jl t 0 be a, p, y 
respectively. 

Let the equation of the parabola be 

l , 

- = 1 + cos 0. 
r 

The equations of the tangents at A, It, C respectively will be 

l 

- =-cob0 + cob ( 0-a ), 


l 


- = COS 0 + COS (0 - /3), 
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The tangents at B and C meet where 

Jt i 3 ^ 

6~h(P + y)> an d - = 2 cos £ cos n . 

V l l 

The tangents at C and A meet whero 

0 =A (7 -l- o), and -=2 cos cos £. 

r i i 

And the tangents at A and B meet where 

l a S 

0=h(a + 3), and- — ‘2cos-cos 
v l 2 


By substitution we see that the three points of intersection are on the 
circle whose equation is 

l 

r= 

n a 3 y 
2 cos ~ cos 5 cos ^ 

III 

The circle always passes through the focus of tlio parabola. 

(5) To find the polar equation of the normal at any point of a conic , 
the focus hr my the pole. 

Let the equation of the conic be 

l , 

- = 1 + e cos 0. 
r 

The equation of the tangent at any point a is 

-~e cos 0 + cos 10 - a). 
r ' 




The equation of any line perpendicular to the tangent is 

l(0 + |)+CO8(o + I- a ), 


G 

— = e cos 
r 


or - = -e sin 0 - sin (0 - a). 

r ' 7 

This will be the required equation of the normal provided C is ro 

chosen that the point („— ^ , a ) may bo on the line. Hence wo 

\1 +e cos a / 

must have 


,, 1 + e cos a 
C i = -csin a, 


C= 


- Ic sin a 


or ^ „ 

1 + e cos a 

Hence the equation of the normal is 


le sin a 
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Examples on Chapter VIII. 


1. The exterior angle between any two tangents to a 
parabola is equal to half the difference of the vectorial angles 
of their points of contact. 

2. The locus of the point of intersection of two tangents 
to a parabola which cut one another at a constant angle is a 
hyperbola having the same focus and directrix as the original 
parabola. 


3. If PjSP' and QSQ' be any two focal chords of a conic 
at right angles to one another, shew that - + 7n =j 

1 n • ux • JSQ 

is constant. 


4. If A, B, C be any tln'ce points on a parabola, and the 
tangents at these points form a triangle A'B'C', shew that 
SA. HB . SC = SA'. SB'. SC', S being the focus of the para¬ 
bola. 


5. If a focal chord of an ellipse make an angle a with the 
axis, the angle between the tangents at its extremities is 


tan 1 


tie sin a 
T-e* * 


0. By means of the equation - - 1 + e cos $ t shew that the 

ellipse might bo generated by the motion of a point moving so 
that the sum of its distances from two fixed points is constant. 

7. Find the locus of the pole of a chord which subtends 
a constant angle (2a) at a focus of a conic, distinguishing the 
cases for which cos a > « < e. 

8. PQ is a chord of a conic which subtends a right angle 
at a focus. Shew that the locus of the pole of PQ and the 

. locus enveloped by PQ arc each conics whoso latora recta are 
to that of tho original conic as J2 : 1 and 1 : J’2 respectively. 

9. Given the focus and directrix of a conic, shew that the 
polar of a given point with respect to it passes through a fixed 
point. 
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10. If two conics have a common focus, shew that two of 
their common chords will pass through the point of intersection 
of their directrices. 


11. Two conics have a common focus and any chord is 
drawn through the focus meeting the conics in P y P' and Q, Q' 
respectively. Shew that the tangents at P or P' meet those at 
Q, Q' in points lying on two straight lines through the inter¬ 
section of the directrices, these lines being at right angles if 
the conics have the same eccentricity. 

12. Through the focus of a parabola any two chords LSL\ 
MSM' are drawn; the tangent at L meets those at M } M' in 
the points JV, N' and the tangent at JJ meets them in K\ K. 
Shew that the lines 7wV, K'N' are at right angles. 


13. Two conics have a common focus about which one is 
turned; shew that two of their common chords will touch 
conics having the fixed focus for focus. 

• 

14. Shew that the equation of the locus of the point of 
intersection of two tangents to ~ = 1 + e cos 6 , which are at 
right angles to one another, is r 2 (e 2 — 1) — 2 le r cos 9 + 2l 2 — 0. 


15. if PSQ, PIIR be two chords of an ellipse through the 

PS PJI * 

foci S f //, then will “ + be independent of the position 
ofP. 


16. Two conics are described having the same focus, and 
the distance of this focus from the corresponding directrix 
of each is the same; if the conics touch one another, prove that 
twice the sine of half the angle between the transverse axes is 
equal to the difference of the reciprocals of the eccentricities. 

17. A circle of given radius passing through the focus of 
a given conic intersects it in A, B % C, D\ shew that 

SA . SB . SC . SD 


is constant. 
S. C. S. 


12 
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18. A circle passing through the focus of a conic whose latua 
rectum is 21 meets the conic in four points whose distances 

from the focus are r„ r. r... r : prove that — + 

1 * •* 41 r. r. r„ ?\ « 


19. A given circle whose centre is on the axis of a 
parabola passes through the focus S y and is cut in four points 
A, /?, G, D by any conic of given hitus rectum having /S' 
for focus and a tangent to the parabola for directrix; shew 
that the sum of the distances iSA , #S7>, MO, SI) is constant. 


20. Two points /*, Q are taken one on each of two conics, 
which have a common focus and their axes in the same 
direction, such that PS and QS are at right angles, S being the 
common focus. Shew that the tangents at P and Q meet on a 
conic the square of whose eccentricity is equal to the sum of 
the squares of the eccentricities of the original conics. 

21. A series of conics are described with a common latus 
rectum; prove that the locus of points upon them, at which 
the perpendicular from the focus on the tangent is equal to 
the semi-latus rectum, is given by the equation l - — r cos 20. 

22. If POP' be a chord of a conic through a fixed point 0 } 
then will tan P'SO tan £ PSO be constant, S being a focus of 
the conic. 


23. Conics are described with equal latcra recta and 
a common focus. Also the corresponding directrices en¬ 
velope a fixed confocal conic. Prove that these conics all touch 
two fixed conics, the reciprocals of whose latera recta are the 
sum and difference respectively of those of the variable conic 
and their fixed confocal and which have the same directrix as 
the fixed confocal. 



CHAPTEH IX. 


GENERAL EQUATION OF TJ1E SECOND DEGREE. 


1(16. We have m the preceding Chapters that 

the equation of a conic is always of the second degree: we 
shall now prove that every equation of the second degree 
represents a conic, and shew how to determine from any 
such equation the nature and position of the conic which it 
represents. 

107. To shew that every curve whose equation, is of the 
second degree is a conic. 

Wo may suppose the axes of co-ordinates to be rect¬ 
angular; for if the equation bo referred to oblique axes, 
and we change to rectangular axes, the degree of the equa¬ 
tion is not altered [Art. 53]. 

Let then the equation of the curve be 

aa? + 2 hxy + by* 4- 2 gx + 2 fy + c = 0.(i). 

As this is the most general form of the equation of the 
second degree it will include all possible cases. 

We can get rid of the term containing xy by turning 
the axes through a certain angle. 

For, to turn the axes through an angle 6 we have to 
substitute for x and y respectively x cos 6 — y sin 0, and 
x sin 0 4- y cos 6 [Art. 50]. 


12—2 
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The equation (i) will become 

a (x cos 6 — y sin 0)* + 2 h (x cos 0 — y sin 0) (x sin 0 + y cos 0) 
+b (a:sin0+y cos0)*+2^ (a?cos0—ysin 0) + 2/(ccsin 6+y cos0) 

+ c = 0 .(ii). 

The coefficient of xy in (ii) is 

2 (6 — a) sin 0 cos 0 -}-2h (cos 8 0 — sin 2 0); 
and this will be zero, if 

tan 20 = -----...(iii). 

a— 6 x ' 

Since an angle can be found whose tangent is equal to 

2 h 

anyYeal quantity whatever, the angle 0 = J- tan" 1 -j-is in 

all cases real. 

Equation (ii) may now be written 

Ax* + By 2 4- 2 Gx + %Fy + C = 0.(iv). 

If neither A nor B be zero, we can write equation (iv) 
in the form 


<if«+?-Y+* 


(■ 


A 


KT- 


GP F* 
A + H~° 
G F> 


( G jr \ 

— 2 1 — g) t 


rr 2 e »2 

AJ + Bf-r + Zi-C. 


(v). 


A ' B 

JLlf the right side of (v) be zero, the equation will repre¬ 
sent two straight lines [Art. 35], 

If however the right side of (v) be not zero, we have 
the equation 


A\A + B G ) B\A + B C ) 


= 1 , 


which we know represents an ellipse if both denominators 
are positive, and an hyperbola if one denominator is posi¬ 
tive and the other negative. 

If both denominators arc negative, it is clear that no 
real values of x and of y will satisfy the equation. In this 
case the curve is an imaginary ellipse. 
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Next let A or B be zero, A suppose. [A and B cannot 
both be zero by Art. 53.] Equation (iv) can then be 
written 

B(y+?J = -2Gx-C+~ .(vi). 

If G = 0, this equation represents a pair of parallel 
straight lines. 

If G be not zero, we may write the equation 

/ , Ff 2 G ( ** G\ 

\ y + Ji) ~ B\ x 2BG + 2G)’ 

which represents a parabola , whoso axis is parallel to the 
axis of x. 

Hence in all cases the curve represented by the general 
equation of the second degree is a conic. 

1 G8. To find the co-ordinates of the centre of a conic. 

We have seen [Art. 109] that when the origin of co¬ 
ordinates is the centre of a conic its equation does not 
contain any terms involving the first power of the variables. 
To find the centre of the conic, we must therefore change 
the origin to some point (x\ y'), and choose x\ y, so that 
the coefficients of x and y in the transformed equation may 
be zero. 

Let the equation of the conic be 

ax* + 2 hxy + by* + 2 gx q- 2fy + c = 0. ^ 

The equation referred to parallel axes through %he 
point (x, y) will be found by substituting x q- x f for x, and 
y A y for y , and will therefore be 
a (x q- xf q- 2h (:x + x) (y + y') q- b (y + y'f + 2g (x- f x) 

+ {y + y) + c =o, 

or ax 8 + 2 hxy + by* q- 2x (ax' + liy' q- g) q- 2 y (fix' -I- by q-/) 
+ ax' 2 q- 2 hx’y + 6y' 2 q- 2gx + 2 fy' + c = 0. 

The coefficients of x and y will both be zero in the 
above, if x' and y’ be so chosen that 

ax +hy' +g = 0 .(i), 

and hx q- by +f— 0.(ii). 

The equation referred to (x\ y) as origin will then be 
aa? q- 2 hxy q- 5y 2 q- c' = 0 .(iii), 
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THE DISCRIMINANT. 


where d = ax' 2 + 2hxy + + 2 gx' + 2fy -f c.(iv). 

Hence the co-ordinates of the centre of the conic are the 
values of x ' and y' given by the equations (i) and (ii). 

The centre is therefore the point 

fty- kl o h - a f\ 

\ab-ir ab-h?)‘ 

When ab — h 9 = 0 , the co-ordinates of the centre are 
infinite, and the curve is therefore a parabola [Art. 157]. 

If however If— bg = 0 and ab — h 9 = 0 ; that is, if 

a h a 
h~b~f t 

the equations (i) and (ii) represent the same straight line, 
and any point of that line is a centre. The locus in this 
case is a pair of parallel straight lines. 

In the above investigation the axes may be either 
rectangular or oblique. 

Subsequent investigations which hold good for oblique 
axes will be distinguished by the sign (o>). 


169. Multiply equations (i) and (ii) of the preceding 
Article by x r , y' respectively, and subtract the sum from 
the right-hand member of (iv); then wo have 

o'=gx' +fy'+c 


ab - h* lJ ab -A 2 
_ abo + 2fgh — af 2 — bg 2 — ch 2 
ab-h 2 


(*>)• 


170. The expression abc + 2fgh — af 8 — bg 9 — ch 9 is 
usually ^ denoted by the symbol A, and is called the 
discriminant of 

ax 9 + 2 lixy + by 9 + 2gx + 2 fy + c. 

A = 0 is the condition that the conic may be two 
straight lines. 

For, if A is zero, d is zero; and in that case equation 
(iii) Art. 168 will represent two straight lines. 

This is the condition we found in Art 37. (o>). 
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171. To find the position and magnitude of the axes of 
the conic whose equation is cw?* + 2 hxy + by*= 1. 

If a conic be cut by any concentric circle, the diameters 
through the points of intersection will be equally inclined 
to the axes of the conic, and will be coincident if the 
radius of the circle be equal to either of the semi-axes of 
the conic. 

Now the lines through the origin and through the 
points of intersection of the conic and the circle whose 
equation is a? +y*=r\ are given by the equation 

(<i - a? + 2 hxy + (b - p) / = 0 .(i). 

These lines will be coincident , if 

= °.<«). 

and they will then coincide with one or other of the axes 
of the conic. 

Hence the lengths of the semi-axes of the conic are the 
roots of the equation (ii), that is of the equation 

,7. “ (» + b ) ^ + ah ~ h * = 0 .(">)• 

Multiply (i) by ^; then, if ^ is either of the 
roots of the equation (ii), we get 

(«-p) a? + 2h(a-^xy + hy = Q-, 

whence (« — x + hy — 0 .(iv). 

Hence if we substitute in (iv) either root of the equation 
(iii) we get the equation of the corresponding axis. 

In the above we have supposed the axes to be rect¬ 
angular. If however they are inclined at an angle co the 
investigation must be slightly modified, for the equation of 
the circle of radius r will be x 2 + 2 xy cos <o + y* = r 2 . 
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172. To find the axis and latus rectum of a parabola. 
If the equation 

aa? + 2 hxy + by 2 + 2gx -f- 2fy + c = 0 

represent a parabola, the terms of the second degree 
form a perfect square. [This follows from the fact that the 
equation of any parabola can be expressed in the form 
y~ — 4aa? -■ 0, and therefore with any axes the equation 
will be of the form 


(lx + my -f nf — 4a' (fix -f my -f n') — 0.] 

Hence the equation is equivalent to 

(a oc+Py)* + 2gx + 2fy + c - 0 .(i), 

where a 2 = a, and / 3 2 = b. 

From (i) we sec that the square of the perpendicular 
on the line ax -f fty = 0 varies as the perpendicular on the 
line 2 gx + 2 fy + c = 0. These lines may not be at right 
angles, but we may write the equation (i) in the form 

(ax + Py + \) a « 2x (Xot - g) + 2y (\p -/) + X s - <•, 
and the two straight lines, whose equations are 
ax+fry + \= 0, and 2a? (Xa-g) + 2y (A/3-/) + A 2 - c-0, 
will be at right angles to one another, if 

a (\ a _ g) + p (\p _/) = o, 


or if 

Now take 


ag + 0 / 
af + & * 


ax + Py + \=0 and 2(olK -g) x + 2 (fi\-f) y -f\ a -c = 0 
for new axes of x and y respectively, and we get 

f = 4/w?, 

and this we know is the equation of a parabola referred to 
its axis and the tangent at the vertex. 

To find the latus-rectum, we write the equation in 
the form 


( 


ouc + fty-f Xy 


+ff 


) = 


®+2(/9X-/) y+X* -c\ 

1 (aX-</)*+ 4 (0\-fff 1 ’ 
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flt fS 

Hence (i) is a parabola whose axis is the line 

ax + 0y + \ = 0, 
and whose latus-rectum is 

2 y[( 7\ —ff)* + (fix. -/)*) _ 2 (a/ - fig) 

a'+tf (a 2 + fif ’ 


since 


X = 


a' + ? ‘ 


173. We will now find the nature and position of the 
conics given by the following equations. 

(1) 7 J 2 - 17 xy + % 2 -{ 23.r - 2 y - 20=0. 

(2) x l — 5xy + ?/ 2 + 8* - 20y +15=0. 

(3) 36a; 2 + 24a// + 21#?/® - - 72* f 126y+81 = 0. 

(4) (5.r - 12a/) 2 - 2* - 29i/ -1=0. 

(1) The equations for finding the centre are [Art. 108, (i), (ii)] 

14**-17/+ 23=0) 

-17tf + 12/-2=oi* 

These give *'=2, i/'=3. Therefore centro is the point (2, 3). 

The equation referred to parallel axes through the centre will be [Art. 
169] 

Q*J 

7* 2 - 17 xy + 6y 2 +*y .2-1.3-20=0. 

& 

or 7* B - 17xy + 6i/ 2 - 0. 

The equation therefore represents two straight lines which intersect 
in the point (2, 3). They cut the axis of x, where 7**+ 23.r - 20=0, that 

5 

is where *=- 4, and where *=-. 

(2) x 1 - 5xy + / + 8.r - 20y + 15 = 0. 

The equations for finding the centre are 

2*' - 5/ + 8=0, and -5.r' + 2y'-20=0; 

*' = -4, y'=0. 

The equation referred to parallel axes through the centre will be 

x s - 5xy + 1 / 2 +4 (- 4) +15=0, 
sr 2 ~ 5*1/+ y 2 — 1. 


or 
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or 


The semi-axes of the conic are the roots of the equation 
^-(a + &)*3+a6-fc a =0 [Art. 171, (iii)]; 

1 2 25 _ 

*’* r4 r 2 + *~ 4 

21r 4 + 8r 2 —4=0; 

„ 2 2 
r ~j, °r-g. 


1 


The curve is therefore an hyperbola whose real semi-axis is ? ^14, 


and whose imaginary semi-axis is ^ ^7- 6. 



or 


Tho direction of the real axis is given [Art. 171, (iv)J by the equation 

( 1 -s)*-a- ! ' =0> 

ae + y=0. 


(3) 36.r 2 + 24a ty +29y 2 - 72% + 12Gy + 81=0. 

The equations for finding the centre are 

36*' +12/ - 36 = 0, and 12a/ + 29y' + 63=0; 
a/=2, y'=- 3. 

The equation referred to parallel axes through the centre, will be 
36a; 2 + 24 xy +29y 2 - 72+63 (- 3).+ 81=0, 



2 ' 29 

I5^ + 180 




=i. 


or 
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The equation of the major axis is [Art. 171, (iv)] 

(irS-'+iV^ 0 - 

4.r + 3y=0. 

(4) (5* - 12i/) 2 - 2« - 29y -1 — 0. 

The equation may be written 

(5.c- 12y+X) 2 =2an(1 -h5M + y (29-24\) + X 2 i-l. 
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ASYMPTOTES. 


The lines ox -12 y + X=0 

and 2 (1 + 5X) ac+ (29 - 24\) y+X s +1 = 0 

are at right angles, if 

10 + 50X-348 + 288X=0; 

that is, if X=l. 

The equation is therefore equivalent to 

/5a-12y+iy 1 12*+5// + 2 

v "13 ) 13 * 13 ' . W5 

therefore 5x -12 y + 1=0 is the equation of the axis of the parabola, and 
12x+ 5y+2=0 is the equation of the tangent at the vertex. 

Every point on the curve must clearly be on the positive side of the 
line 12*+% + 2 --0, since the left side of equation (i) is always positive. 

174. To find the equation of the asymptotes of a conic. 

We have seen [Art. 146] that the equations of a conic 
and of the asymptotes only differ by a constant. 

Let the equation of a conic be 

ax 2 + 2 hay + by 2 + 2 gx + 2 fy + c = 0.(i). 

Then the equations of the asymptotes will be 

ax 2 + 2 hxy + by 2 + 2 gx + 2 fy + c 4- A = 0.(ii), 

provided we give to A that value which will make (ii) 
represent a pair of straight lines. 

The condition that (ii) may represent a pair of straight 
lines is [Art. 170] 

ah (c + A) + 2 fgh — of 2 — hg 2 — (c + A) h 2 = 0; 

.*. A {ah — h 2 ) + A = 0. 

Hence the equation of the asymptotes of (i) is 
ax 2 + 2 hxy + by 2 + 2 gx + 2fy + c — = 0. 

The equations of two conjugate hyperbolas differ from 
the equation of their asymptotes by constants which arc 
equal and opposite to one another [Art. 152] ; therefore 
the equation of the hyperbola conjugate to (i) is 

2A 

ax 2 + 2 hxy + by 2 +- 2 gx + 2 fy -f c — ^ = 0. 
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Cor. The lines represented by the equation 

ax* + 2 hxy + by* = 0 

are parallel to the asymptotes of the conic. (w). 

Ex. Find the asymptotes of the conic 

z* - xy - 2y a +3y - 2 = 0. 

The asymptotes will be x- -xy- 2t/ 2 + 3y - 2 + \=0, if this equation 
represents straight lines. Solving as a quadratic in x, we have 

x =2 ± \/|4? /9 " 3i ' + 2 '" X l ‘ 

Hence [Art. 37], the condition for straight lines is 9 (2 - \)=9, or \=1. 
The asymptotes are therefore x 9 -xy- 2y 2 +'Ay— 1=0. 

175. To find the condition that the conic represented 
by the general equation of the second degree may be a rect¬ 
angular hyperbola. 

If the equation of the conic be 

ax 7 + 2 hxy + by* + 2gx + 2 fiy 4- c = 0, 
the equation 

ax* + 2 hxy + by* = 0.(i) 

represents straight lines parallel to the asymptotes. 

Hence, if the conic is a rectangular hyperbola, the 
lines given by (i) must be at right angles. 

The required condition is therefore [Art. 44] 

a + b — 2h cos « = 0.(ii). 

If the axes of co-ordinates be at right angles to 
one another the condition is 

a + b = 0.(iii). 

The required condition may also be found as follows. 
If the axes of co-ordinates be changed in any manner 
whatever, we have 

a + b —2k cos to __ a' + b r — 2 K cos m 
sin* a> ~ sin* to 

But, if the conic be a rectangular hyperbola and 


[Art. 52], 
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the asymptotes be taken for axes, the equation will be 
xy + constant = 0; 

.*. a = l) = cos to — 0. 

Hence a 4- b — 2h cos o> = 0. («). 


Examplkb on Chapter IX. 


1. Find the centres of tin*, following curves: 

(i) 3ie 2 — finny + 6 if + 11 x — 1 7y + 13 0. 

(ii) xy + 3 ax — ‘Say --0. 

(iii) 3> - 7xy - 6/ + 3 x - 9.y + 5 0. 

Find also the equations of the curves referred to parallel 
axes through their centres. 

2. What do the following equations represent 1 

(i) xy — 2x + y — 2- 0. (ii) if - 2 ay + 4ax — 0. 

(iii) if + ax + ay + a 2 — 0. (iv) (x + y) 2 — a {x — y). 

(v) 1 (:c + 2 i/Y + (y - 2x) 2 -= 5a 2 . (vi) y 2 - x 2 — 2 ax — 0. 

3. Draw the following curves: 

(1) xy + ax — 2ay — 0. (2) x 2 + 2 xy + y 2 — 2x — 1 -- 0. 

(3) 2x 2 + 5 xy + 2 if \-Sy — 2 — 0. 

(4) a; 2 + 4xy + if — 11 -- 0. 

(5) (2x + 3 y) 2 + 2x + 2y + 2 --- 0. 

(6) x 2 — 4xy — 2 if + 10.c + 4y — 0. 

(7) 41* 3 + 2ixy + 9/ - 1 ‘SOax - May + 116a* = 0. 

4. Shew that if two chords of a conic bisect each other, 
their point of intersection must be the centre of the curve. 


5. Shew that the product of the semi-axes of the conic 
whoso equation is 

(x - 2y + l) 2 + (4x +2y- 3) 3 - 10 - 0, is 1. 

6. Shew that the product of the semi-axes of the ellipse 
whose equation is 

a.* 2 — xy + 2 if -2x—6y I- 7-0 is ; 

v * 

and that the equation of its axes is 

x 2 -if - 2xy + % - 8 = 0. 
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7. Find for what value of A the equation 

2as* + Xxy — y* — 3x + Qy — 9 =■- 0 
will represent a pair of straight lines. 

8. Find the equation of the conic whose asymptotes are 
the lines 2x+ 3y — 5 = 0 and 5x + 3;// - 8 - 0, and which passes 
through the point (1, — l). 

9. Find the equation of the asymptotes of the conic 

3uj 8 — 2xy - by* + 7x — 9 y — 0; 

and find the equation of the conic which has the same asymp¬ 
totes and which passes through the point (2, 2). 

10. Find the asymptotes of the hyperbola 

Gjs 2 - 7xy — 3 y 3 -2x-8y-6 -- 0; 
find also the equation of the conjugate hyperbola. 

11. Show that, if 

ax 3 + 2hxy + by 2 — 1, and a x 9 + 2h'xy + b’y~ 1 
represent the same conic, and the axes are rectangular, then 

{a~b) 2 + ih*-^(ci!-b') 2 + \h'\ 

12. Shew that for all positions of the axes so long as they 
remain rectangular, and the origin is unchanged, the value of 
tf+f ~ in the equation ax 2 + *2fixy + by 2 + 2 tjx + '2fy + c - 0 is 
constant. 

13. From any point on a given straight line tangents arc 
drawn to each of two circles: shew that the locus of the point 
of intersection of the chords of contact is a hyperbola whoso 
asymptotes are perpendicular to the given line and to the line 
joining the centres of the two circles. 

14. A variable circle always passes through a fixed point 0 
and cuts a conic in the points P, Q, 7t, S; shew that 

OP. 0Qj_01tj OS 
(radius of circle) 3 

is constant. 

15. If oaf + 2 hxy + by 2 — 1, and Ax J + 2IIxy + By 2 - 1 be 
the equations of two conics, then will aA +bB + 2hIJ lie un¬ 
altered by any change of rectangular axes. 



CHAPTER X. 


MISCELLANEOUS PROPOSITIONS. 


176. We have proved [Art. 167] that the curve 
represented by an equation of the second degree is always 
a conic. 

We shall throughout the present chapter assume that 
the equation of the conic is 

aa? + 2 hxy + by 2 + *2gx -f 'Ify -f c — U, 
unless it is otherwise expressed. 

The left-hand side of this equation will be sometimes 
denoted by <f> (x, y). 

177. To find the equation of the straight line passing 
through two points on a conic, and to find the equation of the 
tangent at any point . 

Let ( x , if) and (x", y") be two points on the conic. 

The equation 

a {x - x') (x - x") + h {(x - x’) (y - y") + (x - x") (y - y)} 

+ b{y-f) (y-y") = ax* + 2kxy + bif + 2gx + 2fy + c ... (i) 

when simplified is of the first degree, and therefore 
represents some straight line. 
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If we put x — x and y=y' in (i) the left side vanishes 
identically, and the right side vanishes since (x, y) is on 
the conic. Hence the point (S, y) is on the line (i). So 
also the point y") is on the line (i). 

Hence the equation of the straight line through the 
two points v. y) and (S', y") is (i), and this reduces to 

ax (x + S') + liy (S + S') + hx (y 4- y") + by (y 4- y") + 2gx 
-1- 2 \fy 4- c = ax'S' + h (Sy" + yx") + by' y"...(ii). 

To obtain the tangent at (S, y) we put = x', and 
y" — y in (ii), and we get 

2 axx + 2 h (xy 4- xy) + 2 byy 4- 2 gx -f 2 fy + c = ax ' 2 

4- 2 hSy 4- by' 2 . 

Add 2 gS 4- 2fy' 4- c to both sides: then, since (S, y) is 
oil the conic, the right side will vanish; and we get for the 
equation of the tangent 

axx -1- h (yx + xy) 4- by y 4- g (x 4- S) 4 -f(y 4 /) 4- c = 0. 

It should be noticed that the equation of the tangent 
at (S, y) is obtained from the equation of the curve 
by writing Sx for .r 2 , yx 4 xy for 2 xy, yy for y\ x 4 -S for 
2x, and y + y for 2 y. (&>). 


178. To find the condition that a. given straight line 
may be a tangent to a. conic. 

Let the equation of the straight line be 

lx 4 my 4- n = 0.(i). 

The equation of the straight lines joining the origin to 
the points where the line (i) cuts the conic <p (x, y) = 0, 
are given [Art. 38] by the equation 

an? + 2 hay + bjf — 2 (gic +/y) ^ A.** y 

+c (^y=o. ( ii). 

If the line (i) be a tangent it will cut the conic in 
coincident points, and therefore the lines (ii) must be 
coincident. The condition for this is 


S. C, 8. 


13 
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(an* — 2 gin + cl*) (bn* - 2fmn + cm*) 

= (hn* —fin — gmn + elm)*, 

or f ( 6 c — y*) 4 m* (ca — </ 2 ) 4 («6 — /<■*) 4 2mn (gh —fa) 

+ 2 /iZ (A/* — gb) + 2 /?» ( /J 7 — Ac) = 0 .(iii). 

Tlio equation (iii) may be written in the form 
A l* 4 - Jim* 4 On* + 2 Fmn 4 - 2 Gnl 4 2 Him — 0 .. .(i v), 

where the coefficients A, li, C } &c. are the minors of 
%, />, c, &c. iii the determinant 

a, h, g | 

h \f • 

<7. /. c | (®). 

179. To find the equation of the polar of any point with 
respect to a conic . 

It may be shewn, exactly as in Article 70, 100 , or 118, 
that the equation of the polar is of the same form as the 
equation of the tangent. 

The equation of the polar of (x, y) is therefore 
ax x + h (yx + xy) 4 - byy 4 g (x 4 x) 4 f(y -f y') + c = 0 , 
or at (ax + hy 4 - g) 4 y (hx + by 4 /) 4 - gx! +fy’ + c = 0. 

The equation of the polar of the origin is found by 
putting x —y— 0 in the above; the result is 

yx+fy + C = 0 . 

180. If two 2 >oints P f Q be such that Q is on the polar 
of P with respect to a conic , then will I* be on the polar of 
Q with respect to that conic. 

Let the co-ordinates of P be x\ y' } and those of Q 
x", y". 

The equation of the polar of P is 
ax x 4 h (yx + xy) 4 - byy 4 g (x 4 x) +f(y + y) + c- 0. 

Since (x\ f) is on the polar of P y we have * 
ax'x”+h (y x”+xy'')+by'y ,f +g (x'+x") +f(y'+ y”) 4 * c= 0 . 

The symmetry of this result shews that it is also 
the condition that the polar of Q should pass through P. 
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If the polars of two points P, Q meet in P, then P is 
the pole of the line PQ. 

For, since R is on the polar of P t the polar of P will 
go through P; similarly the polar .of P will go through Q ; 
and therefore it must be the line PQ. 

If any chord of a conic be drawn through a fixed point 
Q , and P he the pole of the chord ; then, since Q is on the 
polar of P, the point P will always lie on a fixed straight 
line, namely on the polar of Q. 

J)ef. Two points are said to be conjugate with respect 
to a conic when each lies on the polar of the other. 

J)ef. Two straight lines are said to be conjugate with 
respect to a conic when each passes through the pole of the 
other. Conjugate diameters, as defined in Art. 127, are 
conjugate lines through the centre. 


181, If any chord of a conic be drawn, through a 
point 0 it will be cut harmonically by the curve and 
the polar of 0. 


Let OPQR be any chord which cuts a conic in P, R 
and the polar of 0 with respect to the conic in Q. 

Take () for origin, and the line OPQR for axis of//;; 
and let the equation of the conic bo 

at? -f 2 hxy + by* + 2 g.v -f- 2 fy + c — 0 . 

Where y — 0 cuts the conic we have 

act? + tyx + c = 0 ; 

1 , 1 2 g 

•' OP + OR c . 


The equation of the polar of 0 is 

gx +fy + c = 0 ; 

1 g 

* •’* OQ c 

From (i) and (ii) we see that 

1 1 



2 
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182. To find the locus of the middle 'points of a system 
of parallel chords of a conic. 

Let ( x\ y) and (a/', y") be two points on the conic. 
The equation 

a (x - a?') (a? - of) + h {(a? - x) (y - y') 4 - (x - x ) (y - y)} 

+ b(y- y) (y - y") = ax * + 2 hxy + by 9 + 2gx + 2 \fy + c 

•••( 0 . 

is the equation of the straight line joining the two points. 

In (i) the coefficient of x is a (a/+ x") + h(y' 4- y") + 2g, 
and the coefficient of y is Ji (x + x") 4 - b (y 4 y") 4 - 2 f ; 
hence if the line is parallel to the lino y — mx, we have 

a (x +x") + h (y + 2 g .... 

_ h (/ +x')+by+f) + y . ( 

Now, if (x, y) be the middle point of the chord joining 
(x t y') and (x \ y"), then 2 a? = a?' 4 - x", and 2 y — \j + y”; 
therefore, from (ii), we have 

„ M _ _ ax _±J l JL±JL 

hx + by+f* 

or x (a 4 - mh) +y (h + mb) -f g 4- mf~ 0 .. .(iii), 

which is the required equation. 

If the line (iii) be written in the form y — mx 4 - k y then 
- we have 

, a 4 - mh 

m = — 5 — ,, 

h 4 - mb 

or a 4 * h (m 4 - m’) 4 - Irnim' = 0 .(iv). 

This is the condition that, the lines y — mx and y = mx 
may be parallel to conjugate diameters of the conic given 
by the general equation of the second degree. (©). 


183. To find the condition that the two lines given by 
the equation Aa? + 2 Hxy + Bf = 0 may be conjugate dia¬ 
meters of the conic olo? 4- 2 hxy + by 9 = 1. 


li tno lines given Dy tne equation ax+ ziixy+ 

be the same as y — mx — 0, and y — mx = 0; then 

, ’ll , , A 

+ m — — 2 -y;, and mm — . 

£5 IS 


m 
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if 


But y — wwe= 0 and y— m'£C=0 are conjugate diameters 
a+ h(rn + m) + hum = 0. 

Therefore the required condition is 


a — 2h . 


II , .1 



or aB + bA = 2/t//. (<o). 

[The above ^result follows at once from Articles 155 
and 58.] 


Ex. 1. To find the equation of the equi-conjugate diameters of the conic 

ax' 2 + 2 hxy + by 2 = 1. 

The straight lines through the centre of a conic and any concentric 
circle give equal diamoters. Through the intersections of the conic and 
the circle whose equation is X (x*+y 1 + 2 xy cos w) --1, the lines 
(a - X) as 2 + 2 (h - X cos u) xy + (b - X) y 2 = 0 pass. 

These are conjugate if 

b (a - X) a (b - X) -- 2 h ( h -- X cos w). 

Substituting the value of X so found, we have the required equation 

ax' + 2hxy + by* - ^ ^ (x 2 + y' 2 + 2xy cos to) — 0. 

a -|- b - 2 h cos to - 


Ex. 2. To shew that any two concentric conies have in general one 
and only one pair of eoinmon conjugate diameters. 

Let the equations of the two conics be 

a* 2 t- 2 hxy 4- by 2 — 1 , and a'x 2 I- 2h'xy + b'y” — 1 . 

The diameters Ax 2 -\-21lxy \-Jly~-A) are conjugate witli respect to 
both conics if 

Ah - 2IIh \-Jia~i), 
and Ab’-2/W \-Iia'=-Q\ 

A_ -2II Jl 

*** ha' ail' ~ ah' - a'b ~ bit' -b'k' 

The equation of the common conjugate diameters is thoreforc 
(ha 1 - ah') x 2 - (ah' - a'b) xy + (bti - b'k) y 2 —0. 

Since any two concentric conics have one pair of conjugate diameters 
in common, it follows that the equations of any two concentric conics 
can be reduced to the forms 

ax^+by 2 — 1, a'x‘ 2 + b'y’ 2 —l. 
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184. To find the length of a straight line drawn from 
a given point in a given direction to meet a conic. . 

Let (#', y’) be the given point, and let a line bo drawn 
through it making an angle 0 with the axis of x. The 
point which is at a distance r along the line from (sc', y) is 
( sc' + r cos 0, y 4 - r sin 0), the axes being supposed to be 
rectangular; and, if this point be on the conic given by the 
general equation, we have 

a(x + r cos 0) 2 4-2 h (x + r cos 0) (?/+ r sin 0) + b(i/+r#ia0)* 
4- 2 <f(x + v cos 0) + %f(y' + r sin 0) 4- c = 0, 
or ?* 2 (a cos 2 0 4 - 2h sin 0 cos 0 4 - h sin 2 0) 

4 - 2 r cos 0 (ax 4- hy +g) 4 - 2 r sin 0 (fix' 4 - hi/ +f ) 4 <j> (x, y)= 0 . 

The roots of this quadratic equation are the two values 
of r required. 

185. If the point (x, y ') be the middle point of the 
chord intercepted by the conic on the line, the two values 
of r , given by the quadratic equation in the preceding 
Article, will be equal in magnitude and opposite in sign; 
hence the coefficient of r must vanish ; thus 

(ax’ 4 - hy 4* g) cos 0 4 - (hx' 4- hy' 4 - f) sin 0 = 0. 

If the chords arc always drawn in a fixed direction, so 
that 0 is constant, the above equation gives us the relation 
satisfied by the co-ordinates x\ y' of the middle point of 
any chord. 

The locus of the middle points of chords of the conic 
which make an angle 0 with the axis of x is therefore a 
straight line. [See Art. 182.] 

186. The rectangle of the segments of the chord 
which passes through the point (x, y') and makes an angle 
0 with the axis of x f is the product of the two values of r 
given by the quadratic equation in Art. 184; and is equal to 

_ 4> (ri'll _ 

a cos 2 0 4 - 2 h sin 0 cos 0 + b sin 2 # * 

Cor. 1 . If through the same point (x, y) another 
chord be drawn making an angle Of with the axis of x , the 
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rectangle of the segments of this chord will be 

$ y') 

a cos 2 & + 2 h sin & cos O' *f b sin 2 O' ’ 

Hence we see that the ratio of the rectangles of the seg¬ 
ments of two chords of a conic drawn in given directions 
through the same point is constant for all points, including 
the centre of the conic, so that the ratio is equal to the 
ratio of the squares of the parallel diameters of the conic. 

Cor. 2. The ratio of the two tangents drawn to a conic 
from any point is equal to the ratio of the parallel diame¬ 
ters of the conic. 

Cor. 3. If through the point (x" } y") a chord be drawn 
also making an angle 0 with the axis of x> the rectangle 
of the segments of this chord will be 

_ <t> (<> fl _ 

a cos 2 0 4- 2 h sin 6 cos 6 + l) sin 2 0 ‘ 

Hence the ratio of the rectangles of the segments of 
any two parallel chords drawn through two fixed points 
(x, ?/) and (x\ ?/') is constant and equal to the ratio of 
<f> (#', y) to (f) (x\ y"). 

Gar. 4. If a circle cut a conic in four points P f Q, 11, S, 
the line PQ joining any two of the points and the line US 
joining the other two make equal angles with an axis of 
the conic. 

For, if PQ and PS meet in T t the rectangles TP . TQ 
and TR . TS arc equal since the four points are on a circle. 
Therefore by Cor. I, the parallel diameters of the conic are 
equal; and hence they must be equally inclined to an axis 
of the conic. 

Ex. 1. If a , ft, y, 8 be the eccentric angles of the four points of inter¬ 
section of a circle and an ellipse , then will a + ft+ y +8 =2mr. 

The equations of tlio lines joining a, ft and y, S arc 

-cos£(a + /3) + ^sin \ (a I ft) = con l (a-/3), 
a i) "* 
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and x cos £ (7 + 5) sin £ (7 + 5)=cos £ (7 - 8 ). 

These two chords arc equally inclined to the axis by Cor. 4: therefore 
tan$ (a+/3) = -tan$ ( 7 - 1 *$), or £(o/9) = nir-h(y+5)\ therefore 

+ — 2nt. 

FiX. 2 . A focal chord of a conic varies as the square of the parallel 
diameter. [Soc Art. 101 .] 

Ex. 3. If a triangle circumscribe a conic the three lines from the 
angular points of the triangle to the points of contact of the opposite sides 
will meet in a point. 

Lot the angular points ho A, Jl, C and the points of contact of the 
opposite sides of the triangle be A', B\ C"; also let r v r 2 , r 8 bo the semi¬ 
diameters of the conic parallel to the sides of the triangle. Then 

BA' : BG'=r l : r.,; CB' : CA’ =r 3 : i\; and AO' : AB'=r A : r 2 . 
Hence BA'. OB'. AC'-BC'. AB'. CA', 

which shows that the throe lines meet in a point. 

Ex. 4. If a conic cut the three sides of a triangle ABC in the points 
A' and A ", B' and B", O' and C" respectively, then will 

BA '. BA". OB'. CB" .AC'. AC" - BC'. BC". CA' .CA". AB'. A B". 

{Carnot's Theorem.) 

[BA'. BA" : BC'. BC"— r-f : r.P, and so for the others; r v r 2 , r 3 being 
the semi-diameters of the conic parallel to the sides of the triangle.] 

Ex. 5. If a conic touch all the sides of a polygon ABCD . the. 

points of contact of the sides AB, BC . being P, Q, B, S .; then will 

AP.BQ. CIl. J)H . be equal to PB . QC . ED . 

187. If 8 be written for shortness instead of the left- 
hand side of the equation 

ax 9 + 2 Jury + by 9 + 2yx + 2 fy 4 * c = 0, 

and S' he written instead of the left-hand side of the 
equation 

aV*+ 2 h'xy + h'y 9 + 2 yx -f 2fy 4 - c — 0, 

then 8 — X S' = 0 is the equation of a conic which 
passes through the points common to the two conics 
8 = 0 , 8 ' = 0 . 

For, the equation 8 — \8' = 0 is of the second degree, 
and therefore represents some conic. Also if any point be 
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on both the given conics, its co-ordinates will satisfy both 
the equations S = 0 and S' = 0 , and therefore also the 
equation S — X S'= 0 . k 

By giving a suitable value to X, the conic S — XS'—O 
can be made to satisfy any one other condition. 

If the conic S’ = 0 really be two straight lines whose 
equations arc lx + niy 4 -n = 0 and Vx + my + ri = 0 , which 
for shortness we will call u = 0 , and v = 0 , then S - X uv = 0 
will, for all values of X , be the equatiou of a conic passing 
through the points where S = 0 is cut by the lines u — 0 and 
v = 0 . 

If now the line v = 0 be supposed to move up to 
and ultimately coincide with the line u = 0 , the equation 
S — Xu a = 0 will, for all values of X, represent a conic 
which cuts the conic S ~ 0 in two pairs of coincident points, 
where S = 0 is met by the line u — 0 . That is to say 
S —X u 2 ' = 0 is a conic touching S = 0 at the two points 
where S= 0 is cut by u = 0. (&>). 

Ex. 1. All conics through ilie points of intersection of tiro rcctoinjulor 
hyperbolas arc rectanyular hyperbolas. 

If $— 0 , S ’—0 be the equations of two rectangular hyperbolas, all 
conics through their points of intersection are included in the equation 
H - X S' — 0 . Now the sum of the coeflidents of x 2 and y 2 in S — X S '—0 
will be zero, since that sum is zero in S and also in S', the axes being at 
right angles. This proves the proposition. [Art. 175.] 

The following are particular cases of the above. 

(i) If two rectangular hyperbolas intersect in four points, the lino 
joining any two of the points is perpendicular to the line joining 
the other two. (For the pair of lines is a conic through the points 
of intersection.) (ii) If a rectangular hyperbola pass through tho 
angular points of a triangle it will also pass through the orthocentre. 
(I 4 or, if A, B, C be the angular points, and the perpendicular from A on 
BC cut the conic in J ); then the pair of lines A 7 ), JIG is a rectangular hy¬ 
perbola, since these lines are at right angles; therefore the pair 117), AC 
is also a rectangular hyperbola, that is to say the lines are at right 
angles.) 

Ex. 2. If two conics have their axes parallel a circle will pass 
through their points of intersection. 
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Take axes parallel to the axes of the conies, their equations will 
then be ax 2 + by 2 + 2yx+2fy + c = 0 , 

and a'x 2 + b'y 2 + 2g’x + 2fy + c'= 0 . 

The conic ax* + by 2 + 2gx + 2fy + c + \ (a'x 2 + b'y 2 + 2g'x + 2 f'y -f c') = 0 will go 
through their intersections. But this will be a circle, if we choose X so 
that a + \a'—b + \b\ and this is clearly always possible. 

Ex. 3. If TP t TQ and T'P\ TQ' be tangents to an ellipse , a conic 
will pass through the six points T t P, Q, T, P', Q\ 

Let the conic be ax 2 + by 2 = 1 , and let T bo (a/, y') and T f bo 
(as", y"). The equations of PQ and P'Q' will be axx’ + byy f - 1=0 and 
axx!'+by if' -1 = 0 . Tho conic 

X (ax 2 + by 2 - 1) - (axx' + byif —1) (axx" +■ byy" - 1) = 0 
will always pass through the four points P, Q, P\ Q\ It will also pass 
through T if X be such that 

X (ax' 2 + by' 2 - 1) - (ax' 2 4 by' 2 1) (ax'x" + by'y" - 1) = 0, 
or if \ - ax'd 1 + by'y" - 1 . 

The symmetry of this result shews that tho conic will likewise pass 
through T'. 

Ex. 4. If tico chords of a conic be drawn through two points on 
a diameter equidistant from the centre , any conic through the extremities 
of those chords will be cut by that diameter in jtoints equidistant from the 
centre . 

Take the diameter and its conjugate for axes, then the equation of 
the conic will be ax 2 \-by 2 — 1 . Lot the equations of the chords be 
y - m (x - c) = 0 and y - m' (x + c)= 0. Then the equation of any conic 
through their extremities is given by 

ax l ’\-by 2 -l- \ \y-m(x- c) \ \y-in'(x+c)\ =0. 

The axis of x cuts this in points given by ax 1 - (a; 2 -c 5 )= 0 , 

and these two values of x are clearly equal and opposite whatever X, m 
and in' may be. 

As a particular case, if PSQ and P'S'Q' be two focal chords of a conic, 
the lines PP' and QQ' cut the axis in points equidistant from the centre. 

188. To find the equation of the pair of tangents 
drawn from any point to a conic . 

Lot the equation of the conic be 

ax 2 -f 2hxy + by 2 + 2 <jx 4- 2 fy + c = 0.(i). 

If ( x\ y) he the point from which the tangents are 
drawn, the equation of the chord of contact will be 
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axx + h (xy -f yx) -f byy + g(x + x) +f(y 4- /) + c = 0. 
The equation 

ax 1 + 2 hxy -f by 2 + 2gx + 2 fy + c 
= X {cww*' + h (xy' + yx) + byy + g (x 4- x) 4- f (y 4- y) 4- c} 2 

. (») 

represents a conic touching the original conic at the two 
points where it is met by the chord of contact. The two 
tangents are a conic which touches at these two points and 
which also passes through the point (x, y') itself. The 
equation (ii) will therefore be the equation required if X 
be so chosen that (x\ y') is on (ii); that is, if 

ox ' 2 + 2 hxy 4 - by' 2 + 2 yx' + 2 fy 4 - c 
= X [ax* + 2 hxy 4- by' 2 4- 2gx 4- 2 fy 4- c} 2 . 

Therefore 


1 = X [ax' 2 4- 2 hxy' 4- by' 2 4- 2 gx' 4- 2 fy' + e} = X</> (.*•', y). 
Substituting this value of X in (ii) we have 

(ax 2 + 2 hxy 4 - by 2 + 2gx -I- 2 fy -f c) <\> (x, y) 

= [axx + li (ay + yx') + byy' + <J (.« + x) +f{y + y) + cj 2 , 

which is the required equation. («). 


The above equation may be found in the following manner. 

Let TQ, TQ' be the two tangents from (.*■', //), let P {jc, //) be any 
point on TQ, and let TN, PM be the perpendiculars from T and P on the 
chord of contact QQ\ 


T1 


PQ 1 __PM- 
TQ*~ TM - 


(i). 


But [Art. 180, Cor. .‘ij 
and [Art. 31] 


PQ 2 <Hav) 
TQ 2 0 (A y’) ’ 


PM 3 _ { arx' -\-hJxy' -1- yti) J- byy’ + y [x ++/ (// \ y) t* r }- _ 

TN *~ ' \ (u^ + 2 Aaty -V by"* + 2y.c' + 2/y + cJ - 

therefore from (i) we have 

0 ( x > u) 0 •/) - { h {*'/ -i- vA+W +y (*+*') + / (y+y')+«} 4 * 


189. To jSim? the equation of the director-circle of a 
conic. 

The equation of the tangents drawn from (x, ?/) to the 
conic given by the general equation is 
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(ax 2 + 2 hxy 4- by 2 + 2 gx + 2 \fy 4-c)<£ (a?', y') 

= {<*&•#' 4- h (xy + yx) 4- byy 4- g (x 4- x) +f(y + f) + c}*. 

The two tangents will be at right angles to one 
another if the sum of the coefficients of x 2 and y 2 in the 
above equation is zero. This requires that 

(a4* b)(ax 2 + 2 hxy + by' 2 4-2 gx 4- 2 f\j 4- c) 

- (ax 4- hj 4- gf - (hx + by 4-/)* = 0. 

The point (x\ y) is therefore on the circle whose 
equation is 

(ah — h 2 ) (x 2 4 - y 2 ) 4 - 2# (gb —fh) 4 - 2 y (fa — kg) + c(a + b ) 


-/ a -y=o, 

or GV 4 - Of - 2 Gx - 2 Fy +i+.«=().(i), 

where A , 7?, 0, JP, 6r, Jf mean the same as in Art. 178. 
If h 2 — ab — 0 , the equation reduces to 

(Pff -fh) + 2 y (/ct — hf) + c (ft + ?>) -f — <f = 0 , 
or 2 Cr.r 4 - 2 A 7 y —.4 — /J = 0 .(ii). 


The conic in this case is a parabola, and (ii) is the 
equation of its directrix. 

Ex. I. Trace the curve llx 5 -h 2l;ry 1 4y -- 10y |-11—0, and shew 

that the equation of the director-circle is x^+y* + 2x - *2y- -1 . 

Ex. 2. Shew that the equation of tho directrix of the parabola 
a?+2xy+y 2 ~ix+$y— 6=0 is 3x - 3y-l-8 — 0. 

100 . To shew that a central conic has four and only 
four foci , two of lohicli are real and two imaginary. 

Let the equation of tho conic be 

cw?4* 6/-1 = 0 .(i). 

Let (x', y') be a focus, and let x cos a + y sin a —p = 0 
be the equation of the corresponding directrix ; then if e 
be the eccentricity of the conic, the equation will be 

(x — x') 2 + (y — y') 2 — e 2 (x cos a 4- y sin a —p) 2 — 0...(ii). 
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Since (i) and (ii) represent the same curve, and the 
coefficient of xy is zero in (i), the coefficient of xy must be 

zero in (ii); hence a is 0 or ^ . 

Hence a directrix is parallel to one or other of the 
axes. 


Let a = 0, then since the coefficients of x and y are 
zero in (i), we have y' — 0 and x = e*p. 

Also, by comparing the other coefficients in (i) and (ii), 
we have 

a _b -1 
1 -c 2- l x'* -ey ; 

«= J (* - 1) . (iii)> 


and 


apx — 1 



a 


1 

b 


(iv), 

.(v). 


From (v) we see that there are two foci on the axis of 

x whose distances from the centre are + 

From (iv) we see that a directrix is the polar of the 
corresponding focus. 



If a = - , we can shew in a similar manner that there 
£ 

are two foci on the axis of y whose distances from the 

centre are ± . Of the two pairs of foci one is 

clearly real and the other imaginary, whatever the values 
of a and b (supposed real) may be. 

The eccentricity of a conic referred to a focus on the 
is of x is from (iii) equal to ^1 — the eccentricity 
referred to a focus on the axis of y will similarly be 
1 — . If the curve be an ellipse a and b have the 


axis 


a/0 
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same sign, and one of these eccentricities is real and the 
other imaginary. If however the curve be an hyperbola, 
a and h have different signs and both eccentricities are 
real. 

In any conic, if e x and be the two eccentricities, we 
have 

1 1 _ a b _ 

e i + — 6 — J ’ 


191. To find the eccentricity of a conic given by the 
general equation of the second degree. 

By changing the axes we can reduce the conic to the 
form 

ax 2 + y3y 2 + 7 = 0.(i). 

If e bo one of the eccentricities of the conic, 


a = ft (1 — e 2 ) 

But [Art. 152], we know that 



a + /3 = a + b .(iii), 

and a/3 = ah — h* .(iv). 


Eliminating a and ft from the equations (ii), (iii) and 
(iv), we have 

(2-c 2 ) 2 _ (a + b)‘ 2 


or 


e* + 


1 -e 2 

(a.-b)*+ 47/ 
ah — h* 


ab - h* ’ 
'(c*-l) = 0 



If the curve is an ellipse, ab — li 2 is positive, and one 
value of c 2 is positive and the other negative. The real 
value of e is the eccentricity of the ellipse with reference 
to one of the real foci, and the imaginary value is the 
eccentricity with reference to one of the imaginary foci. 

If the curve is an hyperbola both values of e 2 are 
positive, and therefore both eccentricities are real, as we 
found in Art. 190; we must therefore distinguish between 
the two eccentricities. 

The signs of a and /3 in (i) are different when the curve 
is an hyperbola; and, if the sign of a be different from 
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that of 7 , the real foci will lie on the axis of x. Hence 
to find the eccentricity with reference to a real focus; 
obtain the values of a and /B from (iii) and (iv), then (ii) 
will give the eccentricity required, if we take for a that 
value whose sign is different from the sign of 7 . 

Ex. Find the eccentricity of the conic who.se equation is 

x 1 -Axy - 2 if' 2 F 10.r + 4//=0. 

The equation referred to the centre is . t 2 - 4 xy - 2//° - 1 =*0. This will 
become a^ 2 -l-/9y- -1—0, where a+/J --l and afi — - 6. Ileuce a—2, 
- - 3. The eccentricity with reference to a real focus is given by 
2 = - 3 (1 - e') ; therefore e = Va* 

192. To find the foci of a conic. 

Let (x\ y) be one of the foci of the conic 

ax* 4 2 1ix)j 4 - by* 4 %ga: 4 2 fy 4 c — 0 .(i). 

The corresponding directrix of the conic is the polar of 
(. 7 /, y) ; therefore its equation is 

x (ax’ 4 hy 4 g) -f y (fix' 4 by' 4 /) 4- gaf +fy' 4- c = 0. 

The equation of the conic may therefore be written in 
the form 

O - «0* + (y- yj - M* +%' +o)+y (/«’+ h' -I-/) 

+ </•*'+/y + c) 2 = 0.(ii). 

Since (i) and (ii) represent the same curve, the coeffi¬ 
cients in (ii) must be equal to the corresponding coefficients 
in (i) multiplied by some constant. We have therefore 


1 — X ( ax' 4 Inf 4 gf — ha, 

— X (ax' 4 h if 4 g) (ha/ 4 by 4 /) = kh, 

1 - X (hx 4 by' 4/) 2 ' ‘ = hb, 

- af - X (ax 4 hy 4 <j) (gaf 4// 4 c) = hg, 

-y'-\(hx' 4 by'+f) (gaf 4 fy' 4 c) = If 
and af* 4 y 1 — X (gaf +fy' 4 c)* = he. 


From the first three of the above equations we have 
(ax' 4 hy' 4 gY - (hx' 4 by' 4/ 2 ) 

~a-b 

_ (oaf 4 hy' 4 g) (hx' 4 by' 4 /) /jj^ 

h 
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Multiply the fourth and fifth equations by x\ y f respec¬ 
tively and add them to the sixth; then, comparing with 
the second, after rejecting the'factor gx +fy + c, we get 

x (ax' + hy +g)+y' (hx + by +/) + gx +fy + c 

_ (ax' + hy' + g) (hx + by +/) 

h 

or <}, (x\ /) = 9)W ±¥_+/).,. (iv) . 

The four foci are therefore from (iii) and (iv) the four 
points of intersection of the two conics 

h y + gY — ( hx + by +/) 2 __ (ax + hy +g) (hx + by +/) 
a — b h 

= <l> y)- 

193. The equation of a conic referred to a focus as 
origin is # 2 + y 2 = e 2 (x cosa + y sin a — p) 2 . 

Either of the lines x±J—ly = Q meets the conic in 
coincident points. 

Hence the tangents from the focus to the conic .are the 
imaginary lines x ± y J— 1 = 0 , or as one equation 

x* + tf = 0 . 

Since the equation of the tangents from a focus is in¬ 
dependent of the position of the directrix, it follows that 
if conics have one focus common they have two imaginary 
tangents common, and that confocal conics have four 
common tangents. 

Now if the origin and axes of co-ordinates be changed 
in any manner, the equation of the tangents from a focus 
will be changed from 

a? + y* = 0 to x* 4 - y* + 2gx + 2 \fy 4 - c = 0 . 

Hence the equation of the tangents to a conic from a 
focus satisfies the conditions for a ; circle. 

We may therefore find the foci of a conic in the 
following manner. 
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The equation of the tangents from (x\ y) to the conic 
4> (v> y)‘= o is 

(ax* + 2 hxy + by* + 2gx 4- 2 \fy + c) <j> (x, y) 

= {axx + h(xy + y'x) + byy+g (x + x) +f(y + y') + c} 2 . 

If (x, y) be a focus of the conic, this equation satisfies 
the conditions for a circle, viz. that the coefficients of x * 
and y* are equal, and that the coefficient of xy is zero. 

Hence we have 


a<f> (®'» y) - (ax + hy +g)* = b(j> (x, y) - (hx + by' +/)*, 
and h<j> (x\ y) — (ax + hy' + g) (hx + by + f). 

The foci are therefore the points given by 
(ax + hy + g)* - (hx + %+/)' 
a —b 


(ax + hy + g) (hx + by +/) 
h 


^ <f> («. ?/)• 


The equations giving the foci may be written 



194. To find the equation of the axes of a conic. 

The axes of a conic bisect the angles between the 
asymptotes, and the asymptotes are parallel to the lines 
given by the equation ax"+ 2hyx -f by *=0 [Art. 174). Hence 
[Art. 39] the axes are the straight lines through the centre 
of the conic parallel to the lines given by the equation 

a 3 

x — y _ xy 
a — b k 

We may also find the equation of the axes a,s follows. 

If a point Pbc on an axis of the conic, the lino joining 
JP to the centre of the conic is perpendicular to the polar 
ofP. 

Let x f y be the co-ordinates of P, then the equation 
of the polar of P is 

x(ax’+hy+g) + y(hx'+ by’+f) +gx + fy + c = 0 .. .(i). 

8. C. 8. 14 
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The equation of any line through the centre of the 
conic is ax _j_ } t y \ (j iX + by +f) — 0 .(ii).. 

Since (ii) is perpendicular to (i), wc have « 

(a+\h) (ax +hy+g) + (h+\b) (hx +by +f) =0.. .(iii). 
Since (ii) passes through (x f , y') f we have 

ax + by +g -}- A {fix' + by' +f) = 0 .(iv). 

Eliminate A from (iii) and (iv), and we see that (x, y') 
must be on the conic 

(no? 4- hy + g)*— (hx + by+ /) 2 _ ( ax + by+ g) (hx -f b y +/) 
a — b a h 1 

which is the equation required. 

The equation of the axes may also be- deduced from 
Aiticle 192 or 193; for one of the conics on which we have 
found that the foci lie passes through the centre,-and 
therefore must be the axes. 


Ex. 1. Shew that all conics through the four foci of a conic are 
rectangular hyperbolas. 

Ex. 2. Prove that tho foci of the conic whose equation is 

ax 1 + 2hxy +6y 2 =1, 

lie on the curves 

x ® — ?/ 2 _ Xlf _ 1 

a-b ~ h ~ IP —ab* 


Ex. 3. Shew that the real foci of the conic 


* 2 - 6<ey+?/ 2 - 2x-2y+o—0 are (1, 1) ami ( - 2, ~ 2). 


Ex. -1. 


are 


Tho co-ordinates of the real foci of 2* 2 - Sxtj - 4y 2 - 4y +1=0 




Ex. 5. The focus of the parabola x 2 + 2xy +- 4se +- 6=0 in the 
point (-i, -4). 

Ex. 6. Shew that the product of the perpendiculars from the two 
imaginary foci of an ellipse on any tangent to the curve is equal to the 
square of the semi-major axis. 


Ex. 7. Shew that the foot of the perpendicular from an imaginary 
focus of an ellipse on the tangent at any point lies on tho circle 
described on the minor axis as diameter. 
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Ex. 8. If a circle have double contact with an ellipse, shew that the 
tangent to the circle from any point on the ellipse varies as the distance 
of that point from the chord of contact. 

195. % find the equation of a conic when the axes 
of co-ordinates are the tangent and normal at any point. 

The most general form of the equation of a conic is 
ax* + 2hxy -f by* + 2 gx -f 2 fy -f c — 0. 

Since the origin is on the curve, the co-ordinates (0, 0) 
will satisfy the equation, and therefore c = 0. 

The line y = 0 meets the curve where ax 2 + 2 gx = 0 . 
if y = o is the tangent at the origin, both the values of x 
given by the cquatiou ax* + 2gx — 0 must bo zero; there¬ 
fore g * 0. 

Hence the most general form of the equation of a conic, 
when referred to a tangent and the corresponding normal 
as axes of x and y respectively, is 

ax* + 2 hxy + by* + 2fy ~ 0. 

Ex. 1. All chords of a conic which subtend a right angle at a fixed 
•point O on the conic t cut the normal at O in a fixed point. 

Take the tangent and normal at O for axes; then tho equation 
of tho conic will be 

ax 2 -f 2 hxy + by 2 + 2 fy - 0. 

Let the equation of PQ, one of the chords, be Ix + my- 1=0. The 
equation of the lines OP, OQ will be [Art. 38] 

ax 2 -\-2hxy\ by 2 + 2fy (Lr + my) =0.(i). 

But OP, OQ are at right angles to one another, therefore the sum of 
the coefficients of x 2 and y 3 in (i) is zero. Hence we have a+b + '2fm=0 ; 
which shews that m is constant, and m is tho reciprocal of the intercept on 
the normal. 

Ex. 2. If any two chords OP, OQ of a conic make equal angles with 
the tangent at O, the line PQ will cut that tangent in a fixed point. 


196. The equation of the normal at any point 
of the conic whose equation is aa?+ 1 is 

TLzy 


X — X 
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This will pass through the point (h, k) if 

h— x_k —y 
ax' by 

i. c. if xy' (a — b) + bhy' — akx = 0. 

Therefore the feet of the normals which pass through a 
particular point (h, k) arc on the conic 

xy (a — b) 4 bliy — akx = 0.(i). 

The four real or imaginary points of intersection of the 
conic (i) and the original conic arc the points the normals 
at which pass through the point (h, k). 

The conic (i) is clearly a rectangular hyperbola whose 
asymptotes are parallel to the axes of co-ordinates, that is 
to the axes of the original conic. It also passes through 
the centre of that conic, and through the point (h, k) itself. 

197. If the normals at the extremities of the two 
chords lx 4 my — 1=0 and lx 4 my —1 = 0 meet in the 
point (Jif k) f then, for some value of X, the conic 

ax 9 4 by* — 1 — X (lx 4 my — 1) (lx 4 m y — 1) = 0.. .(i), 

which,for all values of X, passes through the four extremities 
of the two chords, will [Art. 190] be the same as 

xy (a — b) 4 bhy — akx = 0.(ii). 

The coefficients of x 2 and ?/ 2 , and the constant term are 
all zero in this last equation, and therefore they must be 
zero in the preceding. 

We have therefore 

a — \ll r — 0, b — Xmvi = 0, and 1 4 X = 0. 

Hence, if the normals at the ends of the chords 
lx 4 viy —1 = 0 and lx 4 uiy — 1=0 meet i n a point, we 
have 

ll __ mm 
a b 

198. .By the preceding Article we see that normals to 
tho ellipse whose axes are 2 a f 2b at the extremities of the 
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chords whose equations are 

las + my — 1 = 0 , and Has + my — 1 = 0 , 

will mcet^n a point, if 

a'U = BW = - 1.(i). 

If the eccentric angles of these four points be a, /3 and 
7 , 8 , the equations of the chords will be 


x a + fi . y . a + /3 a—8 

- cos T' + 'i Sm “2 =oofi 2 


a 


, x y + 8 V . 7+3 7 — & 

and - cos _ +Vsiu — =cos . 

a 2 ft 2 2 

We have therefore, by compfiring with (i), 

a + /3 7 + 8 a — /3 7 —5 

cos - cos 2 + cos cos 

, . a + £ . 7+8 a — 7 — 8 

and sin---—sin tl - -f cos - - cos n 

9 9 9 



By subtraction, we have 

a+^+ 7+8 

cos 9 = 0 , 

whence a-h^-f -7 + 8= (2?i 4-1) 7r.(ii). 

Also the first equation gives 

a + yS + 7 -!- 8 ol~ ft — 7 — ^ gi + 7 — — 8 

cos 9 4 - cos ^ 4 - cos - - g ■ - 


a + 8 — — 7 ,, 

-h cos fc> 1 = 0 , 


and, using the condition (ii), this becomes 

sin (a 4 - £) + sin (j3 4- 7 ) 4 - sin (7 4- a) = 0...(iii). 


Ex. 1. //’ AUC be a maximum triangle inscribed in an ellipse, the 

normals at A , 7 1, C will meet in a point. 

4ir 

The eccentric angles will be a, a+— , ami a + [Art. 138]. Thu 

O u 
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condition that the normals meet in a point is [Art. 198 (iii)] 

sin 2 a+sin ^ 2 a+ 
which is clearly true. 

Ex. 2. The normals to a central conic at the four points P, Q, 12, S 
meet in a point , and the circle through P, Q, 11 cuts the conic again in S'; 
shew that SS’ is a diameter of the conic. 

SS’ will be a diameter of the conic if US and US' are parallel to 
conjugate diameters [Art. 184]. 

Now if PQ be Ix+my- 1=0, US will be -*x + ^y+l=0 [Art. 197]; 
also 12 S' will bo parallel to lx-my= 0, since P, Q, 12, S' are on a circle; 

hence SS* is a diameter, for [Art. 182] lx-my=Q, and + —0 are 

conjugate diameters of ax i +by*=l. 

[The proftosition may also be obtained from Art. 198 (ii), and 
Art. 186, Ex. ( 1 ).] 



Ex. 3. If the normals to an ellipse at . 1 , If C\ 1) meet in a point, the 
axis of a parabola through A, B, C, 1J is parallel to one or other of the 
equi-ronjugates. 

If h, k l>e the point where the normals moot, A, If C, I) are the four 
points of intersection of the conics 


5 + £=1 and 


la/ Tex 

4 - ‘ - - I) 

I kh 


IP a* 

All conics through the intersections are included in the equation 

/2 t /1 i \ J n j l- x ) 


x 3 y* l 

1 -*\*y 


a- 


IP 


f 1 - 1 ) 

\<l 2 & 2 / 


IP rt 2 


-- 0 . 


If this he a parabola the terms of the second degreo must be a perfect 

x y 

square, and therefore must he the square of - % . The equation of every 


a^'l) ^‘ v ^ + C = 0 . Their 

axes arc therefore [Art. 172 ] parallel to one or other of the linos - ± y = 0 . 

a b 

Ex. 4. The perpendicular from any point P on its polar with respect to 
a conic passes through a fixed point O; prove (a) that the locus of P is a 
rectangular hyperbola, (ft) that the circle circumscribing the triangle which 
the polar of P cuts off from the axes always passes through a fixed point O’, 
( 7 ) that a parabola whose focus is O' will touch the axes and all such 
polars, (5) that the directrix of this parabola is CO, where C is the centre 

1 • 

of the conic, and (c) that O and O' are interchangeable. 


such parabola is therefore of the form ^ 
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j*3 y2 

Let the equation of the conic be ^ = 1, and let (ft, A) be the co-or¬ 

dinates of the fixed point O. 

If the co-ordinates of any point P be (x\ y') t the equation of the line 
through P perpendicular to its polar with respect to the conic will be 

x - x' y -y’ 

“ 7 “’ 

a a 6 * 


or 


a-x ft 2 // „ 

-j - - ! —a-- b 1 . 
ar 

If this line pass through the point ( h , 7c), we have 

aVt Wk 


^ y 


(i)- 


Prom (i) we see that (a/, y') is on a rectangular hyperbola.(a). 

The equation of the circle circumscribing the triangle cut off from the 
axes by the polar of (x\ y') will be 

* % 0 . 

xf y 

The circle will pass through the point (\ft, -XA) if 

„ .... , aVi b*k 

X{/.-+fc-)=y- y , ■ 

Hence, if (or/, \j ') satisfies the relation (i), we have 

a 2 - ft- 
X = ft 2 + ft 2 * 

Hence the circles all pasH through tlie point O' whose co-ordinates arc 

a 2 - ft* ft 2 « 2 

*+**■»■+*•* . w - 


The point O' is on the circle circumscribing the triangle formed by the 
axes and any one of the polars; hence the parabola whose focus is O' and 
which touches the axes will touch every one of the polars.( 7 ). 

Tho parabola touches the axes of the original conic, therefore the centre 
C is a point on the directrix of the parabola. Also the lines CO and 
CO' make equal angles with the axis of x % which is a tangent to the 
parabola; therefore O' being the focus, CO is the directrix.(5). 

Since CO'.CO-u-- ft 2 , and CO, CO' make equal angles with the 
axis of x, and are on the same side of the axis of y , the points 0 and O' 
are interchangeable .(f). 


199. Definition. Two curves are said to be similar 
and similarly situated when radii voctores drawn to the 
first from a certain point 0 are in a constant ratio to 
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parallel radii vectores drawn to the second from another 
point O'. 

Two curves are similar when radii drawn from two 
fixed points 0 and 0 ' making a constant angle with one 
. another are proportional. 

The two fixed points 0 and 0' may be called centres of 
similarity. 

* 200. If one pair of centres of similarity exist for two 
carves, then there will he an infinite number of such pairs. 

Let 0, O’ be the given centres of similarity, and let 
OP, O'P' be any pair of parallel radii. Take 0 any point 
whatever, and draw O’O' parallel to 00 and in the ratio 
O'P' : OP. Then, from the similar triangles COP , and 
(I O'P' we see that OP is parallel to O’P and in a 
constant ratio to it; which proves that 0\ O' are centres of 
similarity. 

201 . If two central conics he similar the centres of the 
two curves will he centres of similarity. 

Let 0 and O' be two centres of similarity. Draw 
any chord POQ of the one, and the corresponding chord 
PH (/ of the other. Then by supposition PO. OQ :l y O'. O' Qf 
is constant for every pair of corresponding chords. But 
since 0 is a fixed point PO. 0Q is always in a constant 
ratio to the square of the diameter of the first conic which 
is parallel to it. The same applies to the other conic. 
Therefore corresponding diameters of the two conics are 
in a constant ratio to one another; this shews that the 
centres of the curves are centres of similarity. 

202 . To find the conditions that two conics may he 
similar ami similarly s'ituated. 

By the preceding Article, their respective centres 
are centres of similarity. 

Let the equations of the conics referred to those 
centres and parallel axes he 

aal + 2 hxy 4- hf 4- c — 0, 
ax' 1 + 2 Jixy 4- b'y* 4- c — 0; 


and 
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or, in polar co-ordinates, 

r 2 (a cos 2 # 4 - 1h sin # cos 6 + b sin 2 #) + c = 0 , 
and 7*' 2 [a! cos 2 # + 2 li sin # cos 0 + b' sin* 6} c — 0 . 

If therefore r 2 : ?-' 2 be constant, we must have 
a cos 2 # -f 2 h sin # cos 0 + b sin 2 # 
a cos 2 # + 2h! sin # cos # + b' sin 2 # 
the same for all values of #. 

This requires that ^ ~ . Hence the asymptotes 

of the two conics are parallel. [This result may be obtained 
in the following manner : since r : v is constant, when one 
of tin*, two becomes infinite, the other will also be infinite, 
which shews that the asymptotes are parallel.] 

Conversely, if these conditions be satisfied, ami if each 
fraction be equal to then 


r l c 

.'a 


/ > 


r“ Ac 

therefore the ratio of corresponding radii is constant, and 
therefore the curves are similar. 

If c and \c have not the same sign the constant ratio 
is imaginary , and is zero or infinite if c or v be zero. 

The conditions of similarity are satisfied by the three 
curves whose equations are 

xy = c, xy = 0 , and xy -- - c. 

Therefore an hyperbola, the conjugate hyperbola, ami 
their asymptotes are three similar and similarly situated 

curves; the constant ratio being J — 1 for the conjugate 
hyperbola, and zero for the straight lines. 

These curves have not however the name shape. Tor 
similar curves to have the same shape the constant ratio 
must be real and jinite. 


203. To find the condition that two conics 'may be 
similar although not similarly situated. 

We have seen that the centres of the two curves must 
be centres of similarity. 
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Let the equations of the curves referred to their 


respective centres be 

ax 2 -f 2 fovy + by 2 + c =0 .(i), 

ax 1 + Zh'xy + by + c = 0 .(ii), 


and let the chord which makes an angle 6 with the axis of 
x in the first be proportional, for all values of 6 y to that which 
makes an angle (0 + a) in the second. If the axes of the 
second conic be turned through the angle a, we shall then 
have radii of the two conics which make the same angle 
with the respective axes in a constant ratio. 

Let the equation of the second conic become 
Ax 2 + 2 Il'xy + By* + c = 0. 


Then, by the preceding Article, we must have 


therefore 


A' = IT _ If 
a h h 9 

A'+n ir) 

a+b ^(ab — h 2 ) 


But [Art. 52] A'+l?=a+b', and A Ai' — JH— u'b'— W l ; 
therefore the condition of similarity is 

ub — h 2 ab' — h' 2 

(a+by~Xa‘ + by 

The above shews that the angles between the asymp¬ 
totes of similar conics are equal. [See Art. 174.] 

This result may also be obtained in the following 
manner: since radii vectores of the two curves which are 
inclined to one another at a certain constant angle are in a 
constant ratio, it follows that the angle between the two 
directions which give infinite values for the one curve 
must be equal to the corresponding angle for the other, 
that is to say the angle between the asymptotes of the one 
conic is equal to the angle between the asymptotes, of the 
other. 
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Examples on Chapter, X. 


1. If Q and P bo any two points, and G the centre of a 
conic; shew that the perpendiculars from Q and G on the polar 
of P with respect to the conic, are to one another in the same 
ratio as the perpendiculars from P and G on the polar of Q. 

2. Two tangents drawn to a conic from any point are in 
the same ratio as the corresponding normals. 

3. Find the loci of the fixed j>oints of the examples in 
Article 195, for different positions of 0 on the conic. 

4. POQ is one of a system of parallel chords of an ellipse, 
and O is the point on it such that PO* 4 - OQ* is constant; shew 
that, for different positions of the chord, the locus of 0 is a 
concentric conic. 


5. If 0 be any fixed point and OP P any chord cutting a 
conic in ]*, P y and on this line a point D be taken such that 

Qjyt o/u QP'- 1 l°° ns ^ W H1 be a conic whose centre 

is 0. 


C. If OPPQQ' is one of a system of parallel straight lines 
cutting one given conic in P, P’ and another in Q , Q, and 0 is 
such that the ratio of the rectangles OP, OP and OQ . OQ' is 
constant; shew that the locus of 0 is a conic through tho inter¬ 
sections of the original conics. 


7. POP , QOQ' are any two chords of a conic at right 
angles to one another through a fixed point 0; shew that 

POTOP + QO. Of/^ con3taut - 


8. [f a point be taken on the axis-major of an ellipse, 


whose abscissa is equal to a 



prove that the sum of 


the squares of the reciprocals of the segments of any chord 
passing through that point is constant. * 
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9. If PP' be any one of a system of parallel chords of 
a rectangular hyperbola, and A, A' be the extremities of the 
perpendicular diameter; * PA and PA' will meet on a fixed 
circle. Shew also that the words rectangular hyperbola, and 
circle, can be interchanged. 

10. If PSP' be any focal chord of a parabola and PM, PM' 
be perpendiculars on a fixed straight line, then will 

PM 

7« + 7\s' 

be constant, 

11. Chords of a circle are drawn through a fixed point and 
circles are described on them as diameters; prove that the 
polar of the point with regard to any one of tin;sc circles 
touches a fixed parabola. 

12. From a fixed point on a conic chords are drawn making 
equal intercepts, measured from the centre, on a fixed diameter; 
find the locus of the point of intersection of the tangents 
at their other extremities. 


13. If y) and (x", y") be the co-ordinates of the 
extremities of any focal chord of an ellipse, and x, ;// be the 
co-ordinates of the middle point of the chord; shew that y y" 
will vary as ,r. What does this become for a parabola? 


14. S, II are two fixed points on the axis of an ellipse 
equidistant from the centre C; PSQ, PIIQ' are chords through 
them, and the ordinate MQ is produced to R so that MR may 
lHi equal to the abscissa of (/; shew that the locus of R is 
a rectangular hyperbola. 


15. S, II are two fixed points on the axis of an ellipse 
equidistant from the centre, and PSQ, PIIQ ' arc two chords of 
the ellipse; shew that the tangent at P and the line QQ' make 
angles with the axis whose tangents are in a constant ratio. 


16. # Two parallel chords of an ellipse, drawn through the 
foci, intersect the curve in points P, P on the same side of the 
major axis, and the lints through P, P intersects this semi-axes 


' A (j JiO* 

CA , CB in U, V respectively: prove that + yg* is invariable. 
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17. From an external point two tangents arc drawn to an 
ellipse; shew that if tho four points where the tangents cut 
the axes lie on a circle, the point from which tho tangents are 
drawn will lie on a fixed rectangular hyperbola. 

18. Provo that the locus of the intersection of tangents to 
an ellipse which make equal angles with the major and minor 
axes respectively, but which are not at right angles, is a rect¬ 
angular hyperbola whose vertices are the foci of the ellipse. 

10. If a pair of tangents to a conic meet a fixed diameter 
in two points such that the sum of their distances from the 
centre is constant; shew that the locus of the point of intersec¬ 
tion is a conic. Shew also that the locus of the point of inter¬ 
section is a conic if the yroduct^ or if the sum of the rccijwocals 
be constant. 


20. Through 0 , tin? middle point of a chord AH of an 
ellipse, is drawn any chord 7 *OQ. The tangents sit l* and (J 
meet AH in S and T respectively. Prove that AS — HV. 


21. Pail’s of tangents are drawn to the conic ax~ + ftf -1 
so sis to be always parallel to conjugate diameters of the conic 
ax' -f- 2hx/f 4- by 3 - 1; shew that the locus of their intersection is 


ax 


+ by 2 + 2hxtj - - 


a 

a 


b 



22. P r J\ VT' are two tangents to an ellipse which meet the 
tangent at si fixed point Q in r J\ T f ) find the locus of P (i) 
when the sum of the squares of QT and QT' is constaut, stud (ii) 
when the rectangle QT . QT is constant. 


23. 0 is si fixed point on the tangent sit the vertex A of si 
conic, and 1\ 7", are points on thsit tangent equally distant 
from Oj shew thsit the locus of tho point of intersection of the 
other tangents from T and T’ is si straight line. 

24. If from any point of tho circle circumscribing a given 
square tangents be drawn to the circle inscribed in the same 
square, these tangents will meet the diagonals of the square 
in four points lying on a rectangular hyperbola. 
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25. Find the locus of the point of intersection of two 
tangents to a conic which intercept’ a constant length on a fixed 
straight line. 

26. Two tangents to a conic meet a fixed straight line MN 
in P, Q\ if P, Q he such that PQ subtends a right angle 
at a fixed point 0, prove that the locus of the point of inter¬ 
section of the tangents will he another conic. 

27. The extremities of the diameter of a circle are joined 
to any j>oint, and from that point two tangents are drawn to the 
circle; shew that the intercept on the perpendicular diameter 
between one line and one tangent is equal to that between the 
other line and the other tangent. 

28. Triangles are described about an ellipse on a given base 
which touches the ellipse at P; if the base angles be equidistant 
from the centre, prove that the locus of their vertices is the 
normal .at the other end of the diameter through P. 

20. A parabola slides between rectangular axes; find the 
curve traced out by any point in its axis; and hence shew that 
the focus and vertex will describe curves of which the equations 

aro x^y 3 — a 8 (.x* 4- 1/*), ary' {a? + if + 3 a 2 ) — 

4 a ljcing the latus rectum of the parabola. 

30. If the axes of co-ordinates be inclined to one, another 
at an angle a, and an ellipse slide between them, shew that the 
equation of the locus of the centre is 

sin 8 a (jc 8 + if — p 2 ) 2 — 4 cos 2 a (.x 2 // 2 sin 2 a — q A ) — 0 , 

where /* 8 and q 2 denote- respectively the sum of the squares and 
the product of the semi-axes of the ellipse. 

31. If OP, OQ are two tangents to an ellipse, and 
Cl y , CQ the parallel semi-diameters, shew that 

op .OQ + cr. cq ~ os . on, 

11 ]?eing the foci. 

32. Through two fixed points P, Q straight lines APB, CQ.D 
are drawn at right angles to one another, to meet one given 
straight line in A , C and another given straight line perpen- 
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dicular to the former in B, 1) ; find the locus of the point of 
intersection of AD f BG ; and shew that, if the line joining 
P and Q subtend a right angle at the point of intersection of 
the given lines, the locus will be a rectangular hyperbola. 

33. Trove that the locus of the foot of the perpendicular 
from a point on its polar witli respect to an ellipse is a rect¬ 
angular hyperbola, if the point lies on a fixed diameter of the 
ellipse. 

34. The polars of a point P with respect to two concentric 
and co-axial conics intersect in a point Q; shew that if P 
moves on a fixed straight line, Q will describe a rectangular 
hyperbola. 

35. Shew that if the polars of a point with respect to two 
given conics are either parallel or at right angles the locus of 
the point is a conic. 

36. 'The line joining two points A and B meets the two 
lines OQ, OP in Q and P. A conic is described so that OP and 
OQ are the polars of A and B with respect to it. Shew that 
the locus of its centre is the line OH where Ii divides AB so 
that 

AH : HP :: Qli : HP. 

37. Find the locus of tin; foci of all conics which have a 
common director-circle and one common point. 

38. Shew that the locus of the foci of conics which have a 
given centre and touch two given straight linos is an hyperbola. 

39. In the conic ax s + 2hxy + by 2 = 2//, the rectangle under 
the focal distances of the origin is 

_ 1 

ab — h 3 * 

40. The focus of a conic is given, and the tangent at 
a given point; shew that the locus of the extremities of 
the conjugate diameter is a parabola of which the given focus 
is focus. 

41. A series of conics have their foci on two adjacent sides 
of a given parallelogram and touch the other two sides; shew 
that their centres lie on a straight line. 
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42. If TP, TQ be tangents drawn from any point T to 
touch a conic in P and Q, and if S and H be the foci, then 

ST* 7/7 ■_ 

SP . SQ~~ HPllIQ' 


43. An ellipse is described concentric with and touching a 
given ellipse and passing through its foci; shew that the locus 
of the foci of the variable ellipse is a lemniscate. 


44. Having given five points on a circlo of radius a] shew 
that the centres of the five rectangular hyperbolas, each of which 
passes through four of the points, will all lie on a circle of 

v a 
radius --. 


45. Tf a rectangular hyperbola have its asymptotes parallel 
to the axes of a conic, the centre of mean position of the four 
points of intersection is midway between the centres of the 
curves. 

46. Three straight lines arc drawn parallel respectively to 
the three sides of a triangle; shew that the, six points in 
which they cut the sides lie on a conic. 


47. If the normal at P to an ellipse meet the axes in the 

2 11 

points G y G\ and 0 be a point on it such that _ - + ; 

10 10 10 

then will any chord through 0 subtend a right angle at P. 


48. Through a fixed point 0 of an ellipso two chords 
OPy 01* are drawn; shew that, if the tangent at the other 
extremity O' of the diameter through 0 cut these lines pro¬ 
duced in two points Q, Q' such that the rectangle O'Q . O'Q' is 
constant, the line PP' will cut 00' in a fixed point. 

49. A chord LM is drawn paiullel to the tangent at any 
point P of a conic, and the line PR which bisects the angle 
LPM meets LM in A*; prove that the locus of R is a hyperbola 
having its asymptotes parallel to the axes of the original conic. 

50. A given centric conic touched at the ends of a 
chord* drawn through a given point in its transverse axis, by 
another conic which passes through the centre of the former: 
prove that the locus of the centre of the latter conic is also a 
centric conic. 
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51. QQ' is a chord of an ellipse parallel to ono of the equi- 
conjugato diameters, C being the centre of the ellipse; shew 
that the locus of the centre of the circle QCQ' for different 
positions of QQ' is an hyperbola. 


XT 7 / 

52. A circle is drawn touching the ellipse - 4 = 1 at 

any point and passing through the centre; shew that the locus 
of the foot of the perpendicular from the centre of the ellipse 
on the chord of intersection* of the ellipse and circle is the 


ellipse a 2 x* + b q y* 


a*b 4 

(tf-by 


53. Find the value of c iu order that the hyperbola 




2xy — c = 0 may touch the ellipse - a + ' — 1 0, and shew that 

the point of contact will be at an extremity of one of the 
oqui-coiijugato diameters of the ellipse. 

Shew also that the polars of any point with respect to the 
two curves will meet on that diameter. 


54. Shew that, if CJ), EF be parallel chords of two circles 
which intersect in A and 7>, a conic section can bo drawn 
through the six points A, 7>*, C, 1), E, F; and give a construc¬ 
tion for the position of the major axis. 


55. If the intersection /' of the tangents to a conic at two 
of the points of its intersection with a circle lie on the circle, 
then the intersection l v of the tangents at tins other two points 
will lie oil the same circle. Jn this case Ibid the relations con¬ 
necting the positions of F and V for a central conic, and deduce 
tilt! relative positions of 7* and F f when the conic is a parabola. 


50. If T, T lie any two points equidistant and on 
opposite sides of the directrix of a parabola, and Tl\ TQ 
be the tangents to the paruhola from 7 r , and T'Q\ TV the 
tangents from r l v \ then will 1\ 1\ Q, T’, F' t (/ all lie on a rect¬ 
angular liyperbola. 

57. If a straight line cut two circles in A, A' and /», IV 
and if C, C' be the common points of the circles, and if O be 
any point; shew that the three circles OAA\ OBIV and OCC' 
will have a common radical axis. 


S. C. S. 


15 
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58. With a fixed point 0 for centre circles are described 
cutting a conic; shew that the locus of the middle points of the 
common chords of a circle and of the conic is a rectangular 
hyperbola. 

59. With a fixed point 0 for centre any circle is described 
cutting a conic in four points real or imaginary; shew that 
the locus of the centres of all conics through these four points 
is a rectangular hyperbola, which is independent of the radius 
of the circle. 


CO. The normals at the ends of a focal chord of a conic 
intersect in 0 and the tangents in 7'; shew that TO produced 
will pass through the other focus. 


01. If from any point four normals be drawn to an ellipse 
meeting an axis in G\, O t (J A , (*\, then will 


1111 4 

<u.\ + co\ + oo A ''' co\ oo]Too~ i- >:o\Tvd ,' 


62 , If the normals to an ellipse at A, 11, 0 , 1) meet in 0 , 
find the equation of the conic AIKIDO ., and shew that the 
locus of the centre of this conic for a fixed point 0 is a straight 
line if the ellipse be one of a set of co-axial ellipses. 


63. The four normals to an ('llipse at /\ Q, A, S meet at 0. 
Straight lines are drawn from I\ Q, H, S such that they make 
the same angles with the axis of the ellipse as (7/*, OQ, C. A*, C/S 
respectively : prove that these four lines meet in a point. 


64. The normals at 7 *, Q, //, S meet in a point 0 and liues 
are drawn through /*, Q, It, S making with the axis of the 
ellipse the same angles as OP, OQ, Oil, OS respectively: provo 
that these four lines meet in a point. 

65. The normals at P , Q , 7?, S meet in a point; and 
7 y , Q', Ji\ S' .are the points of the auxiliary circle correspond ■ 
ing to P, Q , 7i*, S respectively. If lines be drawn through 
J\ Q, P, S parallel to J y C, Q'O , It'C and S'C respectively, shew 
that they will meet in a point. 

66. If from a vertex of a conic perpendiculars he drawn 
to the four normals which meet in any point 0 , these lines 
will meet the conic again in four points on a circle. 
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07. Tangents are drawn from any point on the conic 


« 

4 to the conic ' 4- ~ 1 ; prove that the normals at 

a b a 2 b 1 1 r 

( 2 f)~\~ 

08. MAHC be a triangle inscribed in an ellipse such that 
the tangents at the angular points are parallel l-o the opposite 
sides, shew that the normals at A, 7?, C will meet in some 
point O. Shew also that for different positions of tin*, triangle 
the locus of O will be the ellipse 4<r.tr + Airy" -- (ftr — h*)' 2 . 

09. If the co-ordinates of the feet of the normals to xy ■ a 
from the point (X t Y) be //,; x„, y,; x ;t , //,; x 4 , ?/,; then 
V - - v/, 4- y,, 4- //., 4- y 4 , and X" - x 4 ;r 2 + x 3 + x 4 . 

70. Tlic locus of the point of intersection of the normals 
to a conic at the extremities of a chord which is parallel to a 
given straight line, is a conic. 

71. Any tangent to the hyperbola 4 xy - ab meets the 
ellipse, ; * 4I in points /*, (J; shew that the normals to the 

ellipse at /* and Q meet on a fixed diameter of the ellipse. 

72. If four normals be drawn from the point 0 to the 
ellipse b*x* + d 2 y 2 -a 2 /> 2 , and p t , p 2 , /> t be the perpendiculars 

from the centre on the tangents to the ellipse drawn at the feet 
of these normals, then if 

11111 

> 4- i. 4* ii 4- ii .I, 

vc p2 p; p; <■ 

where c is a coustant, the locus of 0 is a hyperbola. 

73. Find the locus of a point when the sum of the 
squares of the four normals from it to an ellipse is constant. 

74. The tangents to an ellipse at the feet of the normals 
which meet in (,/Jy) form a quadrilateral such that if (x', y), (x'\y") 

x’x" vy” 

he any pair of opposite vertices =-• — 1, and that the 

equation of the line joining the middle points of the diagonals 
of the quadrilateral is fx 4- gy — 0. 

75. Tangents are drawn to an ellipse at four points which 
are such that the normals at those points co-intersect; and four 
rectangles are constructed each having two adjacent sides along 

15—2 
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the axes of the ellipse, ami one of those tangents for a diagonal. 
Prove that the distant extremities of the other diagonals lie 
in one straight line. 

76. From a point P normals arc drawn to an ellipse 
meeting it in A , 7?, 0, J). Tf a conic can ho described passing 
through A, B, C, J) and a focus of the ellipse and touching the 
corresponding directrix, shew that P lies on one of two fixed 
straight lines. 


77. If the normals at A, B, C, J) meet in a point 0 , then 
will SA . SB . SC . SD - k 2 . SO 2 , where S is a focus. 

78. From any point four normals are drawn to a rect¬ 
angular hyperbola; prove that the sum of the squares on these 
normals is equal to three times the square of the distance of 
the point from the centre of the hyperbola. 


0(j y/ - 

79. A chord is drawn to the ellipse , )- 1 meeting the 

1 a “ h“ ® 


major axis in a point whose distance from the centre is 

a a / - - \. At the extremities of this chord normals are drawn 
V a A- b 

to the (illip.se; prove that the locus of their point of intersection 
is a circle. 


80. The product of the four normals drawn to a conic from 
any point is equal to the continued product of the two tangents 
drawn from that point and of the distances of the point from 
the asymptote's. 

81. Find the, equation of the conic to which the straight 
lines (x + \y )' 2 — }) 2 — 0, and ( x + fit /) 2 — <f - 0 are tangents at the 
('lids of conjugate diameters. 

82. From any point T on the circle ar + y 2 - c 2 , tangents 

,12 2 

TP, TQ are drawn to the ellipse+ ? -- 1, and the circle TPQ 


cuts tho ellipse again in !*'(/. Shew that the line I y Q' 

always touches the ellipse 

12 2 ° 

* * ,y _f 

a 4 b l ~ (a*-Iff 

83. A focal chord of a conic cuts the tangents at the 
ends of tho major axis in A, B; shew that the circle on A B as 
diameter lias double contact with the conic. 
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84. ABC D is any rectangle circumscribing an ellipse whose 
foci are S and II; shew that the circle ABB or ABII is equal 
to the auxiliary circle. 

85. Any circle is described having its centre on the 
tangent at the vertex of a parabola, and the four common 
tangents of the circle and the parabola arc drawn; shew that 
the sum of the tangents of the angles these lines make 
with the axis of the parabola is zero. 

86 . Tangents to an ellipse are drawn from any point on 
the auxiliary circle and intersect the directrix in four points: 
prove that two of those lie on a straight line passing through 
the centre, and iind where tin*, line through the other two 
points cuts the major axis. 

87. If u =0, v ~ 0 be the equation of two central conics, 
and w o , v u the values of n, v at the centres C\ O' of these conics 
respectively, shew that u o v — r u n is the equation of the locus of 
the intersection of the lines C i\ (V where 1* are two points, 
one on each curve, such that VI* is parallel to CC\ Examine 
the case where the conics are* similar and similarly situated. 

88 . Two circles have double internal contact with an 
ellipse and a third circle passes through the four points of 
contact. If /, (', T be the tangents drawn from any point on 
the ellipse to these three circles, prove that tV T\ 


89. Find the general equation of a conic which lias 
double contact with the two circles (x~ «)’+;<y 2 -c 2 , (x — b)~+f - d'> 
and prove that the equation of the locus of the extremity of 
the latus rectum of a conic which has double contact with the 
circles (x ± ay + //' — c~ is if (xr - a~) (x — a~ + r~) c x~. 


90. Shew that the lines lx + my -1 and Vx + m'y 1 
are conjugate diameters of any conic through the intersections 
of the two conies whose equations are 

m ~ -1' 1 ™) x 1 -i- 2 {l - V) mni'xtf + (m — in') mm'if - = 2 ( ha' — I'm) x f 



and 


(m J V ~ m'H) if + 2 (m ~ m) ll'xy + (l- V) IV = 2 (mV - m'l) y. 

91. If through a fixed point chords of an ellipse be drawn, 
and on these as diameters circles be described, prove that tlu> 
other chord of intersection of these circles with the ellipse also 
passes through a fixed point. 
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92. The angular points of a triangle are joined to two 
fixed points; shew that the six points, in which the joining 
lines meet the opposite sides of the triangle, lie on a conic. 

93. If three sides of a quadrilateral inscribed in a conic 
pass through three fixed points in the same straight line, shew 
that the fourth side will also pass through a fixed point in that 
straight line. 

94. Two chords of a conic PQ, P'Q' intersect in a fixed 
point* and PF passes through another fixed point. Shew that 
QQ' also passes through a fixed point, and that PQ\ FQ touch 
a conic having double contact with the given conic. 

95. A line parallel to one of the equi-conjugate diameters 
of an ellipse cuts the tangents at the ends of the major axis 
in the points 1\ Q, and the other tangents from P, Q to the 
ellipse meet in 0; shew that the locus of 0 is a rectangular 
hyperbola. 

96. L, J/, A, U are fixed points on a rectangular hyper¬ 
bola and P any other point on it, PA is perpendicular to LM 
and meets Nil in a, PC is perpendicular to LN and meets MU 
in c y PB is perpendicular to LR and meets MN in b. Prove 
that PA . Pa = PB . Pb -- PC . Pc. 

97. P is any point on a fixed diameter of a parabola. 
The normals from P meet the curve in A , B, C. The tangents 
parallel to PA, PB, PC intersect in A', B', C'. Shew that the 
ratio of the areas of the triangles ABC, A'B'C f is constant. 

98. A point P is taken on the diameter AB of a circle 
whoso centre is C. On AP, BP as diameters circles are 
described: the locus of the centre of a circle which touches 
these three circles is an ellipse having C for one of its foci. 

99. The straight lines from the centre and foci 8, 8' of a 
conic to any point intersect the corresponding chord of contact 
in V, O, G'; prove that the radical axis of the circles described 
on 8G, 8'G' as diameters passes through F. 

100. If the sides of a triangle ABC meet two given 

straight lines in «„ « 2 ; b e ; c v respectively; and if round 
the quadrilaterals WW a \ a J*fi s conics be de¬ 

scribed; the three other common chords of these conics will 
each pass through an angular point of ABC, and will all meet 
in a point. 
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SYSTEMS OF CONICS. 

204. The most general equation of a conic, viz. 
ax 2, -f- 2 hx\j + b\f + %jx + 2fy -f c = 0, 

contains the six constants a, h, b, g, f, c. But, since we 
may multiply or divide the equation by any constant 
quantity without changing the relation between x and y 
which it indicates, there are really only live constants 
which are lixed for any particular conic, viz. the live ratios 
of the six constants «, h, b, g, f c to one an other. 

A conic therefore can be made to satisfy Jim conditions 
and no more. For example a conic can be made to pass 
through live given points, or to pass through four given 
points and to touch a given straight line. The live con¬ 
ditions which the conic has to satisfy give rise to five 
equations between the constants, and five, independent 
equations are both necessary and sufficient to determine 
the live ratios. 

The given equations may however give more than one 
set of values of the ratios, and therefore more than one 
conic may satisfy the given conditions; but the number 
of such conics will be finite if the conditions arc rea 
independent. 

Jf there are only four (or loss than four) conditions 
given, an infinite number of conics will satisfy them. 

The live conditions which any conic can satisfy must 
be such that each gives rise to one relation among the 
constants; as, for instance, the condition of passing through 
a given point, or that of touching a given straight line. 
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Some conditions give two or more relations between 
the constants, and any such condition must be reckoned 
as two or more of the five . We proceed to give some 
examples. 

In order that a given point may be the centre two 
relations must be satisfied [Art. 1G8]. 

To have a focus given is equivalent to having two 
tangents given [Art. 193]. 

To have given that a line touches a conic at a given 
point is equivalent to two conditions, for we have two 
consecutive points on the curve given. 

To have the direction of an asymptote given is equiva¬ 
lent to having one point (at infinity) given. 

To have the position of an asymptote given is equivalent 
to two conditions, for two points (at infinity) are given. 

To have the axes given in position is equivalent to 
three conditions. 


To have the eccentricity given is in general equivalent 

<? 4 (a — bY-1 4// 2 

to one condition, but since we have --.. = v 1M - 

1 - e“ ah - V 


[Art. 191], if we are given that <? = (), we must have both 
a = 6 and h = 0. 


205. Through Jive points, no four of which are in a 
straif/ht line, one conic and only one can- be drawn. 

If three of the points are in a straight line, the conic 
through the five given points must be a pair of straight 
lines; for no straight line can meet an ellipse, parabola, or 
hyperbola in three points. And the only pair of straight 
lines through the five points is the line on which the three 
points lie and the line joining the other two points. 

If however not more than two of the points are on any 
straight line, take the line joining two of the points for 
the axis of cc, and the line joining two others for the 
axis of y k 

Let the co-ordinates of the four points referred to these 
axes be h x , 0 ; h ? , 0; 0, k x ; and 0, k„ respectively. 
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The pairs of straight lines + y — 1J=0 

and xy = 0 are conics which pass through the four points. 
Hence [Art. 187] all the conics given by the equation 

will pass through the four points. 

This conic will go through the fifth point, whose co¬ 
ordinates are x, y, if \ be so chosen that 

There is one and only one value of \ which satisfies 
this last equation, and therefore one; and only one conic 
will pass through the five points. 

If four points lie on a straight line, more than one 
conic will go through the five given points, for the straight 
line on which the four points lie and any straight line 


through the fifth is such a conic. 


Fix. 1. Find the equation of the conic passing through the five poiuls 
(2, 1) (1,0), (3, -1), (-1,0) and (3, - 2). 

The pairs of lines ( x-y- 1) (.r I 4//+]) —0, and y (2.r | y — 5) — 0, pass 
through the first four points, and therefore also the conic 
(x - y - 1) (x l Ay +1) - \ij (2.r h»/ - 5) - 0. 

TJie point (2, 2) is on the latter conic if A -= S ; therefore the required 

equation is x- | lh.r//i I//-- 15// 1- 0. 

Ex. 2. Find the equation of the conic which passes through the fiv^ 
points (0, 0), (2, 3), (0, 3), (2, f>) and (1, 15). 

A ns. ox- - l(V.ry -|- Ay' 2 |- 20x -12 y ~ 0. 


200 . To find the general equation of a conic through 
four fixed points. 

Take the line joining two of the points for axis of 
and the line joining the other two for axis of y % and 
let the lines whose equations are ax + hy—1 = 0 and 
a x -f h'y —1=0 cut the axes in the four given points. 

Then xy = 0, and (ax + by — 1) (ax -f h'y — 1) = 0 are 
two conics through the four points, and therefore all the 
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conics of the system arc included in the equation 

Xxy + {ax •+• by — 1) {ax + b'y — 1) = 0.(i), 

or adx* + (bd + aV + X) xy + bb'y 1 

~{a + d)x-{b + b')y+l = 0.(ii). 

207. The equation (ii), Art. 200, will represent a 
parabola , if the terms of the second degree are a perfect 
square; that is, if 

4 adbb' = (bd + ah' + X) 2 . 

This equation has two roots, therefore two parabolas 
will pass through four given points. These parabolas 
arc real if the roots of the equation are real, which 
is the case when adbb' is positive. Tt is easy to shew 
that when adbb' is negative the quadrilateral is re-en¬ 
trant; in that case the parabolas are imaginary, as is geo¬ 
metrically obvious. 

When the terms of the second degree in (ii), Art. 200, 

form a perfect square, the square must be (Jadx ± Jbh'y ) 2 . 
Hence [Art. 172], the axes of the two parabolas are parallel 

to the linos whose equations are Jadx ± Jbh'y = 0, or as 
one equation add 1 — bb'y 1 — 0. 

These two straight lines are parallel to conjugate di¬ 
ameters of any conic through the four points [Art. 183]. 

Hence all conics through four given points have a pair 
of conjugate diameters parallel to the axes of the two pa¬ 
rabolas through those points. 

208. To find the locus of the centres of the conics which 
pass through four fixed points. 

As in Art. 206, the equation of any conic of the 
system is 

Xxy + {ax by — 1) (dx -f b’y — 1) = 0. 

The co-ordinates of the centre of the conic are given 
by the equations 

X?/ + a (dx -4- b'y — 1) + a' (ax -f by — 1) == 0, 
and \x + b (dx + b'y — 1) -f- b' (ax + by — 1) = 0. 
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Multiply these by x and y respectively and subtract; 
then we have, for all values of X, 

(ax — by) (ax + b'y — 1) + (ax — b'y) (ax + by — 1) — 0, 

or 2aaV — 2 bb'y* — (a + a') x + (b + b’) y — 0. 

The locus of the centre is therefore a conic whose 
asymptotes are parallel to the lines aa'a? — bb'y* = 0, i.e. 
parallel to the axes of the two parabolas through the four 
points. [The two parabolas are conics of the system, and 
their centres are therefore the points at infinity on the 
centre-locus.] 


209. The centre-locus in Art. 208 goes through the 
origin, that is through the point of intersection of the line 
joining two of the points and of the line joining the other 
two; and by symmetry it must go through the intersection 
of the other pairs of lines through the four points. [This 
could have been seen at once, for the pairs of lines are 
conics of the system and their centres are their points of 
intersection, and therefore these points of intersection are 
points on the centre-locus.] 

The centre-locus cuts the axis of x where x — 0 and 


where x = \. Therefore the locus passes through 
the point midway between ^, oj and Q,, 0^, that is 


through the middle point of the line joining two of the 
fixed points, and therefore similarly through the middle 
point, of the line joining any other two of the four points. 


If then A, B , G, I) be any four points, the three points 
of intersection of A B anil GJ), of AG and BD, and of AD 
and BG, together with the six middle points of AB, BG, 
GA , AD, BD and CD all lie on a conic, and this conic is 
the locus of the centres of the conics which pass through 
the four points A, B, G, D, 


210 . If aa and hi/ have the same sign, we see from 
Art. 208 that the centre-locus is an hyperbola, and that if 
aa and bU have different signs the centre-locus is an ellipse. 
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If ad = bb', tliat is if the four points are on a circle, the 
centre-locus is a rectangular hyperbola. If ad — — bb', 
and the axes are at right angles, all the conics of the 
system are rectangular hyperbolas, and the centre-locus is 
a circle. In this case the linos joining any two of the 
points is perpendicular to the line joining the other two, 
so that D is the ortho-centre of the triangle ABC. 

Hence a circle will pass through the feet of perpendi¬ 
culars of a triangle ABC and through the middle points 
of A By BC, CA, AD, BD, CD where D is the ortho-centre 
of the triangle ABC, and this circle is the locus of the 
centres of all the conics (which are all rectangular hyper¬ 
bolas) through A, B, G, J). This circle is called the nine- 
point circle. 

211. The asymptotes of any conic through the four 
points defined as in Art. 200, are parallel to the lines 

Ary + (ax -f by) (dx -|- h'y) = 0, 
or add? + (X + ah' -f a'b) xy + bb'y 2 = 0. 

And [Art. JN3] these lines are parallel to conjugate dia¬ 
meters of tin; centre-locus. Hence the asymptotes of any 
conic through the four points tire parallel to conjugate dia¬ 
meters of tlie centre-locus; as a particular case, the asymp¬ 
totes of the rectangular hyperbola which passes through 
the four points are parallel to the axes of the centre-locus. 

Ex. 1. The polar of a fixed point with respect to a system of conies 
through four given points will pass through a fixed point. 

Take the fixed point for origin, and let 

S _ ax- + 2hxy + by- + 2 yx t- 2 \fy +- c — 0, 
and A>" ~ «V- -|- 2 h’xy -I- b y- + 2 y'jc + 2fy 4- c'— 0, 

ho two of the conics; then any conic of the system is given l»y S- \S'= 0. 
The polar of the origin is 

yx +fy - I c - X {tfx +fy + c') - 0, 

and this, for all values of X, passes through the intersection of 

•jx +fy I- <’ - 0, and <jx +f f y + c! - 0. 

Ex. 2. 4 The locus of the poles of a given straight line with respect to 
the conics which pass through four given points is a conic. 

Take the iixed straight line for the axis of x, and let the equation 
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of any conic of the system be as in Ex. 1. The polar of (jJ, //') is 
x (ax' + Inf+g)+y{ lix’ + foj +/) + <jx' +fy'+c 

- x J X (aV+A'y' + o')+ y (h'x'+b'y' +/') + ifx' +/»/ + c ’} = 0. 
If this is the same line as y—0, the coefficient of x and the constant 
term must be zero. Equate these to zero and eliminate X. 

Ex. 3. Shew that the locus of the pole of a given straight line 
with respect to any conic which passes through the angular points of 
a given square is a rectangular hyperbola. 

[Take for axes the lines through the centre of the square parallel 
to the sides ; then the conics arc given by x 2 - a 2 - X {ij 2 - «-’)= 0 .] 

Ex. 4. The nine-point circles of the four triangles determined by 
four given points meet in a point. 

212. If a = 0 aud /0 = O arc the* equations of one pair 
of straight lines through four given points, and 7 = 0, 
8 = 0 the equations of another pair, any conic through 
the four points has an equation of the form 

a/3 = kyh. 

Now, if a = 0 be the equation of a straight line and 
the co-ordinates of any point be substituted in a, the 
result is proportional to the perpendicular distance of the 
point from the line. Hence the geometrical meaning of 
the above equation is 

Pi l\ * 1K1 \p 

where p,, p 2 ,p 3 , p A are the perpendiculars on the four lines 
a = 0, ft = 0, 7 = 0, 8 = 0 respectively, the perpendiculars 
being drawn from any point on the conic. 

213. If P, Qy R t S, be four points on a conic , and 
QPy RS meet in A, QS, PR in li, and PS, QR in C; then 
of the three points A , R, G each is the pole with respect to 
the conic of the line joining the other two. 

Take A for origin, and the two lines A SR, APQ for 
axes of x and y respectively. 

Let the equations of PS and QR be 


ax 4 -by —1=0 .(i), 

ax + b'y — 1 =0.(ii). 
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Thou the equations of PR and QS will be 


da: 4 by — 1 =0.(iii), 

and iix 4 b'y — 1 = 0.(iv). 


The equation of any conic through the intersection of 
the conics xy — 0 and (a.v 4 by — 1) (fix 4 b'y — 1 ) = 0 , 
will be 

Xry 4 (ax 4 by — 1) (dx 4 b'y — l) = 0. 

The polar of the origin of this conic is [Art. 170] 

(a 4- d) x (b + l>) y — 2 = 0. 

Writing this in the forms 

ax + by — 1 4 dx 4- b'y — 1 - 0, 
aiid dx + by — 1 4 ax 4 b'y — 1 = 0 , 

we see that the polar of the origin goes through the point 
of intersection of the lines (i) and (ii), and also through the 
point of intersection of the linds (iii) and (iv). The polar 
of A with respect to the conic is therefore the line BO. 

It can be shewn in a similar manner that CA is the 
polar of B, and AB the polar of O. 



A triangle which is such that each of its angular points 
is the pole, with respect to a conic, of the opposite side, is 
called a self-conjugate, or self-polar triangle. 

214. If a conic touch the sides of a quadrilateral and 
ABC be the triangle formed by the diagonals of the quadri¬ 
lateral ; then will ABC be a self-polar triangle with respect 
to the oanic. 

Let P, Q, 11 , S be the points of contact. 

Then, in the figure, L is the pole of PQ, and J\ r is the 
pole of SR ; therefore LN is the polar of the point of 
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intersection of PQ and SR. Similarly KM is the polar 
of the point of intersection of SP and RQ. 

Hence A, the point of in¬ 
tersection of LN and KM, is 
the pole of the line joining 
the point of intersection of PQ, 

SR and the point of intersec¬ 
tion of SP, JtQ. 

But [Art. 213] the point of 
intersection of PR and SQ is 
the pole of this last line. 

Hence A is the point of 
intersection of PR and SQ. 

So also R is the point of 
intersection of SP and 11Q , 
and C is the point of inter¬ 
section of PQ and SR. 

Hence from Art. 213 the 
triangle ABC is self-polar. 

215. To find the jjcmral equation of a conic which 
touches the awes of co-ordinates. 

If the equation of the line joining the points of contact 
be ax + by — J =0, the equation of a conic having double 
contact with the conic xy — 0, where it is met by the lino 
ax + by — 1=0, is [Art. 187] 

{ax + by — 1)* — 2 \xy — 0. 



216. To find the general equation of a conic which 
touches four fixed straight lines. 

Take two of the lines for axes, and let the equations 
of the other two be lx -f my —1 = 0, and I'x •+ my — 1 = 0. 
The equation of any conic touching the axes is 

{ax + by — l) 2 — 2 \xy — 0.(i). 

The lines joining the origin to the points where 
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lx + my = 1 cuts (i) arc given by the equation 

(ax + by — lx — my) 2 = 2 Xxy .(ii): 

The lint' will touch the coiiic if the lines (ii) are 
coincident, the condition for which is 

(a — l) 2 (b — m) 2 — {(a — l)(b — m) — X,) 2 ; 

whence X = 2 (a — l) (b — vi). 

Hence the general equation of a conic touching the 
four straight lines 

x =(), y— 0, lx + my — 1 = 0, and l f x + my — 1=0, 
is (ax 4- by — l) 2 = 2 Xxy ; 

the parameters a, b, X being connected by the two 
equations 

X — 2 (a — l) (b — m) = 2 (a — i) (b — m). 

217. To find the locus of ike centres of conics which 
touch four ,; yiven straijht lines. 

Tf two of the lines be taken for axes, and the equations 


of the other two lines be 

lx + my — 1 =0, and I'x 4- my — L = 0, 

the equation of the conic will be 

(ax -f by — l) 2 — 2 Xxy -- 0, 

with the conditions 

X — 2 (a — l) (b — m) .(i), 

X= 2 (a ~ /') (b -in) .(ii). 

The centre of the conic is given by the equations 
a (ax 4 by — 1) — Xy= 0, and b (ax + by — 1) — Xx = 0; 

ax - by, and a (2ax — \) ~-Xy .(iii). 


To obtain the required locus we must eliminate a, b 
and X from tin; equations (i), (ii), and (iii). 

From (i) and (iii), we have 
a (2 ax — 1) = 2y (a — l) (b — in) = 2 (a — l) (by — my ); 
therefore, since ax = by, 

a (2 lx + 2 my — 1) = 2 1 my. 

Similarly, from (ii) and (iii) we have 

a (2Vx 4- 2 my — 1) = 2 Tmy. 
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Eliminating a , we obtaiu the equation of the locus of 
centres, viz. 

2 lx + 2 my — i 2 1'x -f 2 my — 1 

" lm~ TST / 

The required locus is therefore the straiglit line whoso 
equation is 

2 * (* - -,) + 2 y() ~ j,) ---+ 1 , = 0 . 

\m m / ° \l l J Im l m 

This straight line can easily be shown to pass through 
the middle points of the diagonals of the quadrilateral, as 
it clearly should do, for any one of the diagonals is the 
limiting form of a very thin ellipse which touches the four 
lines, and the centre of this ellipse is ultimately the middle 
point of the diagonal. Hence the middle points of the 
three diagonals of a quadrilateral are points on the centre- 
locus of the conics touching the sides of the quadrilateral. 

218. «A11 conics touching the axes at the two points 
where they are cut by the line ax + by — 1 =0 are given 
by the equation 

(ax + by — l) 2 = 2Xry. 

The conic will be a parabola if X be such that the 
terms of the second degree form a perfect square: the 
condition for this is 

a 2 6 2 = (ab — X) 2 ; 

X = 0, or X= 2 ab. 

The value X=0 gives a pair of coincident straight 
lines, viz. (ax -\-by- l) 2 = 0. 

Hence, for the parabola, X = 2 ab y and the equation 
of the curve is 

(ax + by — l) 8 — 4sabxy. 

The above equation can be reduced to the form 

Jax + Jby = 1. 

219. To find the equation of the tangent at any point of 
the parabola J ax + Jby = 1. 

We may rationalize the equation of the curve and then 

16 


a c. s. 
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make use of the formula obtained in Art. 177. The result 
may however bo obtaiijfed in«a simpler form as follows. 

The equation of the%ne joining two points ( x\ y) and 
(x u t y') on the curve is ^ 

.«• 

with the conditions 

J ax' + J by' = 1 = J ax" + J by "......... (ii). 

From (ii) we lmv« 

fja (*Jx — s/x”) = -- \/b (*Jy — V y") .(iii). 

Multiply the corresponding sides of the equations (i) 
and (iii), and we have 

V,-' iV ( * “ " Vy'+VF {y ~ y,) ' 

The equation of the tangent at (x, y) is therefore 

a/g / /i , / /\ n * 

or, since Jax + Jby — 1, 

■'V^ + ?A v/y' = 1 - 

To find the equation of tlie polar of any point with 
respect to the conic, we must use the rationalized form of 
‘ the equation of the parabola. 

Ex. 1. To find the condition that the line lx \ viy-1 — 0 may touch 
the parabola tj a.e + Jh- i=o. 

Thu equation of the tangent at any point (.r', y’) is 

which isi the same as the given equation, if l — -n/;*—■-*/$» 

or if "— tjax', and —= Jbij. 

I \ m v J 

Hence the required condition is 

a b 

j I—=1. 

I m 
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Ex. 2. To find the focus of the parabola whose equation is 

Jaje+Jbjj ^jfc 

The circle which touches TQ at T and' which passes through P will 
also pass through the focus [ace Art. 165 (4), two of the tangents being 

coincident]. The two points i J , Q are , 0^ and ^0, . Therefore 

tho focus is on both the circles whose equations are 

x * \ *2.rif cos to + y 1 - ' ‘ = 0, 


and 


x 2 + 2.ry cos w + ?/ 2 - - = 0. 


Hence the focus is given by 

x*+y 9 + 2 . 1 -u cos (o— X ■- ¥ . 

a b 

Ex. 3. To find the directrix of the parabola Jax -\-Jby — 1. 

The directrix is the locus of tho intersection of tangents at right 
angles; now tho line lx + my — 1 will be perpendicular to y=0 if 

in ~ l cos w=0, and the line will touch if a ' -i- * = 1. Therefore the inter- 

l m 

cept on the axis of x made by a tangent perpendicular to that axis is 

given by ) (a J—— \ - 1. 

/ \ cos U)J 

Hence the point (, COH _ CJ __ (A j a on tho directrix. 

* \/> + a cos u ) 

Similaily the point (o. - ^ is on the directrix. 

1 \ * a f b cos w ) 

Hence the required equation is 

x (b + a cos w) + y (a+ b cos w) — cos o/. 

220. Since the foci of a conic are on its axes, if two 
conics are confocal they must have the same axes. 

The equation 

a? y % _ 1 

tF+X + P+X ’ 

will, for different values of represent different conics of a 
confocal system. For the distance of a focus from tho 
centre is 

V{(«* + A) — (b* 4- A)) or tj{t? — & 2 j. 

16—2 
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221. The equation of a system of eonfocal conics is 


y _ 


ft* -fX b* *4* X 


= 1 . 


If A is positive the curve is an ellipse. 

The principal axes of the curve will increase as X 
increases, and their ratio will tend more and more to 
equality as X is increased more and more; so that a circle 
of infinite radius is a limiting form of one of the confocals. 


If X be negative, the principal axes will decrease as 

6 2 + X 

X increases, and the ratio „ - will also decrease as X 

a + X 



* 

increases, so that the ellipse becomes flatter and flatter, 
until X is equal to — b\ when the minor axis vanishes, and 
the major axis is equal to the distance between the foci. 
Hence the line-ellipse joining the foci is a limiting form 
of one of the confocals. 

If h 2 + X is negative, the curve is ai^ hyperbola. 
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If b* 4- A is a small negative quantity the transverse 
axis of the hyperbola is very nearly equal to the distance 
between the foci; and the complement of the line joining 
the foci is a limiting form of the hyperbola. 

The angle between the asymptotes of the hyperbola 
will become greater and greater as — X becomes greater 
and greater and in the limit both branches of the curve 
coincide with the axis of y. 

If A is negative and numerically greater than a 2 , the 
curve is imaginary. 


222. Two conics of a confocal system pass through any 
given point. One of these conics is an ellipse and the other 
an hyperbola. 

Let the equation of the original conic be 


a? 


a 



The equation of any confocal conic is 

a? if __ 
a.” + X + 6 a + X " ' 


This will pass through the given point (./, //'), if 


/« t2 

x + y = i 

a 3 +X 6 3 + A 


In the above put Z> 2 + X = X'; 
then x n \' + y 2 (X' + aV) — X' (A' -f a 2 e 2 ) — 0, 

or A' 2 — X' (x 2 -f y 2 — aV) — a 2 e 2 y' 2 = 0. 

The roots of this quadratic in X' arc both real, and are 
of different signs. Therefore there are two conics, and 
b 2 4* X is positive for one, and negative for the other, so 
that one conic is an ellipse and the other an hyperbola. . 


223. One conic of a confocal system and only one will 
touch a given straight line. 

Let the equation of the given straight line be 

lx 4- my —1 = 0. 
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The line will touch the conic whose equation is 


x l y 1 ^ i 
a 1 + X b 1 4- X 

if (ili 2 + X) r -f- ( b 2 + X) m? = 1 [Art. 115], 

which gives one, ami only one, value of X. Hence one 
confocal will touch the given straight line. 

224. Two confocal conics cut one another at right 
angles a,t all their common points. 

Let the equations of the conics he 


2 2 s d 

or y . sr ir f 

+ ilIld a‘ + X + //+ A. 


and let (x\ y) be, a common point; then the co-ordinates 
x\ y will satisfy both the above equations. 

Hence, by subtraction, we have 

?r 


.r. 


a 1 (a t + X) + (if + X) °‘ 


(')■ 


Mow the equations of the tangents to the conics at 
(••»', y') arc 

xx y\( , . xx ii if 

—. + ii = 1, and ^ - = 1 

a? Jr <r+X b+\ 

respectively. 

The condition (i) shews that the tangents are at right 
angles to one another. 


225. The difference of the squares of the perpendiculars 
drawn from the centre on any two parallel tangents to two 
given confocal conics is constant . 

Let the equations of the conics be 


J+£ = 1, and-_•?- + 


if 


a? X IT -f- X 


= 1. 


Let the two straight lines 

x cos a -f y sin a — p — 0, ./■ cos a -f y sin a —p — 0, 
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touch the conics respectively; then [Art. 115, Oor.] we 

have * ji* — a 3 cos 3 a -f l? sin" a, 

and 2 ) l ~ + A) cos 2 ol + (b 2 + A) sin 2 a ; 

p* — 2 ? — A. 


226. //' tangent to one of two confocal conics be 

perpendicular to a tangent to the other t the locus of their 
point of intersection is a circle. 


Let the equations of the confocal conics be 


nr 


V 


X ^ i »i 

and .. ^ - — J. 

b* a,* + A b -f- A 


rt 


The lines whose equations are 

x cos ql + y sin a — \J (a 8 cos 8 a + /> 2 sin 8 a).(i ), 

x sin a — ?/cos a — \/((u 8 -f A) sin 8 a -f (A 8 4- A) cos 8 aj.. .(ii), 

touch the conics respectively, and are at right angles 
to one another. 

Square both sides of the equations (i) and (ii) and add, 
then we have for the equation of tin*, required locus 

.t 2 + y l = a 2 + b' 2 -f- A. 

If we suppose the minor axis of the second ellipse 
to become indefinitely small, all tangents to it will pass 
indefinitely near to a focus; so that Art. 125 (y) is a 
particular case of the above. 


Ex. 1. Any two parabolas which have a common focus and their axes 
in opposite directions intersect at right angles. 

Ex. 2. Two parabolas have a common focus and their axes in tin? 
same straight line; shew that, if TP, TQ be tangents one to each of tlio 
parabolas, and TP, TQ be at right angles to one another, the locus of T 
is a straight line. 

Ex. 3. TQ , TP are tangents one to each of two confocal conics whose 
centre is C ; shew that if the tangents aro at right angles to one another 
CT will bisect PQ. 

Let the tangents be 

. ?/»/ , •**" . yy" „ 
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the equation of (JT will bo 

Tliin will pass through the middle point of PQ, if 


that in, if 




or, since the conics are confocal, if 


x x - </*/' 

a*a* WP 


That is, if the tangents arc at right angles. 

Ex. 4. TP, TQ arc tangents one to each of two parabolas which have 
a common focus and their axes in the same straight line; shew that, if 
a line through T parallel to the axis bisect PQ, the tangents will be at 
right angles. 

Ex. 5. If points on two confocal ellipses which have the same eccen¬ 
tric anglos are called corresponding points; shew that, if P,Q be any 
two points on an ellipse, and p, q be the corresponding points on a 
confocal ellipse, then Pq = Q[). 


227. The locus of the pole of a given straight line with 
respect to a series of confocal conics is a straight line. 

Lot the equation of the confocals be 

2 2 

x y . 

+ \ + 6* + X ~ 1 . 

and let the equation of the given straight line be 

lx + my = 1.(ii). 

The equation of the polar of the point [x, y) with 

respect to (i) is £L- + /|^ = 1.(iii). 


If (ii) and (iii) represent the same straight line, we 

/ / 
x 


must have 


G? -f* X 




V 




m 


h* 


= \. 
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Hence the locus of the poles is the straight line whose 
equation is 

j - = ii 1 - 

I m 

This straight line is perpendicular to the line (ii). 
One con focal of the system will touch the line (ii), and the 
point of contact will be the pole of the line with respect to 
that confocal. 


Hence the locus of the poles is a straight line perpen¬ 
dicular to the given straight line and through the point 
where it touches a confocal. 


228. From any point T the two tangents TP, TP’ are 
drawn to one conic, and the two tangents TQ, TQ' to a con¬ 
focal conic; shew that the straight lines QP, QP will make 
equal angles with the tangent at P. 

Let TP and the normal at P cot QQ' in K t L 
respectively. 

Then [Art. 227] the pole of TP, with respect to the 
conic on which Q, Q' lie, is on the line PL. Also, since 
T is the pole of QQ' with respect to that conic, the pole 
of TP is on QQ' [Art. 180]. Therefore the pole of TPK 
is at L, the point of intersection of QQ' and PL. 


T 



Therefore [Art. 181] the range K, Q, L, Q', and the 
pencil PK, PQ, PL, PQ, are harmonic. 
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Hence, since tlie angle KPL is a right angle, PQ and 
P Q' make equal angles with PL or PK [Art. 50]. 

Con. 1. Let the conic on which Q, Q' lie degenerate 
into the line-ellipse joining the foci, then the proposition 
becomes- -The lines joining the foci of a conic to any paint P 
on the curve make eqtial angles with the tangent at P. 

Cor. 2. Let the conic on which P t P' lie degenerate 
into the line-ellipse, and we have —Two tangents to a conic 
subtend equal angles at a focus. 

Con. Ik Let the conic on which P, P' lie pass through 
T, and wc have- -The two tangents drawn to a conic from 
any point T make equal angles with the tangent at T 
to either of the con focal conics which pass through T. 

229. If QQ' be any chord of a ; given conic which 
touches a. Ji,red con focal conic , then will QQ vary as the 
square of the parallel diameter. Also, if GE be drawn 
through the centre parallel to the tangent at Q and 
meeting QQ’ in E, then will QE be of constant length. 



Let 7’be the pole of QQ', and let CT cut QQ' in V, and 
the curve in P. Also let CD be the semi-diameter paral¬ 
lel to QQ'. 

Let p\ p be the lengths of the perpendiculars from the 
centre on QQ', and on the parallel tangent to the ellipse 
QPQ '; then [Art. 225] wc have 
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TT /"-I ° r 

Henco ^ 1 ^ -1 ^ ^, 

therefore, since p. (ID — ah, we have 

QV'^X. : = -* . CD 4 ; 

p* a b* 

q V= ^-r VI? . 

(to 

Also 

QJS^CT CV.CT ur 

qv vt~ av. ut- c p~ir7 >2 — (;p 

therefore from (i) we have 


(i). 


QE= 


air _ <ti> 
yr~ >j\ 


OJf 

yr 

-(ii). 


Ex. TP, Tif are tangents one to eaeh of tiro Jived eonfoeal conics ; 
*hew that, if the tangents are at right angles to one another, the. tine PQ 
will always touch a. third eonfoeal conic. 

If C be the common centre, then since the tangents nre at right angles 
to one another the line UT bisects PQ [Ex. (Ii) Art. 226]. Therefore 
CT and QP make equal angles with the tangent at (J. If therefore UK 
be parallel to the tangent at Q, and meet Q1* in E, we have QE-UT. 

But UT is constant [Art. 226]. Hence QK is constant, and therefore 
QKP touches a fixed eonfoeal. 


280. When two of the points of intersection of any 
two curves are coincident, that is when the two curves 
touch, they are said to have contact of the first order at the 
point. When three points of intersection are coincident 
the curves are said to have contact of the second order, 
and so on. 

A curve which has with a given curve a contact of 
the highest possible order is called an osculating curve. 

A circle can only be made to pass through three given 
points; hence the circles which osculate a curve have 
contact of the second order with it. 

The circle which has contact of the second order with 
a given curve at a given point is generally called the circle 
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of curvature at that point, and the radius of the circle is 
called the radius of curvature at the point. 

Two conics intersect in four points. Hence two 
conics cannot have contact with one another of higher 
order than the third. Jf they have contact of the second 
order they will have one other common point. 

281. To find the general equation of a conic which has 
contact of the second order with a given conic at a given 
point. 

Let # = 0 he the equation of the given conic, and let 
T — 0 be the, equation of the tangent to 8 = 0 at the given 
point {of ?/). 

The equation of any straight line through (V, if) is 
y — y' — in ( x — x) — 0. 

Hence the equation 

\T {{y - y') - m (x - of)] = 0 .(i) 

is the equation of a conic passing through the points where 
the straight lines T = 0, and y — if — m {x — x) — 0 cut 
/S'=°. 

Hence (i) intersects 8=0 in three coincident points. 

The two constants \ and in being arbitrary, the conic 
given by (i) can be made to satisfy two other conditions. 
They can for instance be so chosen that the equation (i) 
shall represent a circle. 

If the line y — y' — in (x — x') = 0 coincides with the 
tangent, all four points of intersection are coincident. The 
conic 8 — X T 2 = 0 therefore has contact of the third order 
with 8 = 0 ; that is to say, is the equation of an osculating 
conic. 

Ex. 1. Find the equation of tlio circle which osculates the conic 
ax 1 + 2bxy + cy 2 + 2dx — 0 at the origin. 

All the conics included in tho equation 

* ax 1 + 2b.vy +cy i +2dx - \x (y ~ vix) =0 

have contact of the second order. 

The conditions for a circle are 2& - 0 and a+\in =-c. 

Therefore the circle required is cafi+qf+'idx— 0. 
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Ex. 2. Fiud the equation of the parabola which had contact of the 
third order with the conic a.i- 2 + 2bxy + cy 1 + 2dx =0 at the origin. 

The conio ax tt +2bxy + cy* + %dx-\x 2 —0 cuts the given conic in four 
coincident points. 

The curve is a parabola if (a - \)c— fc 3 . 

The equation of the required parabola is therefore 

V l £ l + 2bcxi/ + c 2 y 8 +2cf«e=0. 

232. Since the line joining any two of the points of 
intersection of a circle and a conic, and the line joining the 
other two points of intersection, make equal angles with 
the axis of the conic, we see that, if the circle of curvature 
at a point P of a conic cut the conic again in 0, the 
tangent at P and the chord P 0 make equal angles with an 
axis of the conic. 

233. If a, ft, 7 , 8 be the eccentric angles of four points 
on an ellipse, a circle will pass through those four points, if 

a + /3 + 7 + $= 2)nr [Art. 184. Ex. 1]. 

Hence the circle of curvature at. the point a will cut 
the ellipse again at the point S where 

3« 4 - 8 = 2tt7r.(i). 

From (i) we see that, through any particular point 8 
three circles of curvature will pass, viz. the circles of 
curvature at the points J (27 t — 8), J ( 47 r — 3), and £ ((jit — 3). 
These three points are the angular points of a maximum 
triangle inscribed in the ellipse [Art. 138 ( 1 )]. Also, since 
S 4 - J (27t — 8) + J ( 47 t — 8 ) 4 * $ (() 7 r — 8) = 47 r, the point 8 
and the three points the circles of curvature at which pass 
through 8 are on a circle. 

234. To find the equations of the three pairs of straight 
lines which can be drawn through the points of intersection 
of two conics. 

Let the equations of the conics be 

8 = ax 2 + 2 hxy + by* 4 - 2gx -f 2 fy 4 - e. — 0 , 
and S' = ax 2 4-2 h'xy 4 b'y 2 4 - 2 g'x+2f'y 4 - c' = 0 . 
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The equation of any conic through their points of in¬ 
tersection is of the form 

S + \S' = 0 .(i). 

The conic >S' + X/S" = 0 will be a pair of straight lines, 
if 

</ ”f~ Xct | h X/t, y -f* "\>(j — 0 • . ....(ii). 
i h + \tiy b + \b\ f + Xf' 

1 ( J + fy/» / + c + 

We have therefore a cubic for the determination of X. 
If any root of this cubic be substituted in (i) we have the 
equation of one of the three pairs of straight lines. 

If X be eliminated between the equations (i) and (ii) 
we have an equation of the sixth degree which represents 
the three pairs of straight lines. 

Since one root of a cubic equation is always real, one 
value of X is in all cases real. 

It can be shewn that at least one pair of straight lines 
is in all cases real. [See Salmon’s Conics, Art. 282.] 

235. The equation (ii) Art. 234 is usually written 
A + XCH) + XW + X 3 A' = 0. 

If the axes be changed in any manner, and the equa¬ 
tions of the two conics become S = 0 and S' = 0, the equa¬ 
tion S 4 X$' = 0 will become S + XS' = 0; and if X be such 
that $ + \S' = 0 represents a pair of straight lines, so 
.also will S + XS' = 0. Hence the values of X for which 
S + X$' = 0 represents straight lines must be independent 
of any particular axes of co-ordinates; hence the ratios of 
the four quantities A, ( H ), A' to one another must be 
independent of the axes of co-ordinates. For this reason 
they are called the Invariants of the system. The student 
will find interesting applications of invariants in Salmon’s 
Conic Sections anti Wolstenholme’s Problems. 

23(5. We shall conclude this Chapter by the solution 
of some Examples. 
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Ex. 1. If two conics have each double contact with a third , their 
chords of contact with that conic, and two of the lines through their 
common points, will meet in a point and form a harmonic pencil. 

Let £—0 be the equation of the third conic, and let a— 0, jS—O be the 
equations of the two chords of contact. Then [Art. 187] tho equations of 


the conics are 

>S' — A 2 a 2 — 0.(i), 

and S -ffifP-Q .(ii). 

Now the two straight lines 

XV-^-0.(iii) 


go through the common points of (i) and (ii). The lint's (iii) also go 
through the point of intersection of a==0 and (i~ 0; and [Art. 50] the 
four lines a=0, \a /2—0, and \a + i form a harmonic pencil. 


Ex. 2. A circle of given radius cuts an ellipse in four points; shew 
that the continued product of the diameters of the ellipse parallel to the 
common chords is constant. 


.c 2 v/ a 

Let the equation of the ellipse be + 'j-, — 1, and the equation of the 

circle be (x - a) 2 + (y - /3) 2 - kr—0. Then the equation of any pair of 
common chords is 


(x-af + iy-p)- - X (£ (-£ 
where X is one of the roots of tho equation 

l- ( ^, o, -a 

i i ir * 



! -a, -p, X f a- +J3--- «" , 

The equation of the diameters of the ellipse parallel to tho lines (i) is 


as 2 -! 



.(iii). 


The two semi-diameters given by {iii) clearly make equal angles with 
the axis, and the square of the length of one of them is equal to X. 

Hence the continued product of the six semi-diameters is equal to the 
product of the three valuos of X given by (ii), which is easily seen to be 


«W*. 


Ex. 3. If a conic have any one of four given points for centre, and the 
triangle formed fry the other three for a self polar triangle, its asymptotes 
will he parallel to the axes of the two paraltolas which pass through the 
four points. 
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Let the four points be given by the intersections of the straight lines 
xy= 0 and (Ix+my- 1) (Vx + m'y -1) s= 0. 

The line joining the centre of a conic to any one of the angular points 
of a self polar triangle is conjugate to the line joining the other two 
angular points. Hence, for all the four conics, the three pairs of lines 
joining the four given points are parallel to conjugate diameters. 

Let the equation of one of the conics bo 

ax 2 H- 2hxy + by 2 2 gx -f2 \fy + c =0.(i). 

The lines ( Lc+my - 1) ( Vx+m'y -1)=0 

are parallel to conjugate diameters; therefore also the lines 

ll'x 1 + (lm f + I'm) xy + rnvi'y *—0 

are parallel to conjugate diameters. Hence [Art. 183], we have 

amm' + bll' = h (Ini' + I'm). 

The lines xy= 0 arc parallel to conjugate diameters ; therefore h—0, 
and wo have 

amm*+ blV =0.(ii). 

The asymptotes of (i) are parallel to the straight lines 

ax- + by 2 = 0, 

or, from (ii), the asymptotes are parallel to the lines 

IVxr - mm'y* — 0, 

which proves the theorem [Art. 207]. 

Ex. 4. The circumscribing circle of any triangle self polar with 
respect to a conic cuts the director-circle orthogonally. 

Let the equation of the conic be ax i + by i = 1; and let (x\ y'), (.rf\ y") 
and (a, 1 "', y'") be the angular points of the triangle. 

Since each of the points is on the polar of another, we have 

ax"x'"+by"y"'~l=0 . (i), 


«.r"V + by >n y' -1 — 0.(ii), 

and ax'x" + by'y" -1 — 0.(iii). 

The equation of the circle circumscribing the triangle is 

1 -»*» x > V> 1 =0 .(iv). 

x' 2 +y'\ y\ 1 

X'\ y", 1 

*r*-\y"'*, x"\ 1 

Now, if the equation of a circle be 

Ax 2 + Ay 1 +2Cf.c + 2 Fy + C= 0, 


the square of the tangent to it from the origin is equal to the ratio 
of C to A. 

Hence the square of the tangent to the circle (iv) is equal to the 
ratio of 
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X ,9 + lf, x’ t 

* y' 

to- 

x\ 

y\ 

l 

J't + lf, x”, 

f 



y”> 

l 


r 


jt u , 

y"\ 

l 


The first determinant is equal to 
x'* {x"if - yV") (aj'Y - fx')+af"* (x'y" - y'x") 

+ y ,% (jsY"-yV")+y /a ( ; *'V - y" >x ’) +y"' 2 k x ‘y" - if x ")- ••(“)• 

Now from the equations (i), (ii), (iii) wo have 


and 


ax' 

bi/ 

-1 

1! 

ss> 

l 

V. 

x" -X th 

x‘"y" 

- if. t" ’ 

ax" 

by" 

— 

1 

y' -y" f ~ 

X- x' 

~x'lf. 

- y V" ’ 

ax '" 

©- 

— 

1 

y' ,r y'' 

s' - V' 

" x"y'~ 

■' y ‘V * 


By means of these equations, (a) becomes 

,J V' r'" 

-W"-v")+- tl (/-’/") -;(>/-*/) 

t( IV (l 

-1- y b {x" - a/") -|- V b (x'” - x') + ?/ b (x f - x"), 

_ (l y’> 1 

\u b) x", if, 1 

x’”, if, 1 

Hence the tangent to the circumscribing circle from the centre of the 
conic is equal to + ^ • that is equal to the radius of the director- 

circle, which proves the proposition. 


or 


Examples on Chapter XT. 

1. Two straight lines of given length aro moved aloug two 
given straight lines in such a manner that a circle will pass 
through their four extremities; shew that the locus of the centre 
of this circle is a rectangular hyperbola. 

2. OPR, OQQ f are two chords of a conic, and any line 
through 0 cuts the conic in R, R and the linos PQ, J y (f in S, S '; 
shew that 

1111 

on + or ~ os + os' ’ 


s. c. s. 


17 
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3. A system of conics pass through the same four points 
and the tangent at a given point 0 of one of the conics cuts any 

other of the conics in P, P'; shew that + ^-p is constant. 

4. A circle and a rectangular hyperbola intersect in four 
points, and one of their common chords is a diameter of the hy¬ 
perbola ; shew that the other chord is a diameter of the circle. 

5. Of all conics which pass through four given points that 
which has the least eccentricity has its cqui-conjugatc diameters 
parallel to the axes of the two parabolas through the points. 

6. Of all conics which touch two given straight lines at 
given points the one of least eccentricity will be that in which 
one of the equi-conjugate diameters passes through the intersec¬ 
tion of the given lines. 

7. The locus of the middle point of the intercept of a 
variable tangent to a conic on two fixed tangents OA, OB is a 
conic which reduces to a straight line if the original conic is a 
parabola. 

8. Two tangents OA, OB are drawn to a conic and are cut 
in V and Q by a variable tangent; prove that the locus of the 
centre of the circle described about the triangle OPQ is an 
hyperbola. 

9. A conic is drawn touching the co-ordinate axes 
OX % OY at A , B and passing through the point D where 
OA DB is a parallelogram; shew that if the area of the triangle 
OA B be constant, the locus of the centre of the conic will be 
an hyperbola. 

10. Tangents are drawn from a fixed point to a system of 
conics touching two given straight lines at given points. Prove 
that the locus of the point of contact is a conic. 

11. Shew that the locus of the pole of a given straight 
line with respect to a series of conics inscribed in the same 
quadrilateral is a straight line. 

12. An ellipse is described touching the asymptotes of an 
hyperboja and meeting the hyperbola in four points; shew 
that two of the common chords are parallel to the line joining 
the points of contact of the ellipse with the asymptotes, and 
are equidistant from that line. 



EXAMPLES ON CHAPTER XI. 


259 


13. In a system of conics which have a given centre 
and their axes in a given direction, the sum of the axes is 
given; shew that the locus of the pole of a given straight lino 
is a parabola touching the axes. 

14. A parabola is drawn so as to touch three given straight 
lines; shew that the chords joining the points of contact pass 
each through a fixed point. 

15. Shew that, if a parabola touch two given straight lines, 
and the line joining the points of contact pass through a fixed 
point, the locus of the focus will be a circle. 

16. If the axis of the parabola V ax + V by 1 pass through 
a fixed point, the locus of the focus will be a rectangular 
hyperbola. 

17. From a fixed point 0, a pair of secants are drawn 
meeting a given conic in four points lying on a circle; shew 
that the locus of the centre of this circle is the perpendicular 
from 0 on the polar of 0. 

18 . TP, TQ are tangents to a conic, and H any other point 
on the curve; RQ, IIP meet any straight line through T in the 
points K y L respectively; shew that QL and PK intersect on 
the curve. 


19. Any point P on a fixed straight line is joined to two 
fixed points A, B of a conic, and the lines PA, PH meet the 
conic again in Q, H; shew that the locus of the point of inter¬ 
section of HQ and AH is a conic. ■ 


20. The confocal hyperbola through the point on the 
ellipse ~a + Ta — 1 whose eccentric angle is a has for equatiou 


- - a* - 6 a . 


cos' a Bin* a 


21. Find the locus of the points of contact of tangents to 
a series of confocal conics from a given point in the major axis. 

22. If A, fi be the parameters of the confocal s which pass 
through two points P t Q on a given ellipse; shew (i) that if 
Py Q be extremities of conjugate diameters then A + /i is con¬ 
stant, and (ii) that if the tangents at P and Q be at right angles 

then i + - is constant. 

A fl 


17—2 
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23. Shew that the ends of the equal conjugate diameters 
of a series of confocal ellipses are on a confocal rectangular 
hyperbola. 

24. Find the angle between the two tangents to an ellipse 
from any point in terms of the parameters of the confocals 
through that point; and shew that the equation * of the two 
tangents referred to the normals to the confocals as axes will be 



25. The straight lines OPF , OQQ' cut an ellipse in 
P, P' and Q, Q ' respectively and touch a confocal ellipse; prove 
that OP . OF . QQ' = OQ . OQ '. PF. 

26. The locus of the points of contact of the tangents 
drawn from a given point to a system of confocals is a cubic 
curve, which passes through the given point and through the 
foci. 

27. Shew that the locus of the points of contact of parallel 
tangents to a system of confocals is a rectangular hyperbola; 
and the locus of the vertices of these hyperbolas for all possible 
directions of the tangent is the curve whose equation is 

r 2 = (a 2 - b*) cos 20. 

28. If a triangle be inscribed in an ellipse and envelope 
a confocal ellipse, the points of contact will lie on the escribed 
circles of the triangle. 

29. If an ellipse have double contact with each of two 
confocals, the tangents at the points of contact will form 
a rectangle. 

30. If from a fixed point tangents be drawn to one of 
a given system of confocal conics, and the normals at the points 
of contact meet in Q, shew that the locus of Q is a straight 
line. 

31. A triangle circumscribes an ellipse and two of its 
angular points lie on a confocal ellipse; prove that the third 
angular point lies on another confocal ellipse. 

32. An ellipse and hyperbola are confocal, and the asymp¬ 
totes of the hyperbola lie along the equi conjugate diameters of 
the ellipses; prove that the hyperbola will cut at right angles 
all conics which pass through the ends of the axes of the ellipse. 
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33. Four normals are drawn to an ellipse from a point P; 
prove that their product is 

\\AK - K) 

tf-b* ' 

where A,, A a are the parameters of the coufocals to the given 
ellipse which pass through P and a, b the semi-axes of the given 
ellipse. 

31. Shew that the feet of the perpendiculars of a triangle 
are a conjugate triad with respect to any equilateral hyperbola 
which circumscribes the triangle. 

35. TP , TQ are the tangents from a point T to a conic, 
and the bisector of the angle PTQ meets PQ in 0 ; shew that, 
if POP 1 be any other chord through 0 , the angle RTli' will be 
bisected by OT. 

36. Jf two parabolas are drawn each passing through three 
points on a circle and one of them meeting the circle again in 
Dy the other meeting it again in E\ prove that the angle 
between their axes is one-fourth of the angle subteuded by DR 
at the centre of the circle. 


37. If ABC be a maximum triangle inscribed in mi ellipse 
and the circle round ABC cut the ellipse again in D ; shew 
that the locus of the point of intersection of the axes of the two 
parabolas which pass through A, By C f D is a conic similar to 
the original conic. 


38. If any point on a circle of radius a be given by the 
co-ordinates a cos 0, a sin 6 \ shew that the equations of the axes 
of the two parabolas through the four points a, fi, y, S are 


as cos 


S + V sin S - • <* -' t 008 (,S ' li} + C0S (S ~ y) l, 

J 4 (+ cos (S — 8) j 

x sin 8-ycoaS-j " “> + (S ~® + “ y) l ’ 

J 4 sin (6 — S) j 

where 4S~a+p + y + 8. 

If the axes of the two parabolas intersect in /*, shew that 
the five points so obtained by selecting four out of five points on 


a 


the circle in all possible ways, lie on a circle of radius ^. 
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39. If A, B, C, I) be the sides of a quadrilateral inscribed 
in a conic, the ratio of the product of the perpendiculars from 
any point P of the circle on the sides A and C to the product 
of the perpendiculars on the sides B and D will be constant. 
Shew also, that if A, If, 0, D y E } F...bd the sides of a polygon 
inscribed in the conic, the number of sides being even, the 
continued product of the perpendiculars from any point on 
the conic on the sides A, C, A?,...will be to the continued 
product of the perpendiculars from the same point on the sides 
B , T) y F ,...in a constant ratio. 


dO. 0 is the centre of curvature at any point of the 
ollipse ^ + g,- — 1; Q, R are the feet of the other two normals 
drawn from 0 to the ellipse; prove that, if the tangents at Q 


Cb 

and R meet in T, the equation of the locus of T is -^ + 1. 

OC "' 


b* 

it 


41. Shew that a circle cannot cut a parabola in four real 
points if tho abscissa of its centre be less than the scmi-latus 
rectum. 

A circle is described cutting a parabola in four points, 
and through the vertex of the parabola lines arc drawn parallel 
to the six lines joining the pairs of points of intersection; shew 
that the sum of the abscissas of the points where these lines cut 
the parabola is constant if the abscissa of the centre of the 
circle is constant. 


42. Three straight lines form a self-polar triangle with 
respect to a rectangular hyperbola. The curve being supposed 
to vary while the lines remain fixed, find the locus of the centre. 

43. If a circle bo described concentric with an ellipse, 
shew that an infinite number of triangles can be inscribed in 

111 

the ellipse and circumscribed about the circle, if - = - + T , 

c rt 6 

where c is the radius of the circle, and a, b the semi-axes of 
the ellipse. 

4 . 

44. Find the points on an ellipse such that the osculating 
circle at P passes through Q, and the osculating circle at Q 
passes through P. 



EXAMPLES ON CHAPTER XL 2G3 

45. Prove that the locus of the; centres of rectangular 
hyperbolas which have contact of the third order with a given 
parabola is an equal parabola. 

46. 1\ Q are two points on an ellipse: prove that if the 
normal at P bisects the angle that the normal at Q subtends 
at P y the normal at Q will bisect the angle the normal at P 
subtends at Q. 

47. Shew that the centre of curvature at any point P of 
an ellipse is the pole of the tangent at P with res]>ect to the 
confocal hyperbola through P. 

48. ABC is a triangle inscribed in an ellipse. A confocal 
ellipse touches the sides in A', B\ C\ Prove that the confocal 
hyperbola through A meets the inner ellipse in A'. 

49. Of two rcctaugular hyperbolas the asymptotes of one 
arc parallel to the axes of the other and the centre of each lies 
on the other. If any circle through tlie centre of one cut the 
other again in 1\ Q t A*, then PQli will form a conjugate triad 
with respect to the first. 

50. A circle through the centre of a rectangular hyperbola 
cuts the cui*vc in the points A, B, C , J). Prove that the circle 
circumscribing the triangle formed by the tangents at A, B, C 
passes through the centre of the hyperbola and has its centre 
at the point on the hyperbola diametrically opposite to D, 



CHAPTER XII. 

ENVELOPES. 


237. In the general equation of a straight line the 
two constants are not in any way connected. If however 
the two constants are connected by any relation, the 
equation will no longer represent any straight line. We 
have seen, for example, that if the constants l and m 
in the equation lx + my — 1 = 0 satisfy the equation 
<iT+6 2 m 2 =1, where a and b are known, the line will always 

touch the ellipse ^ + *^ 2 = 1 [Art. 115]. In every such 

case, in which the two constants in the equation of a 
straight line are connected by a relation, the line will 
touch some curve. This curve is called the envelojie of the 
moving line. * 

By means of the relation connecting the two constants 
we may eliminate one of them, and the equation of the 
straight line will then contain only one indeterminate 
constant. If different values be given to this constant we 
shall have a series of different straight lines all of which 
will touch some curve. 

m 

238. To find the envelope of a line whose equation 
contains an indeterminate constant of the second degree . 

Write the equation of the line in the form 

p*P + 2/tQ + 11 = 0 .(i). 

where ft is the constant. 
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Through any particular point two of the lines will pass, 
for if the co-ordinates of that point bo substituted in (i), 
we shall have a quadratic equation to determine fi. Now 
the two tangents through any point will be coincident, if 
the point be on the curve which is touched by the moving 
line. 

Hence, to find the equation of the envelope, we have 
only to write down the condition that the roots of (i) may 
be equal, viz. Q 2 — PR = 0. 


Ex. 1. To find the envelope of the line 

a 

u = tnx -f- - . 
m 

The equation limy be written vr.v - my\ a —0, ami the condition for 
equal roots gives y 3 =4a.r. 

Ex. 2. Find the, envelope of a line which cuts off from the axes 
intercepts whose sum is constant. 


• If 

Tf the equation of the line be - -f \vc have h -f k— constant -c. 

h k 

X If 

Therefore I ^ ' --1, or Ir ~ li(x-y |- e) -1 sc —0. Whence the equation 

of the envelope is 4 cx - (x-y + c)~. 

Ex. 3. Find the envelope of the line ax, cos 0 -\ by siu0=c. 

The equation is equivalent to 

ax — c+2byt - (ax H c) l 2 -- 0, where t =tan ^. 

% * 

Hence, tlio envelope is 


or 


(ax - e) (ax + c) -I- & 2 j/ 2 0, 
d l x- + b 2 y 2 — c 2 . 


Ex. 4. The envelope of ilie polar of a given point 0 with respect to a 
system of confocal conics is a parabola whose directrix is CO , where C is 
the centre of the confocals. 

If the confocals be given by the equation 

.r 2 2Z 8 _ 1 

tfTxV-Tir 1 ’ 

and 0 be the point (x\ if), the line whose envelope is required is given by 

X1 L . JlL = i 

« 2 '+X 6 2 +X * 

or by X 2 - X (x’x + y’y - a? - b 2 ) + a%' 2 - b~xx - a‘ 2 y'y =0. 
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The equation of the envelope is therefore 

4 (a 2 6 2 - 6V x - ttry'y) -- (b'.t + y'y - a 2 - b 3 ) 3 . 

The envelope is therefore a parabola. 

Two confocals pass through 0, and tho polar s of 0 with respect to 
them aro tho tangents at O ; hence, sinco these tangents are at right 
angles to one another, the point O is on the directrix of tho parabola. By 
considering the limiting forms of the confocals as in Art. 221, we see that 
the axes themselves are polurs of O ; hence C is on the directrix of the 
parabola; so that the directrix is the line CO. 

239. To find the envelope of the line lx + my +1=0, 
where 

al 2 + 2hlm + bni 2 + 2 gl + 2 fin + c = 0. 

If the line pass through a particular point O', y') we 
have lx + my' + 1=0. Using this to make the given con¬ 
dition homogeneous in l and m } we have the equation 
aV + 2 him + bm* — 2 (gl + fm) (lx + my) + c (lx + my') 2 = 0. 

The two values of the ratio - <nvc the directions of 

m 

the two lines which pass through the point (x, y). 

If (x\ y) be a point on the curve which is touched by 
the moving line, the tangents from it must be coincident, 
and therefore the above equation must be a perfect square. 
The condition for this is 

(a - 2 gx + esc” )(jb- 2 \fy + af) = (A - gy‘ -fa + ca'y')\ 
which reduces to 

•i* {be -f) + Uy' (fa - eh) + y” (at - </) 

+ 2x (fh — gb) + 2 y (gh —fa) + ab — h* = 0. 
The required envelope is therefore the conic 
Ax*+ 2IIxy + By* + 2Gx + 2 Fy + (7= 0, 

"where A , B, C, F, G , II mean the same as in Art. 178. 

The condition that lx V my A 1=0 may touch 
Ax* + 2Hxy^+ By 8 +2Gfx+2 Fy -h C =0 is al 2 + 2 him +6m 3 + 2 gl +2/m + c =0, 

Hence by comparing with the condition found in Art. 178, we see that 
a, b, c, Ac. must be proportional to the minors of A, B, C, (fee. in the 
determinant 
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All G 
II B F . 

G F C 

This is easily verified, for the minor of A is BC - or 
(ca - g 2 ) (ab - h*) - (gh - of )*, that is a A; 
and so for the others. 

Ex. 1. To find the envelope of the line lx+my + 1 = 0 where 

al 2 + bm 2 + c~ 0. 

The directions of the lines through (x, y) are given by 

a I 9 + bin 2 + c (lx+my) 2 =0. 

These lines will coincide, if 

{a + ex?) ( b + cy 2 ) - c~x 2 y 2 . 

Hence the equation of the envelope is 


Ex. 2. 2'o find the envelope of the line lx + my 4-1—0 with the condition 

f -+l + h=0. 

I m 

The directions of the two lines through (.r, y) aro given by 

him - {fm + gl) {lx + my) =0. 

They will therefore coincide if 

*fo x y=(f x + , jy-h) 2 - 

This is equivalent to 

Jfx+ s/ay+Jh-=o. 

240. If the equation of a straight line be 

lx + my + 1 = 0, 

then the position of the line is determined if l, m are 
known, and by changing the values of l and m the 
equation may be made to represent any straight line 
whatever. The quantities l and m which thus define the 
position of a line are called the co-ordinates of the line. 

If the co-ordinates of a straight line arc connected by 
any relation the line will envelope a curve, and the 
equation which expresses the relation is called the tan¬ 
gential equation of the curve. 

If the tangential equation of the curve is of the ?ith 
degree, then n tangents can be drawn to the curve from 
any point. 
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Def. A curve is said to be of the wth class when n 
tangents can be drawn to it from a point. 

We have seen [Art. 239] that every tangential equation 
of the second degree represents a conic; also [Art. 178] that 
the tangential equation of any conic is of the second 
degree. 

If the equation of a straight line be lx 4- my 4- n = 0, we 
may call l, m, n the co-ordinates of the line; and if the 
co-ordinates of the line satisfy any homogeneous equation, 
the line will envelope a curve, of which that equation is 
called the tangential equation. 

241. To find the director-circle of a conic luhose 
tangential equation is given. 

Let the tangential equation of the conic be 
al 2 +. 2 him + bnP 4- 2 gl 4- 2 \fm 4- c ~ 0. 

As in Art. 239, the equation 
aP 4- 2 hbn 4- bm 2 — 2 (gl 4- fin) (lx 4- my) -1- c (lx 4- my) 2 = 0 

gives the directions of the two tangents which pass 
through the particular point ( x , y). These tangents will 

be at right angles to one another if ^ - 4-1 = 0, that is, 

m t m ? 

if the sum of the coefficients of P and m 2 is zero. 

If therefore (x, y) be a point on the director-circle of 
the conic, we shall have 

a — 2gx 4- csP 4- b — 2 \fy 4- cy* = 0.(i). 

The centre of the conic, which coincides with the centre 

of the director-circle, is the point (^, 

If c = 0, the equation (i) is the equation of a straight 
line. The curve is in this case a parabola, and the 
equation of its directrix is 

* 2gx+ 2fy — a — b= 0.(ii). 

In the above we have supposed the axes to be rect¬ 
angular ; if, however, the axes of co-ordinates are inclined 
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to one another at an angle g>, the condition that the 
straight lines may be at right angles is 

a — 2 gx 4- cx*+ b — 2 fy 4- cy*4- 2 cos <o(h — gy —fx + cxy) =0 . 


The centre of this circle is 



Hence, whether the axes are rectangular or oblique the 
centre of the conic, which coincides with the centre of its 

director-circle, is 



242. To find the foci of a conic whose tangential 
equation is given. 

Lot (g, rj) and (f, rj') be a pair of foci (both being real 
or both imaginary). The product of the perpendiculars 
from these points on the line lx -f my 4 - 1=0 will be 

(Zg 4- imj 4- l)j(7g' + 1) 

Z* + in * 

This product will be equal to some constant \ for all 
values of l and m if, 

Z 2 (gg' - \) 4 - bn (&' 4- ') (tjtj' - X) 4 - Z (g 4 - f) 

+ m (i) 4- i/) 4-1 = 0. 
Comparing this with the tangential equation we have 

ff - \ fy' + yl;' _ VV -*■ _ f f ^ V + V 1 /•% 

a 2 b 2g~ 2 / c'" W ‘ 

Hence egg' — c?;t/ = a — 6 , and cgi/ 4 - c^g' = 2 /i. 
Eliminate g' and 7 / by means of the last two e({nations 
of (i), and we have 

f (cf - ty) - V (pv - 2/) = J - a, 
and g (ct; — 2f) 4 r ^ (eg — 2#) = — 2/i. 

Hence the foci are the four points of intersection of the 
two conics, ca? — cy 2 — 2 $w? 4 - 2 /y + a ~ b = 0, 

cxy —fx—gy + h = 0. 

243. If S = 0 and S' = 0 be the tangential equations of 
two conics, then S — \S =0 will be the tangential equation 
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of a conic touching the four common tangents of the first 
two. 

For, if $ = 0 be 

a? + 2 him + bm* + 2 gl -f 2 fin + c = 0, 
and S' = 0 be 

a'F -f 2 k'l/ni + b'm 2 + 2 g'l -f 2/m + c' = 0. 

Then $—= 0 represents a conic, and any values of 
l and m which satisfy both $ — 0 and S' — 0 will, what¬ 
ever X may be, satisfy S — \S' =0. Therefore the conic 
S — \S' = 0 will touch the common tangents of S— 0 and 
S'= 0. 


Ex. 1. The locus of the centres of all conics which touch four fixed 
straight lines is a straight line. 

If S - 0, and S'=0 be the tangential equations of any two conics which 
touch the four straight lines, S~\S > =0 will be the general equation of 
the conics touching the lines. The centre of this oonio is given by 

*={"-&• ^ 241 -1 

Eliminating X wo obtain the equation of the centro-locus, viz. 

* (cf -c'f)+y {c'g - eg') -f'g +fg' =0. 

Ex. 2. The director-circles of all conics which touch four straight 
lines have a common radical axis. 

The director-circle of the conic *Sf - \S r =0 is 

a + b- 2 gx - 2 \fy + c (.r 2 I- y 2 ) - X {«' + &' - 2</'as - 2 f'y +c' (ar 2 + yr) } = 0. 

[Art. 241.) 

This circle always passos through the points common to the two 
circles 

s 2 +y 2 - 2 - as - 2 *^ 1 / + = 0, 

c c c 

^+y z -2^x-2^ f y+~^=0. 

The radical axis is therefore the line 

One ot the conics of the system is a parabola, and its directrix is 
clearly the common radical axis of the director-circles. 
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Examples ox Chapter XII. 

1. PN is the ordinate at any point P of a parabola whose 
vertex is A, and the rectangle AN PM is completed; find the 
envelope of tho line MN. 

2. If the difference of the intercepts on the axes made by 
a moving line be constant, shew that the line will envelope 
a parabola. 

3. Find the envelope of a straight line which cuts off 
a constant area from two fixed straight lines. 

4. PN, DM are the ordinates of an ellipse at the extremi¬ 
ties of a pair of conjugate diameters; find the envelope of PD. 
Find also the envelope of the line through the middle points of 
NP and of MD. 

5. AB and A'B' are two given finite straight lines, a lino 
PP' cuts these lines so that the ratio AB : PB is equal to 
A'P* : P' B'; show that PD envelopes a parabola which touches 
the given straight lines. 

6. OAP, OBQ are two fixed straight lines, A, B are fixed 
points and P, Q are such that rectangle AP . BQ is constant, 
shew that PQ envelopes a conic. 

7. A series of circles are described each touching two 
given straight lines; shew that the polars of any given point with 
respect to the circles will envelop a parabola. 

8. Two points are taken on an ellipse such that the sum 
of the ordinates is constant; shew that the envelope of the line 
joining the points is a parabola. 

9. A fixed tangent to a parabola is cut by any other tan¬ 
gent PT in the point T, and TQ is drawn perpendicular to 
TP\ shew that TQ envelopes another parabola. 

10. Through any point P on a given straight line a line 
PQ is drawn parallel to the polar of P with respect to a given 
conic; prove that the envelope of these lines is a parabola. 

11. If a leaf of a book be folded so that one corner moves 
along an opposite side, the line of the crease will envelope a 
parabola. 

12. An ellipse turns about its centre, find the envelope of 
the chords of intersection with the initial position. 
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13. An angle of constant magnitude moves so that one 
side passes through a fixed point and its summit moves along 
a fixed straight line; shew that the other side envelopes a 
parabola. 

14. The middle point of a chord PQ of an ellipse is on a 
given straight line; shew that the chord PQ envelopes a 
parabola. 

15. 0 is any point on a conic and OP, OQ are chords 
drawn parallel to two fixed straight lines; shew that PQ 
envelopes a conic. 

16. Any pair of conjugate diameters of an ellipse meets 
a fixed circle concentric with the ellipse in P, Q ; shew that 
PQ will envelope a similar and similarly situated ellipse. 

17. If the sum of the squares of the perpendiculars from 
any number of fixed points on a straight line be constant; 
shew that the line will envelope a conic. 

18. The sides of a triangle, produced if necessary, arc cut 
by a straight line in the points L, M, A respectively; shew 
that, if LM : MN be constant the line will envelope a parabola. 

19. OA, OP are two fixed straight lines, and a circle 
which passes through 0 and through another given fixed point 
cuts the lines in P, Q respectively ; shew that the line PQ en¬ 
velopes a parabola. 

20. The four normals to an ellipse at P, Q, ft, S meet in 
a point; prove that if the chord PQ pass through a fixed point, 
the chord ftS will envelope a parabola. 

21. A rectangular hyperbola is cut by a circle of any 
radius whose centre is at a fixed point on one of the axes 
of the hyperbola; shew that the lines joining the points of 
intersection are either parallel to an axis of the hyperbola or 
are tangents to a fixed parabola. 

22. Shew that the envelope of the polar of a given point 

with respect to a system of ellipses whose axes are given in 

magnitude and direction and whose centres are on a given 

straight line is a parabola. 

* 

23. Of two equal circles one is fixed and the other 
passes through a fixed point; shew that their radical axis en¬ 
velopes a conic having tlie fixed point for focus. 
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24. If pairs of radii vectors be drawn from tlio centre of 
an ellipse making with the major axis angles whoso sum is a 
right angle, the locus of the poles of the chords joining their 
extremities is a concentric hyperbola, and the envelope of the 
chords is a rectangular hyperbola. 

25. From any point on one of the equi-conjugate dia¬ 
meters of a conic lines are drawn to the extremities of an axis 
and these lines cut the curve again in the points P, Q ; show 
that the envelope of PQ is a rectangular hyperbola. 

26. PNP' is the double ordinate of an ellipse which is 
equi-distant from the centre C and a vertex; shew that if 
parabolas be drawn through P } P', C , the chords joining the 
other intersections of the parabola and ellipse will touch 
a second ellipse equal in all respects to the given one. 

27. Two given parallel straight lines are cut in the points 
I\ Q by a line which passes through a lixed point; find the 
envelope of tho circle on PQ as diameter. 

28. Tho envelope of the circles described on a system of 
parallel chords of a conic as diameters is another conic. 

29. A chord of a parabola is such that the circle described 
on the chord as diameter will touch the curve; shew that the 
chord envelopes another parabola. 

30. Shew that the envelope of the directrices of all 
parabolas which have a common vertex A, and which pass 
through a fixed point P f is a parabola the length of whoso latus 
rectum is AP. 

31. Prove that, if the bisectors of the internal and exter¬ 
nal angles between two tangents to a conic be parallel to 
two given diameters of the conic, tho chord of contact will 
envelope an hyperbola whose cisymptotes arc tho conjugates of 
those diameters. 

32. The polar of a point P with respect to a given 
conic S meets two fixed straight lines AJi, AC in Q, Q '; shew 
that, if AP bisect QQ\ the locus of P will be a conic; shew 
also that tho envelope of QQ' will be another conic. 


S.C.S. 
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33. If two points l>e taken on a conic so that the har¬ 
monic mean of their distances from one focus is constant, 
shew that the chord joining them will always touch a confocal 
conic. 

34. The envelope of the chord of a parabola which sub¬ 
tends a right angle at the focus is the ellipse 

(x — :uy %f — 8a 2 , y z — iax -* 0 
being the equation of the parabola. 

35. A chord of a conic which subtends a constant angle at 
a given point on the curve envelopes a conic having double con¬ 
tact with the given conic. 

36. Through a fixed point a pair of chords of a circle are 
drawn at right angles; prove that each side of the quad¬ 
rilateral formed by joining their extremities envelope a conic 
of which the fixed point and the centre of the circle are foci. 

37. The perpendicular from a point S on its polar with 
respect to a parabola meets the axis of the parabola in C \ 
show that chords of the parabola which subtend a right angle 
at S all touch a conic whose centre is C. 

38. Shew that chords of a conic which subtend a right 
angle at a fixed point 0 envelope another couic. 

Shew also that the point 0 is a focus of the envelope and 
that the directrix corresponding to 0 is the polar of 0 with 
respect to the original conic. 

Shew that the envelopes corresponding to a system of con¬ 
centric similar and similarly situated conics are confocal. 

39. A straight line meets one of a system of confocal 
conics in 1\ Q , and PS is the line joining the feet of the other 
two normals drawn from the point of intersection of the 
normals at P and Q. Prove that the envelope of PS is a 
parabola touching the axes. 

40. If a line cut two given circles so that the portions of 
the line intercepted by the circles are in a constant ratio, shew 
that it will envelope a conic, which will be a parabola if the 
ratio be one of equality. 

41. Chords of a rectangular hyperbola at right angles to 
each other, subtend right augles at a fixed point 0; shew that 
they intersect in the polar of 0. 
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42. Shew that if AP, AQ be two chords of the parabola 
y 2 — 4 ax — 0 through tlie vertex A, which make an angle 

7T 

^ with one another; the lino PQ will always touch the ellipse 

(x- V2a)* if 
U8a* iGa s ' 

43. Pairs of points are taken on a conic, such that the* 
lines joining them to a given point are equally inclined to a 
given straight line; prove that the chord joining any such pair 
of points envelopes a conic whose director-circle passes through 
the fixed point. 

44. Chords of a conic S which subtend a right angle at a 
fixed point envelope a conic S'. Shew that, if S pass through 
four fixed points, S' will touch four fixed straight lines. 

45. A conic passes through the four fixed points A, B, C, 
D and the tangents to it at B and C are met by CA, 11A 
produced in P, Q. Shew that PQ envelopes a conic which 
touches BA, CA. 

46. If a chord cut a circle in two poiuts A, B which are 
such that the rectangle 0A . OB is constant, 0 being a fixed 
point; shew that the envelope of the chord is a conic of which 
0 is a focus. Shew also that if 0A~ + OB 3 be constant, the 
chord will envelope a parabola. 

47. On a diameter of a circle two points A, A' are taken 
equally distant from the centre, and the lines joining any point 
P of the circle to these points cut the circle again in Q, R ; 
shew that QR envelopes a conic of which the given circle is the 
auxiliary circle. 

48. A triangle is inscribed in ail ellipse and two of its 
sides pass through fixed points; shew that the envelope of the 
third side is a conic having double contact with the former. 

49. A triangle is inscribed in an ellipse and two of 
its sides touch a coaxial ellipse; shew that the envelope of the 
third side is a third ellipse. 

50. Shew that the locus of the centre of a conic which is 
inscribed in a given triangle, and which has the sum of the 
squares of its axes constant, is a circle. 


18—2 
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Tri linear Co-oiidinates. 

244. Let any throe straight lines be taken which do 
not meet in a point, and let ABO be the triangle formed 
by them. Let the perpendicular distances of any poiut P 
from the sides BG, OA , AB be a, ft, y respectively; then 
a, / 3 , 7 are called the trilinear co-ordinates of the point P 
referred to the triangle ABO. We shall consider a, / 3 , 7 
to be positive when drawn in the same direction as the 
perpendiculars on the sides from the opposite angular 
points of the triangle of reference. 

Two of these perpendicular distances arc sufficient to 
determine the position of any point, there must therefore 
be some relation connecting the three. 

The relation is 

az + b/3 4 - cy = 2 A, 

where A is the area of the triangle ABO. This is 
evidently true for any point P within the triangle, since 
the triangles BPG, OP A and APB are together equal to 
the triangle ABO ; and, regard being had to the signs of 
the perpendiculars, it can be easily seen to be universally 
true, by drawing figures for the different cases. 

245. By means of the relation az + b/3 + cy — 2 A any 
equation can be made homogeneous in a, ft, 7 ; and when 
we have done this we may use instead of the actual co¬ 
ordinates of a poiut, any quantities proportional to them : 
for if any values a, /3, 7 satisfy a homogeneous equation, 
then lea, A/3, ky will also satisfy that equation. 
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246. If any origin be taken within the triangle, ~the 
equations of the sides of the triangle referred to any 
rectangular axes through this point can be written in the 
form 

- x cos 0 t — y sin 0 X = 0, 

- x cos 0 2 - y sin 0 a + p % = 0, 

- x cos 0 3 - y sin 0 a + p a = 0, 

where cos (fl 2 — 0 3 ) = — cos A, cos (0 3 — 0 X ) = — cos 7i, 
and cos (0 i -0 2 ) — — cos C. 

[We write the equations with the constant terms posi¬ 
tive because the perpendiculars on the sides from a point 
within the triangle are all positive.] 

We therefore have [Art. 31] 

a = p v — x cos 0 X — y sin#,, 

fi = l\ -cos d 2 - y sin 0 2 , 
and V — Pa ~ x cos 0. A — y sin 0 a . 

By means of the above wo can change any equation in 
trilinear co-ordinates into the corresponding equation in 
common (or Cartesian) co-ordinates. 

247. livery equation of the first degree represents a 
straujht line . 

Let the equation be 

In 4- mfi -f ny = 0. 

If we substitute the values found in the preceding 
Article for a, /3, y, the equation in Cartesian co-ordinates 
so found will clearly be of the first degree. Therefore the 
locus is a straight line. 

248. Every straight line can he represented by an 
equation of the first degree . 

It will be sufficient to shew that we can always find 
values of Z, m, n such that the equation In + m/3 + ny = 0, 
which wo know represents a straight line, is satisfied by 
the co-ordinates of any two points. 

If the co-ordinates of the points be a\ ft', y and 
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a", ft", y" we must have 

la 4 - nift' 4 - ny — 0 , 
la" 4 - mft" 4 - ny" — 0 , 

and values of 7, m, n can always be found to satisfy these 
two equations. 

249. To find the equation of a straight line which 
passes through two given, points . 

Let a', ft\ y\ a!', ft", y" be the co-ordinates of the two 
points. 

The equation of any straight line is 

la + mft + ny — 0 . 

The points (a', ft\ y ), (a", ft", y"), arc on the line if 

la' 4- mft' 4 -ny — 0 , 
la"+ mft"+ ny" = 0 . 

Eliminating 7, m, n from those three equations we 
have 

a , ft , y =9. 

a', ft ', 7' 

a", ft", 7" 

250. To find the condition that three given points may 
he on a straight line . 

Let the co-ordinates of the given points be a', ft’, y ; 
a", ft", y" ; and a"\ ft' 1 ', y". 

If these are on the straight line whose equation is 

la + mft 4 - ny — 0 , 

we must have la' 4- mft' 4- ny — 0, 

la" 4 - mft" 4 - ny" = 0 , 
and la'" 4- mft'" 4- ny" = 0. 

Eliminating 7, m, n we obtain the required condition, 
viz. 

, ft' , y =0. 

a r\t' a 

a , ft , 7 

if o'" ,ff 

« . p . 7 


I 
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251. To find the 'point of intersection of two given stra igh t 
lines. 

< Let tlie equations of the given straight lines be 

la + mft + ny = 0, 

and Va 4- mft + riy = 0. 

# 

At the point which is common to tlic.se, wo have 

= 0 = 7 _. 

mn — mn nV — nl Im — I'm v '* 


The above equations give the ratios of the co-ordinates. 
If the actual values be required, multiply the nume¬ 
rators and denominators of the fractions in (i) by a, h , c 
respectively, and add; then each fraction is equal to 

aoL + bft + oy 2 A 

- - -- - - ' - -- - ()|* _ _ _ 

a(mn' — m'n) -f b(nt — n't) + c{liri — I'm) ’ \ l ', m, n 

Z / / / 

, 7/1 , 71 

| a, b, c 


The lines will not meet in a point at a fiuita distance 
from the triangle of reference, that is to say the lines will 
be parallel, if 


h 

m, 

n 

l', 

m, 

n 

a. 

!>, 

c 


= 0 . 


252. To find the condition that three straight lines mag 
meet in a point. 

Let the eqiuitions of the straight lines bo 

l t a + mfi + n t y = 0, 
l 9 a + mJ3 -f ?i 2 7 = 0, 
l/J. + mfi + n.y == 0. 

The lines will meet in a point if the above equations 
are all satisfied by the same values of a, ft, y. The elimi¬ 
nation of a, ft, 7 gives for the required condition 
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253. If Ax +By + G =0 be the equation of a straight 
line in Cartesian co-ordinates, the intercepts which the 

C G 

line makes on the axes arc — ^, — -g respectively. If 


therefore A and B be very small the line will be at a very 
great distance from the origin. The equation of the line 
will in the limit, assume the form 


0 .# + 0 ,y -f G — 0 . 

The equation of an infinitely distant straight line, 
generally called the line at infinity, is therefore 

0.x-\-0.y-\-G = 0. 

When the line at infinity is to bo combined with other 
expressions involving x and y it is written 0=0. 

The equation of the line at infinity in trilinear co-ordi¬ 
nates is aa + b/3 + cy = 0 . 

For if lea, k/3, Icy be the co-onlinatos of any point, the 
invariable relation gives A* (aa + b/3 + (* 7 ) = 2 A, or 

, 0 2A 

aa + bp + cy = ^ . 


If therefore h become infinitely great, we have in the limit 
the relation aa+b/3 + cy = 0. This is a linear relation 
which is satisfied by finite quantities which are propor¬ 
tional to the co-ordinates of any infinitely distant point, 
and it is not satisfied by the co-ordinates, or by quantities 
proportional to the co-ordinates, of any point at a finite 
distance from the triaugle of reference. 

254. To find the condition that two given lines may be 
\parallel . 

Let the equations of the lines be 

la -f m/3 + ny = 0 , 
la + m'/3 + ny = 0 . 

If the lines are parallel their point of intersection will 
be at an infinite distance from the origin and therefore its 
co-ordinates will satisfy the relation 

aa + b/3 + cy = 0 . 
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Eliminating a, ft, y from the three equations, we have 
the required condition, viz. 


I , m, 
t, m, 
a, b , 


n 

/ 

n 

c 


= 0 . 


255. To find the equation of a straight line through a 
given point parallel to a given straight line. 

Let the equation of the given line be 

Icl 4- mft 4- ivy = 0. 

The required line meets this where 

ax + 5/3 4* cy = 0. 

The equation is therefore of the form 

lx + mft + ny + \ (ax 4- 5/3 4- cy) = 0. 

If f g, h be the co-ordinates of the given point, 
we must also have 


whence 


If + mg + nh + X (af+ bg 4- ch) — 0, 
lx + mft + ny _ax + bft + cy 
If + mg 4- nh of 4- bg + ch * 


A useful case is to find the equation of a straight line 
through an angular point of the triangle of reference 
parallel to a given straight line. 

If A be the angular point, its co-ordinates are f 0, 0, 
and the equation becomes (ma — lb) ft 4- (na — lc)y — 0. 


25G. To find the condition of perpendicularity of two 
given straight lines. 

Let the equations of the lines be 

lx 4* mft 4 - ny = 0, 

Vx + mft + ny = 0. 

If these be expressed in Cartesian co-ordinates by 
means of the equations found in Art. 246, they will be 

oc (l cos 0 t 4- m cos 4- n cos 0 3 ) 4- y (l sin 0 l 4- m sin 0 S 4 -n sin 0 3 ) 

— 1]\ — mp t — np a = 6, 
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and 

x(V cos 0 X + iri cos 0 9 4- n cos 0 a ) 4- y (V sin 0 X 4- m sin 0 a 4- ri sin 0 S ) 

— Vp x — m'p 9 — rip 9 = 0 : 

the linos will therefore be perpendicular [Art. 20] if 

(Z cos 0 X + wt cos 62 + w cos e,W cos 0 X 4 iri cos 0 2 4* ri cos *,) 
4- (Z sm 0 X 4- m sin 4- n sin 0 3 ) (Z sin 0 X 4- in sin 0 3 4- n sin 0 a )= 0; 

that is, if 

IV 4- mm’ 4- nri 4- (fori 4- I'm) cos (0 X ~ 0, 2 ) 

4- (mri 4- mn) cos (0 2 ~ 0 a ) 4- (uV 4- ril) cos (0 9 ~ — 0. 

But cos ( 0 9 — 0,) = — cos A, cos (0 3 — 0 X ) = — cos B, 
and cos (0 X — 0 2 ) = — cos 6 Y ; 

therefore the required condition is 

IV 4- mm 4- nri — (mri + mn) cos A — (v/Z' 4- n'l) cos 7i 

— (Zm' 4- Vm) cos (7=0. 

257. To find the perpendicular distance of a given 
point from a given straight line. 

Let the equation of the straight line be 

la 4- m/3 4- ny — 0. 

Expressed in Cartesian co-ordinates the equation will be 
x(l cos 0 X + in cos 0 2 4- n cos 0.) 4- y (Z sin 0 X 4- m sin 0 9 + n sin 0 a ) 

- h\ - m Pt - n v »= 

The perpendicular distance of any poiut from this line is 
found by substituting the co-ordinates of the point in the 
expression on the left of the equation and dividing by the 
square root of the sum of the squares of the coefficients 
of x and y. If this be again expressed in trilinear co¬ 
ordinates, we shall have, for the length of the perpen¬ 
dicular from f g, h on the given line, the value 

lf+ mg 4- nh 

ri[(lcos0 x +mcos0 2 +ncos0J i +(hm0 l 4msin0 2 -+- n sin 0,f} ' 
The denominator is the square root of 

Z* 4 - m* 4* n* + 2Zm cos (0 t — 0) 4- 2mn cos (0 Q — 0) 

4* 2 nl cos (0 3 — 0 X ) } 

or of Z 2 4- m* 4 -n a — 2Im cos C — 2 mn cos A — 2 ril cos B. 
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Hence the length of the perpendicular is equal to 

If + mg + nh 

*J{1* + m 2 + ri* — 2 mn cos A — 2 nl cos B — 2 Im cos Q) * 

258. To shew that the co-ordinates of any four points 
may he expressed in the form ±f + g, ± h. 

Let P, Q, It, S be the four points. 


n 



Q 11 c 


The intersection of the line joining two of the points 
and the line joining the other two is called a diagonal- 
point of the quadrangle. There are therefore three 
diagonal-points, viz. the points A, B, G in the figure. 

Take ABC for the triangle of reference, and let the 
co-ordinates of P he j\ g, h. 

Then the equation of AP will he ^. 

The pencil AB, AS, AC, AP is harmonic [Art. GO], 
and the equations of AB, A C are y = 0, = 0 respectively, 

and the equation of AP is - = J ; therefore the equation 

of A 8 will be — = •— .•. [Art. 56.1 
9 ~h 

The equation of OP is %— —. 

f 9 

Therefore where AS and CP meet, i.e. at S, wo shall 


have 


a _P = V 
f 9 -A' 
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So that the co-ordinates of 8 are proportional to f, g, — h. 
Similarly the co-ordinates of R are proportional to —f,g, h. 
Similarly the co-ordinates of Q are proportional to f—g,h. 

259. To shew that the equations of any four straight 
lines may he expressed in the form la ± m/3 ± wy — Q. 

Let DEF, DKG, EKH, FGH be the four straight 
lines. 

Let ABC be the triangle formed by the diagonals 
FK, EG, and 1)TI of the quadrilateral, and take A BC for 
the triangle of reference. 



Let the equation of DEF be 

la + m/3 + ny = 0. 

Then the equation of AD is m/3 + ny = Q. 

Since the pencil AD, AB, AH, *AC is harmonic 
[Art. CO], and the equations of AD, AB, AG are m/3+ny=0, 
y — 0, /3 — 0 respectively; 

therefore [Art. 56] the equation of All is m/3 — ny — 0. 

Since E is the point given by 8 = 0, la + ny = 0; and H 
is the point given by a = 0, 'm/3 — ny = 0\ the equation 
of HE is ha — m/3 +ny — 0. 



EXAMPLES. 285 

We can shew in a similar manner that the equation 
of DK is — la + m/3 + ny = 0, 

and that the equation of FII is 

la + mf3 — ny = 0. 


EXAMPLES. 


]. The three bisectors of the angles of the triangle of reference have 
for equations, p - 7 = 0 , y - a= 0 , and a - / 3 = 0 . 

2 . The three straight lines from the angular points of the triangle of 
reference to the middle points of the opposite sides have for equations 
bp-cy—0, ry-na=0, and aa-bp—0. 

3. If A'B'C' be the middlo points of the sides of the triangle of 
reference, the equations of B'C', C'A', A'JV will he bfi+cy -aa= 0, 
cy \-aa~bp = 0, aa + bp -cy — Q respectively. 

4. The equation of the lino joining the centres of the inscribed and 
circumscribed circles of a triangle is 


a (cos B -- cos C) -f- (3 (cos C - cos d)l- y (cos A - cos J>)=0. 


o. Find the co-ordinates of the centres of the four circles which touch 
the sides of the triangle of reference. Find also tho co-ordinates of the 
six middle points of the lines joining the f our centres, and shew that the 
co-ordinates of these six points all satisfy the equation 

apy + 67 a + cap— 0 . 

6. If AO, BO, CO meet the sides of tho triangle ABC in A', B’, C’\ 
and if JVC meet BC in P, C'.V meet CA in Q, and A'JV meet Ali in 11; 
shew that F, Q, It arc on a straight line. 

Shew also that BQ, CIt, A A' meet in a point P'; CJl, AP, BB f meet 
in a point Q'; and that AP, BQ, CC meet in a point R\ 

7. If through the middlo points, A', IV, (V of the sides of the triangle 
ABC lines A’P, IVQ, C’B 1x3 drawn perpendicular to tho sides and equal 
to them; shew that JP, BQ, Cli will meet in a point. 

8. If p, q, r be the lengths of the perpendiculars from tho angular 
points of the triangle of reference on any straight line; shew that tho ’ 
equation of the line will bo apa + bqp -1- cry— 0. 

9. If there be two triangles such that tho straight lines joining tho 
corresponding angles meet in a point, then will the threo intersections of 
corresponding sides lie on a straight line. 

[Let f, 0 , h be the co-ordinates of the point, referred to ABC one of the 
two triangles. Then the co-ordinates of the angular points of the other 
triangle A'BC' can be taken to be /', y, h; f, <j, h and /, <j, h' respectively. 

B'C' cuts BC where a = 0 and — —. + ■ =0. Hence the three inter- 

g-g' h-h' 


sections of corresponding sides are on the line 


/-/' 


+ 


-A + y- 
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TANGENT AND POLAR. 


260. The general equation of the second degree in 
trilinear co-ordinates, viz. 

ua 2 4- w/3 2 + wy* 4- 2 u'py 4- 2 v'ya 4- 2 wap = 0, 

is the equation of a conic section; for, if the equation be 
expressed in Cartesian co-ordinates the' equation will be of 
the second degree. 

Also, since the equation contains five independent 
constants, these can be so determined that the curve 
represented by the equation will pass through five given 
points, and therefore will coincide with any given conic. 

261. To find the equation of the tangent at any point of 
a conic. 

Let the equation of the conic be 

<f> (a, P, y) = «a 8 4- vp* + 'ivy 2 4- 2u-py 4- %vyoL 4- 2waP = 0, 

and let a 7 , P, y ; a", j3", y n be the co-ordinates of two 
points on it. 

The equation 

u (a - a) (a - a") + v (P - P’) (P - p") 4- w (y - y) (y - y") 
4- 2 u' (P - P') (y — 7") + 2v (7 - 7') (a - a") 

is really of the first degree in a, p, 7, and therefore it 
is the equation of some straight line. The equation 
is satisfied by the values a = a', p = P\ 7 = y, and also by 
the values a = a", p=fi n f 7 = 7" . Therefore it is the 
equation of the line joining the two points (a', P\ 7'), 
(a", P", 7"). Let now (a", /3", 7") move up to and ulti¬ 
mately coincide with (a', p y 7'), and we have the equation 
of the tangent at (a, p\ y), viz., 

uad 4 *. vPP’ 4 - wyy 4- n (py 4- yp’) 

k 4* v 1 (yd + ay) 4- w’ (ap 4- pa) = 0. 

Using the notation of the Differential Calculus we may 
write the equation of the tangent at any point (a, p> y) 
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of the conic <f> (a, 0, 7 ) = 0 in either of the forms 


202 . To find the equation of the polar of a given 
point. 

It may be shewn, exactly as in Art. 70, 100, or 118, 
that the equation of the polar of a point with respect to 
a conic is of the same form as the equation we have 
found for the tangent in Art. 201. 


263.- To find the condition that a given straight line 
•may touch a conic. 

Let the equation of the given straight line he 

Iol 4 - m0 + ny — 0 .(i). 

The equation of the tangent at (a', 0\ y) is 

a (no! 4 - w'0' 4 - v'y) 4 - 0 (wa! + v0' + tty) 

4 - 7 (vV 4 - u'0' 4 - ivy') — 0 .. (ii). 

If (i) and (ii) represent the same straight line, we have 
no! -f w'0’ 4- v'y _ w'a 4- V0' 4- u'y' _ va! + u0' + wy' 
l m n 

Putting each of these fractions equal to — X, we have 

uol 4 - w'0' + vy -r\l — 0 , 
w'a + v0' + u'y 4 - \m = 0 , 
v'a 4 - u'0' 4 - wy' 4 - \n = 0 . 

Also, since (</, 0\ y) is on the line (l, m, n), 

la! 4- ni0' 4 - ny = 0. 

Eliminating a', 0, y\ X from these four equations we 
obtain the required condition 

u , w, v ', l =0 .(iii), 

w, v , n\ m 
v ', n\ w, n 
l , m, n y 0 
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THE CENTllE. 


or F . (vw —i u' 2 ) + m 2 (wu — v' 2 ) 4- n 2 (uv — w 2 ) 

4- 2 mn {vw' — uv!) 4 - 2 nl (wV — vv) + 2 hn (mV — ww') = 0, 
or 

4- Fm* + Wri 2 + 2 UW 4- 2 FW 4- 2 W'lm = ()... (v), 

where Z 7 , F, TF, U\ V', W' are tKc minors of u> v, w, 
v! y v, w in the determinant 

u, w\ v — 0. 

w'j v , u 

v , u f w 

264 . To find the co-ordinates of the centre of a conic. 

Since the polar of the centre of a conic is altogether at 
an infinite distance, its equation is 

cwt 4- 1/3 +c 7 = 0.(i). 

But [Art. 262 ], the equation of the polar of the centre 
will be 


a f- +r 3§r + ry¥=0, 

d\ df3„ dy a 

where a 0 , fi 0 , y 0 , arc the co-ordinates of the centre. 
Hence the equations for finding the centre are 

d<f> d(j> d(f> 

da„ _ rfry„ 

a b c 


265 . To find the condition that the curve represented 
by the'general equation of the second degree may be a 
parabola. 

The co-ordinates of the centre of the curve are given 
by the equations 

«5> + +«'y, _ n + *73„ + «Vo _ «\ + «'/8, + «7. 

a b c 

Put each of these equal to — and we have 

U 7 0 + wfi 0 4 - v’y Q 4- \a = 0 , 
wa Q + vfi 0 4~ uy 0 ~\~\b = 0, 
va 0 4- u' 0 o + ioy 0 + \c = 0. 
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Also since the centre of a parabola is at infinity, we 
have 

aoi 9 +bp 0 + cy 0 = 0 . 

The elimination of a w , /3 0 , y 0 , A gives for the required 
condition 


u , 

w\ 

/ 

v , 

a 

= 0 

w\ 

v , 

9 

u , 

b 



u ', 

Wy 

c 


a , 

h. 

C, 

0 

i 


We see from the above that the parabola touches the 
line at infinity. [Art. 263.] 

266. To find the condition that the conic represented by 
the general equation of the second degree may be two straight 
lines. 

The required condition may be found as in Art. 37. 
The condition is 

uvw -f 2 uvw' — uu* — vv* — wtn' 2 = 0, 
or, as a determinant, 

u , w, v ~ 0 . 

W y V , U 

V , u , w 

267. To find the asymptotes of a conic . 

The equations of the curve and of its asymptotes only 
differ by a constant. 

Hence if the equation of the curve be 

wa 2 4- vj3* + wf 4- 2ufiy 4- 2vya. 4- 2 tu'afi = 0, 

the equation of the asymptotes will be 

4- v8 2 + wy a 4- 2nfty + 2v'7a 4- 2w'aft 

4- A (a'X 4- b/3 4- cyf = 0..(i). 

The value of A is to be determined from the condition 
for straight lines, viz. 

u 4- Aa a , w 4- Aa6, v 4- Aac = 0* 

w'+Xab , v 4-Ah 2 , u'+ \bc 

v 4- A ac t u 4- A&c, w 4- Ac 2 


S. c. s. 


19 
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ASYMPTOTES. 


The term independent of \ is 

u t w f v 

w , v y u' . 

v , u' , w 

The coefficient of X is 


or, a b , ac 

+ 

U y w' y V' 

+ 

U y W , v‘ 

IV y V y u 


ab y b 2 , be 


1U y V y U 

V y 11 y W 


v' y U y 10 


ac, be, c‘ 


which is equal to 

— n , w , v , a 
w\ v , u , i 

t/ , u' , w y c 

a . b , c . 0 

The coefficients of \ a and of X 3 are both zero. 

Hence there is a simple equation for and therefore 
from (i) we have for the equation of the asymptotes 

(j>(oL,/3yy) n y io , v , a\ J r{aoi-\-bfi-\-cy s ) u , w , v = 0. 

W' y V y U y l) W y V y U 

v t n y w , c v' , a , w 

a , b , c ,0 

2 G8. To find the condition that the conic may be a 
rectamjular hyperbola . 

Change to Cartesian co-ordinates. Then the conic will 
be a rectangular hyperbola if the sum of the coefficients of 
x 9 and y 2 is zero. 

The condition becomes 

u + v + w — 2 u cos A — %)' cos B — 2 no cos 0 = 0. 

209 . To find the equation of the circle circumscribing 
the triangle of reference. 

If from any point P, on the circle circumscribing 
a triangle ABC, the three perpendiculars PL, PM, PN be 
drawn to the sides of the triangle and meet the sides 
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BG y CA, A B in the points L y M y N respectively; then it 
is known that these three points L, M t N are in a straight 
line. 

Let the triangle be taken for the triangle of reference 
and let a, /3 y y bo the co-ordinates of P. 

The areas of the triangles MPN, NPL y and LPM 
are ^7 sin . 4 , ^asini?, and %a/3s\nC respectively. 
Since L, M, A r are on a straight line, one of these triangles 
is equal to the sum of the other two. Hence, regard being 
had to sign, we have 

fiy sin A+ya sin B + a/3 sin G — 0, 

or aft 7 + bya. + cift = 0 , 

which is the equation required. 

Ex. The perpendiculars from 0 on the sides of a triangle meet the 
sides in D, H, F. Shew that, if the area of the trianglo 1)KF is constant, 
the locus of O is a circle concentric with the circumscribing circle. 

270 . Since the terms of the second degree are the 
same in the equations of all circles, if S = 0 be the 
equation of any one circle, the equation of any other 
circle can be written in the form 

aS + \a -f- fjb/3 4 - vy = 0, 
or, in the homogeneous form, 

S+ (la + mj3 + ny) (act + b/3 + cy) — 0. 

271. From the form of the general equation of a 
circle in Art. 270 it is evident that the line at infinity cuts 
all circles in the same two (imaginary) points. 

The two points at infinity through which all circles 
pass are called the circular points at infinity . 

Since, in Cartesian co-ordinates, the lines a? + y 2 = 0 
are parallel to the asymptotes of any circle, the imaginary 
lines a? + y 2 = 0 go through the circular points at infinity. 
Hence, from Art. 193, the four points of intersection of 
the tangents drawn to a conic from the circular points at 
infinity are the four foci of the curve. 

272. To find the conditions that the curve represented 
by the general equation of the second degree maybe a circle. 

19—2 
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CONDITIONS FOR A CIRCLE. 


The equation of the circle circumscribing the triangle 
of reference is [Art. 269] 

afty + bya + caft = 0. 

Therefore [Art. 270] the equation of any other circle 
is of the form 

aft y + bya 4* caft + (la + on ft + ny) (a a + bft-\- cy) = 0. 

If this is the same curve as that represented by 
ua? + vft 2 + wy 2 + 2u ft y + 2vya -f 2iuaft = 0, 

we must have, for some value of X, 

Xu — la, Xv — mb, \w = nc, 

2\?/ = a + cm 4- bn,2Xv' = b + an + cZ,aud 2Xw — c + bl + am. 


Ilenco 


2 bcvi — c 2 v — b‘w = 2 cav — d l w — c 2 u = 2 abw' — b 2 u — arv, 


for each of these quantities is equal to 


abc 

Y‘ 


273. To find the condition that the conic ■represented by 
the general equation of the second degree may be an ellipse, 
parabola, or hyperbola. 

The equation of the lines from the angular point G to 
the points at infinity on the conic will be found by elimi¬ 
nating y from the equation of the curve and the equation 
aa -f bft + cy = 0. Hence the equation of the lines through 
C parallel to the asymptotes of the conic will be 

wcV + vc 2 ft 2 + w (aa + bftf — 2u eft (aa + bft) 

— 2vca (aa + bft) + 2w'c 2 aft — 0. 

The conic is an ellipse, parabola, or hyperbola, accord¬ 
ing as these lines are imaginary, coincident, or real; and 
the lines are imaginary, coincident, or real according as 

(wab — uac — vbc + w'c 2 ) 2 — (uc 2 + wa 2 — 2v ac) 

(vc 2 + wb 2 — 2 ubc) 

is negative, zero, or positive; that is, according as 
Ua*+ Vb 2 + We 2 + 2 U'bc + 2 Tea + 2 W'ab 
is positive, zero, or negative. 

274. The equation of a pair of tangents drawn to the 
conic from any point can be found by the method of 
Art. 188. 
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The equation of the director circle of the conic can be 
found by the method of Art. 189. 

The equation giving the foci can be found by the 
method of Art. 193. 

The equations for the foci will be found to be 
4 (b 2 w + c 2 v - 2 bcu) (j) (a, ft 7 ) - (b ^ - c 

= 4 (c 2 u + a?w - 2cav) </> (a, ft y) - ^ - a ^ 

= 4 (a 2 v + b 2 u — 2 abw) </> (a, ft 7 ) - ^ — b . 

The elimination of <j> (a, ft 7 ) will give the equation of 
the nates of the conic. 

275. To find the equation of a conic circumscribing the 
triangle of reference. 

The general equation of a conic is 

nor f vft -j- wy 2 -j- 2uj3y + Sv'ya 4- 2 u/a/3 = 0. 

The co-ordinates of the angular points of the triangle 

2A , 0 , 0 ; 0 , 2 -f-, 0 ; mid 0 , 0 , 2A . 

(Jb O C 

If these points are on the curve, we must have u — 0 , v -- 0 , 
and w — 0 , as is at once seen by substitution. 

Hence the equation of a conic circumscribing the tri¬ 
angle of reference is 

ufiy + vy cl + w'afi = 0. 

276. The condition that a given straight line may 
touch the conic may be found as in Art. 263, or as follows. 

The equation of the lines joining A to the points 
common to the conic and the straight line (l, m, n), fouud 
by eliminating a between the equations of the conic and 
of the straight line, is 

hi y — {vy -f w'/3) (m/3 4- ny) = 0, 
or mw'ff 4- nvy 2 + (mv 4- nw — lu) (By — 0 . 

The lines are coincident if (l y m , n) is a tangent; the 
condition for this is 

4mra/W = (mv + uw' — lu) 2 , 
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INSCRIBED CONIC. 


which is equivalent to 

Jlu' ± Jmv + Jnw = 0. 

277. To find the equation of a conic touching the sides 
of the triangle of reference. 

The general equation of a conic is 

ua 2 + vft* + wy 2 -f 2ufty + 2vya + 2 w'aft = 0. 

Where the conic cuts a = 0, wc have 

vft 2 + wy 2 + iufty = 0. 

Hence, if the conic cut a = 0 in coincident points wc 
have 

vw = u 2 y or u — Jviu. 

Similarly, if the conic touch the other sides of the 
triangle, we have 

v' = Jwu, and w ~ Juv. 

Putting X 2 , fi 2 , v 2 instead of u, v, w respectively, we have 
for the equation, 

XV 4- H?ft* + + %p>vfty + 2vXyi + 2Xfiaft — 0. 

In this equation either one or three of the ambiguous 
signs must be negative; for otherwise the left side of the 
equation would be a perfect square, in which case the 
conic would be two coincident straight lines. 

The equation can be written in the form 

a J\a + Jfift -f Jvy — 0. 


278. To find the condition that the line la + mft + ny — 0 
mag touch the conic J\a + Jfift 4- Jvy — 0 . 

The condition of tangency can be found as in Art. 27G, 
the result is 


L m n 


279. To find the equations of the circles which touch the 
sides of the triangle of reference. 

If H be the point where the inscribed circle touches 
BC t we know that 

DC = s — c, and DB — s — h. 
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Therefore the equation of A D will bo 

_ i _=_ i _ ti) 

(s-c)smC (s — b)sinB .' 

Now the equation of any inscribed conic is 

4~ jUr/3 vy “0.(ii). 

The etjuation of the line joining A to the point of contact 
of the conic with BO will bo given by 

Jp/3 + Jvy = 0; 

jjl/ 3 = vy .(iii). 

Hence, if (ii) is the inscribed circle, we have from (i) and 
(iii) 

p _ v 
bis — b ) c (s — c) * 

Similarly, by considering the point of contact with CA , 
we have 

v \ 

c(s — c) a(s — a)' 

Hence the equation of the inscribed circle is 
Ja (s — a) ol 4- Jb (s — b) ft 4- Jc (s — c) y — 0. 

The equations of the escribed circles can be found in a 
similar manner. 

Ex. 1. Shew that the conic whose equation is 

Jaa |- ijbp+ *Jcy= 0 , 

touches the sides of the triangle of reference at their middle points. 

Ex. 2. If a conic be inscribed in a triangle, the linea joining the 
angular points of the triangle to the points of contact with the opposite 
sides will meet in a point. 

280. To find the equation of a conic which passes 
through four given points. 

If the diagonal-points of the quadrangle be the angular 
points of the triangle of reference, the co-ordinates of the 
four points are given by ±fi + g, ± li [Art. 258]. 

If the four points are on the conic whose equation is 
wot 2 4- v/3' 2 + wy 2 + Zufiy 4- "2vyoi 4- 2w'a/3 = 0, 
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CONICS TOUCHING FOUR LINES. 


we have the equations 

uf 2 + vg 1 + wP + 2 ugh ± 2v'hf± 2wfg — 0; 

u = v' — w / — 0. 


Hence the equation of the conic is wa 2 + v/9 2 + wy 1 = 0, 
with the condition uf 2 + vg 2 -f wK 2 = 0 . 


Ex. 1. Find llie locus of the centres of all conics which pass through 
four given points. 

Let tlie four points be ±/, ±<7, ± h. 

The equation of any conic will be 

ua? -f vpp + W7 2 — 0, 

with the condition 

up H- vg~ + ich? =0.(i). 

The co-ordinates of the centre of the conic arc given by 


ua _ vp _ wy 
a h c 

Substitute for m, v, w in (i), and we have the equation of the locus, viz. 


^ + !* a + --=o. 

a p y 


[See Art. 209.] 


Ex. 2. The polars of a given point with respect to a system of 
conics passing through four given points will pass through a fixed point. 


281. To find the equation of a conic touching four 
given straight lines . 

Let the triangle formed by the diagonals of the quadri¬ 
lateral be taken for the triangle of reference, then [Art 259] 
the equations of the four lines will be of the form 

la + mp + ny = 0. 

The conic whose equation is 
ua 2 + v/3 2 + wy 2 + 2u'/3y + 2vya + 2w'a/3 =0 ... (i) 
will touch the line (l, m, ») if 

Ul 2 + Vm 2 + Wn 2 + 2 U'mn + 2 V'nl + 2 Wlm = 0. 

If therefore the conic touch all four of the lines, we 
must have V = V' = W' = 0, 

that is vw' — uu = 0, 

wn — vv' = 0, 
mV — wiu = 0; 

.*. u -v —w — 0, 
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or else (i) is a perfect square, and the conic a pair 
of coincident straight lines. 

Hence we must have u' = v = w = 0, and the condition 
of tangency is l 2 vw + mhou + n\uv = 0. 

Hence every conic touching the four straight lines is 
included in the equation 

wx 2 + vfS 2 + wy* — 0, 

with the condition 

F m 2 n* 

— 1 — 4 ~ — = 0 . 
u v w 


Ex. 1. Find the locus of the centres of the, conics which touch four 
given straight lines. 

Any conic is given by 

nar + vff -J- icy- -- 0, 

with the condition 


1 2 ?» 2 nr 

— I'-h — —0. 

n v w 

The co-ordinates of the centre of the conic arc given by 

na _ vp wy' 
a be' 

therefore the equation of the locus of the centres is the straight line 

Pa + irtp ’£y =0 
a b c 

This straight line goes through the middle points of the throe diagonals 
of the quadrilateral. [Sec Art. 217.] 

Ex. 2. The locus of the pole of a given line with respect to a system 
of conics inscribed in the same quadrilateral is a straight line. 

Ex. 3. Shew that, if the conic Ma 2 +r/8 2 +wy 2 -*0 be a parabola, it 
will touch the four lines given by aa±bp±cy=Q. 


282. When the equation of a conic is of the form 
no? + v/3 2 + wy 2 = 0, each angular point of the triangle of 
reference is the pole of the opposite side. This is at once 
seen if t.hc co-ordinates of an angular point of the triangle 
be substituted in the equation of the polar of (a, y'), 

viz. uoi'a + vft 4- wy'y = 0. 

Conversely, if the triangle of reference be self-polar, the 
equation of the conic will be of the form u'A + vfP 4- vrf = 0. 

For, the equation of the polar of A , 0,0^ , with respect 



298 


NINE-POINT CIRCLE. 


to the conic given by the general equation, is 

uol + w /3 4- v'y = 0. 

Hence, if BG be the polar of A, we have w —v = 0 . 
Similarly, if GA be the polar of B, we have to = u = 0. 
Hence u, v', tv' are all zero. 

283. If two conics intersect in four real points, and 
we take the diagonal-points of the quadrangle formed by 
the four points for the triangle of reference, the equations 
of the two conics will [Art. 280] be of the form 

uol 2 4- v/3 2 4- wy 2 = 0, and u'a? 4- v /3 2 4- w'y 2 = 0. 

So that, as we have seen in Art. 213, any two conics 
which intersect in four real points have a common self-polar 
triangle. 

When two of the points of intersection of two conics 
arc real and the other two imaginary, two angular points 
of the common self-polar triangle are imaginary. When 
all four points of intersection of two conics are imaginary, 
they will have a real self-polar triangle. [See Ferrers’ 
Trilincars, or Salmon's Conic Sections, Art. 282.] 

284. If two tangents and their chord of contact be 
the sides of the triangle of reference, the equation of the 
conic will be of the form 

a* = 2*07 .(i), 

for (i) is a conic which has double contact with the conic 
$7 = 0 , the chord of contact being a = 0 . [Sec Art. 187.] 

285. To find the equation of the circle tuith respect to 
which the triangle of reference is self-polar. 

The equations of all conics with respect to which the 
triangle of reference is self-polar are of the form 

uol 2 4 - r/3 2 4 - wy 2 = 0 . 

The equation of any circle can be written in the form 

<i/3y 4 - hya 4- cap 4- (A? -f pfi 4 - vy) (aa 4 - bft 4 - cy) = 0. 

If these equations represent the same curve, we have 
u = Xa, v = fib t w — vc, 

a+pc + vb=0, b 4- va 4 - Xc — 0, and c 4 - Xb 4 - pa = 0. 
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Whence A = — cos A, p — — cos B, and v = — cos O. 

The required equation is therefore 

a cos A . a* 4- b cos B. ft 2 -f c cos C. y* = 0. 

286. To find the equation of the nine-point circle. 

Let the equation of the circle be 
afty 4- bya 4- ca/3 — (As + pft 4- vy ) (<11 + bft 4- cy) = 0. 
This circle cuts a = 0 where bft = cy; 

.*. abc — 2 (pc 4- vb) be = 0, 

P , v a‘ 
b c 2 abc ’ 

h % 

2abc * 


or 


Similarly 

and 


1/ A 

e a 9 


A u 

(i 6 


2a,be ’ 


Hence 2 A = cos A, 2p~ cos B, and 2v = cos C ; 

therefore the equation of the circle is 
2afty 4 - 2byx 4 - 2ca/3 

— (a cos A 4- ft cos B 4-7 cos C) (a/. 4- bft 4- cy) — 0, 
or afty 4- byi 4 - czft — a*a cos .*4 — ft l b cos B — y l e cos (7 = 0 . 

The form of this equation shews that the nine-point 
circle, the circumscribed circle, and the self-conjugate 
circle have a common radical axis, the equation of the 
radical axis being 

a cos A 4 - ft cos B 4- 7 cos C = 0 . 

Ex. 1. The centre of the self-conjugato circle of a triangle is its 
orthocentre. 

Ex. 2 . Tho locus of tlio centres of all rectangular hyperbolas de¬ 
scribed about a given triangle is the nine-point circle. 

287. Pascal’s Theorem. If a hexagon be inscribed in 
a conic, the three points of intersection of the three pairs of 
opposite sides will be on a straight line . 

Lot the angular points of tho hexagon bo A , F, B, 1), C, K. 
Take ABC for the triangle of reference, and let the points 
D , E, F be (a', ft', y'), (a", ft", y), and ft"', 7 "'). 
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Let the equation of the conic be 

X 11 v ~ 

—h d— = 0.(i). 

a P 7 

£ rj 

Tlie conations of BD and AK will be and 

1 ay 

a * . . . 

~ // > therefore at their intersection, a 1 

P y // 

7 7 

, 1 , y,„J . 

( rv/ /7, \ 

L, . 

The three points av i 11 lie on a straight line if 


t r\rf 

a p 

— r > “77 


, 1 = 0 , or if i \ = 0 


~ 1 y_ 

0 ' 5 ’ 

/O" ,ff 

t P 7 

1 a" ’ a"' 


7 7 7 

1 1 1 

1 1 1 

a 1 ’ a" ’ a'" 


Hut, since the three points are on the conic (i), 

we have 

* + /*_ + _ v = 0 
a' 1 0 ' + 7 ' ’ 

-+^-+ " =0 
a" /S" + 7 " ’ 


and 


*■ + /*. " =0 
/// l 1 m 

a p y 


By the elimination of X, / a , v we see that the condition 
(ii) is satisfied, which proves the proposition. [See also 
Art. 310, Ex. 3 .] 

Since six points can be taken in order in sixty different 
ways, there are sixty hexagons corresponding to six points 
on a conic; and, since Pascal’s Theorem is true for every 
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one of these hexagons, there are sixty Pascal lines corre¬ 
sponding to six points on a conic. 

288. If a hexagon circumscribe a conic, the points of 
contact of its sides will be the angular points of a hexagon 
inscribed in the conic. Each angular point of the circum¬ 
scribed hexagon will be the pole of the corresponding side 
of the inscribed hexagon; therefore a diagonal of the cir¬ 
cumscribing hexagon, that is a line joining a pair of 
its opposite angular points, will bo the polar of the point 
of intersection of a pair of opposite sides of the inscribed 
hexagon. But the three points of intersection of pairs of 
opposite sides of the inscribed hexagon lie on a straight 
line by Pascal’s Theorem ; hence their throe polars, that is 
the three diagonals of the circumscribing hexagon, will 
meet in a point. This proves Brianclion’s Theorem :—if 
a hexagon be described about a conic, the three diagonals will 
meet in a point 

289. If we are given five tangents to a conic we can 
find their points of contact by Brianchon’s Theorem. For, 
let A t By Cy By E be the angular points of a pentagon 
formed by the five given tangents; then, if K be the point 
of contact of AB, A, K, B, (J, J), E are the angular points 
of a circumscribing hexagon , two sides of which are co¬ 
incident. By Brianchon’s Theorem, UK passes through 
the point of intersection of AC and BE ; hence K is 
found. The other points of contact can be found in a 
similar manner. 

Similarly, by means of Pascal’s Theorem, we can find 
the tangents to a conic at five given points. For, let A, 
By Cy Dy E be the five given points, and let i^be the point 
on the conic indefinitely near to A; then, by Pascal’s 
Theorem, the three points of intersection of AB and DE\ 
of BC and EF\ and of CD and FA lie on a straight line. 
Hence, if the line joining the point of intersection of AB 
and DE to the point of intersection of BC and EA meet 
CD in Hy AH will be the tangent at A. The other 
tangents can be found in a similar manner. 
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290. The position of any point P is determined if the 
ratios of the triangles PBG , PC A, PAB to the triangle of 
reference ABC be given. These ratios are denoted by x y y, z 
respectively, and are called the areal co-ordinates of the 
point P. 

The arca.1 co-ordinates of any point are connected by 
the relation x + y 4 z = 1 . 

Since sc = ^, y = , and z = , wo at once find 

2A’ J 2 A 2A 

the equation in areal co-ordinates which corresponds to any 
given homogeneous equation in trilinear co-ordinates, by 

substituting in the given equation -, , - for a, ft, 7 

respectively; for example the equation of the line at in¬ 
finity is x+y+z— 0 . We will however find the areal 
equation of the circumscribing circle independently. 

291. To find the equation in areal co-ordinates of the 
circle which circumscribes the triangle of reference. 

If P be any point on the circle circumscribing the tri¬ 
angle ABC, then bv Ptolemy’s Theorem (Euclid vi. D.) 
we have 

PA. BC ± PB . CA ± PC. AB — 0 .(i). 

But since the angles BPC and BA C are equal, we have 

JP-Z? pc 

— X ' aut * similarl y f° r V an( l z 5 hence, paying 

regard to the signs of x y y, z y we have from (i) 

PA.PB.PC, PA.PB.PC , PA.PB.PC „ 
a .- 7 -4- 0 .-—--h c. -s-= 0, 


hex 


.2 


cay 
.2 ^2 


abz 


or 


!^V:=o, 

x y z 


which is the equation required. 
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292. If the conic represented by the general equation 
of the second degree in trilinear co-ordinates, viz. 

wa* 4- + wy 2 + 2u/3y 4- 2vya + 2w'a/3 = 0, 

be the same as that represented in areal co-ordinates by 
the equation 

\x 2 + py 2 + vz 2 + 2 \'yz 4- 2 \pzx 4- 2vxy — 0; 

/jj g 

then, since — = tt, = — , we have 
a* bp cy 

it _ v _ w v! _ v _ w 
\a 2 fib 2 vc 2 \'bc pea vab ’ 

Hence we can obtain the relation between the coefficients 
in the areal equation which corresponds to any given 
relation between the coefficients in the trilinear equation. 

For example, the condition that nz* 4- v/3 2 4- wy 2 = 0 
may be a rectangular hyperbola is u 4- v 4- w = 0; lienee the 
condition that \x 2 4- py 2 4- vz 2 — 0 may be a rectangular 
hyperbola is \a 2 4- pb 2 4- vc 2 = 0. 


TANGENTIAL CO-ORDINATES. 

293. If ly m, n be the three constants in the tri¬ 
linear or areal equation of any straight line, the position 
of the line will be determined when l, m and n are given; 
and by changing the values of l, m> and n the equation 
may be made to represent any straight line whatever. 

The quantities l y m, and n which thus define the positiou 
of a straight line are called the co-ordinates of the line . 

If the equation of a straight line in areal co-ordinates 
be lx 4- my 4- nz = 0, 

the lengths of the perpendiculars on the line from the 
angular points of the triangle of reference will be pro¬ 
portional to l, m, n. This follows at' once from Art. 257; 
we will however give an independent proof. 

Let the lengths of the perpendiculars from the angular 
points Ay By C of the triangle of reference be p, q, r 
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respectively. Let the line cut BG in the point K, and let 
the co-ordinates of K be 0, y\ z. 

Then q : r :: BK : GK :: — z : y. 

But, since K is on the line, my' + nz — 0; therefore 

q : r :: m : n. 

294. The lengths of the perpendiculars on a straight 
line from the angular points of the triangle of reference 
may be called the co-ordinates of the line. If any two of 
these perpendiculars be drawn in different directions they 
must be considered to have different signs. 

From the preceding Article we see that the equation of 
a line whose co-ordinates are p, q, r is px + qy + rz = 0. 

When the lengths of two of the perpendiculars on 
a straight line are given, there are two aud only two 
positions of the line; so that, when two of the co-ordinates 
of the line are given, the third has one of two particular 
values. Hence there must be some identical relation 
connecting the three co-ordinates of a line, and that 
relation must be of the second degree. 

295. To find the identical relation which exists between 
the co-ordinates of any line . 

Let 6 be the angle the line makes with BA, then we 
have q — p = c sin 0 , and q — r = a sin (0 -f /?). The elimi¬ 
nation of 0 gives the required relation, viz. 

a 8 (q —pY — 2ac cos B (q —p) (q ~ r) 4- cr ( q — rfi — 4A 2 , 
or 

a* (p — q) (p — r) + b 2 (q — r) (q — p) + c 2 (r —p) (r — q) = 4A 2 . 

296. If the line px+qy + rz~ 0 pass through a fixed 
point (/, g, h) y then 

pf+qg + rh = i) .(i). 

So that the co-ordinates of all the lines which pass 
through the point whose areal co-ordinates are f g, h 
satisfy the relation (i). 

Hence the equation of a point is of the first degree. 
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297. If the co-ordinates of a straight line are con¬ 
nected by any relation the line will envelope a curve, and 
the equation which expresses that relation is called the 
tangential equation of tne curve. 

We have seen that the tangential equation of a conic is 
of the second degree, and that every curve whose equation 
is of the second degree is a conic. If yfr (l, m, n) = 0 be 
the tangential equation of the conic whose areal equation 
is <t> 0> y, z) = o, and if the coefficients in the equation 
<j> =• 0 be u, v, w, u\ v\ w ; the corresponding coefficients in 
the equation ^ = 0 will be U, V, W, U', V', W\ the minors 
of u, v , w y u\ v, w respectively in the determinant 

u , w\ v' 

w'y V y U . 

V'y H'y 10 

Since u, v, w, u' t v\ vf are proportional to the minors of 
U, Vy Wy If', V\ W in the determinant 

Uy W'y V'\ 

W'y V y IT \ [See Art. 239] 

V, V, w I 

it follows that if (l t m, n) = 0 be the tangential eejua- 
tion of the conic whose areal equation is (a*, y, z) = 0, 
then <j> (l t m, n) = 0 will be the tangential equation of the 
conic whose areal equation is yfr (x f y, z)=0. 

298. We can find the equation of the point of contact 
of any tangent by an investigation similar to that in 
Art. 261. 

The equation is 



where <f> (p, q t r) is the equation of the conic, and p, q, r 
are the co-ordinates of the tangent. 

S. C. S. 


20 
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If (p\ q\ r) be not a tangent to the curve, the above 
equation will be the equation of the pole of (j/, q, r)* 
The centre is the pole of the line at infinity whose 
co-ordinates are 1, 1, 1; hence the equation of the centre 


of the curve is 


^+#+1^=0 
dp dq dr 


200. We shall conclude this chapter by the solution 
of some examples. 

(1) If the xides of two triangles touch a given conic, tlieir si.r angular 
points will lie on (mother conic. 


Take one of the triangles for the triangle of reference. 

Let the equation of the given conic l>o 

JjaL + t/pp + t/vy - 0 . 

Let the equations of the sides of the second triangle be 
l } a + mf) + n x y — 0, La + M.J 3+ n 2 y =0, 
and l 3 a + m.j5 + n. s y= 0. 

Then 

L (U 4- vi.J3 4* n.,y) (l H a 4- w 3 |S3 + « 3 y) 4- M (/„a -1- ia$ I- n H y) (/ A a 4 m x (3 + n x y) 

4- N {lyct 4- tUj/9 4 iijy) (La 4- m.fi 4- n..y) — 0 
will be the general equation of a conic circumscribing the triangle formed 
by these straight lines. 

This conic will pass through the angular points of the triangle of 
reference if the coefficients of a 2 , (3 2 and y 2 are all zero. That is, if 

L U 3 4-m,/ 1 4-A7 1 L=0, 

Lm.pn.j 4- 4- Ntn^n^ =0, 

and Lu.tn.j + Mn^n x 4- Nn^— 0. 

Eliminating L, M, N, we see that the condition to be satisfied is 


v» . 

Vi . 

Ijl ., =0, or 

1 

1 

l 

m. £ m v 

vi. s m v 

VljilU 

h ' 

L * 

4f 

‘Q 




1 

1 

i 




V 

f»» 2 1 

1/l.j 




1 

i 

1 





»* ’ 

"3 


But, since the three lines touch the given conic, we have 


\uv n \uv n , X u. v 
t 4-1 — -- 0, ~ 4-1- — = 0, and — 4-1— = 0. 

h W 1 W 1 M 'J u '2 l-2 nty n 3 

Eliminating X, p, v, we sec that the required condition is satisfied. 


[See also Art. 322, Ex. 2.] 
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(2) If one triangle can be inscribed in one conic with its sides touching 
another conic, then an infinite number of triangles can be so described. 

Let ABC be the triangle whose angular points are on the conic 2, and 
whose sides touch the conic S. 

Let any other tangent to S be drawn cutting 2 in the points £', C\ 
and let the other tangents to S through B\ C' meet at A'. Then A'B'C' 
and ABC are two triangles whose sides touch S. Therefore by the pre¬ 
ceding question the six points A, B, C, B, O', A' are on a conic. But 
five of the points, viz. A, B, C, B', C\ are on the conic 22, and only one 
conic will pass through five points, therefore C' also is on 2. 

(8) Four circles are described so that each of the four triangles , formed 
bg each three of four given straight lines , is self-polar toith respect to one of 
the circles; prove that these four circles and the circle circumscribing 
the triangle formed by the diagonals of the quadrilateral have a common 
radical axis. 


Take the triangle formed by the diagonals for the triangle of reference, 
then the equations of the four straight lines will be la ±;»jSA»y=0. 
All conics with respect to which the lines 

la + mp + ny -- 0 , la - mp + ny — 0, and la + mp — ny — 0 
form a self-polar triangle are included in the equation 

L(la + mp -h ny)~ -|- M (la - mp + wy) 3 -J- N (la + mp - ny)- — 0 .(i). 


If this conic be a circle its equation can be put in the form 

apy 4- by a -I- cap -4- (\a 4- fip+ vy) (aa + bp 4- cy) - 0.(ii), 

and \a+pp+v‘ y=0is the radical axis of (ii) and of the circumscribing 
circle. Comparing coefficients of a 2 , p- and y 9 in (i) and (ii) we obtain, for 
the equation of the radical axis 


P in? n* 
-«+ T p+ y=0. 
a b n c 

This is clearly the same for all four circles. 


(4) A line cuts two given conics in V, B, and Q, Q\ so that the range 
P, Q, B, Q f is harmonic; find the envelope of the line. 

Befer the conics to their common self-conjugate triangle and let their 
equations be 

ua 2 4-VjS 2 4- toy- =0, u'a- + v'p 2 + w'y- — 0. 

Let the equation of the line be 

la + mp + ny =0. 

Then the lines AF, AB are given by the equation 

u (mp + ny)* + l*vp- + they* =0, 
or p 1 (urn? + vl 1 ) + 2 umnpy 4- («« 9 4- wl*) y* =0. 


20—2 
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And similarly AQ, AQ' are given by 

pr (w'm 8 -}- v'l' 2 ) 4- 2u'mnf3y + {u'li 2 + w'V 1 ) y- —0. 

If therefore A {1*QP , Q , \ is harmonic, we must have [Art. 58] 

(km 2 4 - vl 2 ) (w'n 2 4- w'P) 4 - (un 2 + wl 2 ) ( u'm 2 4 - o7 2 ) — 2uu!vi 2 n 2 ; 


which reduces to 

4 - to?? 7 ) F 4- (tot*' 4- uw') to 2 + (mv 7 + vuf) h?= 0. 

This condition shews that the line always touches the conic 

_“.L.+-_£_+ =0 . 

vw' + U'V f 10Uf + v w' vv' 4 - vu' 

It is easy to shew that the envelope touches the eight tangents to the 
given conics at their four points of intersection. 


(5) The director-circles of all conies which are inscribed in the same 
quadrilateral have a common radical axis. 

Let the triangle formed by the diagonals of the quadrilateral be taken 
for the triangle of reference. 

Then the equations of the four lines will be 7a±w/S± wy= 0 . [Art. 
259.] 

The equation of any one of the conics will be ua 2 + v(P + w 7 a = 0 . 
[Art. 281.] 

The equation of the two tangents from the point (a'fl'y') is 
(wa 2 4 vfP 4 - «;7 2 ) (//a ' 2 4 vfi" 2 |- wy" 2 ) - (ua'a + vfi’fi 4 - wy'y ) 2 = 0. 


The condition that those lines may be perpendicular is [Art. 268] 
u (v/8 7 ® 4- wy 72 ) 4- v {wy" 2 4 - tia' 2 ) 4- w (//a' 2 4 vft" 2 ) 4- 2vw fly cos A 

4 2wuy’a' cos B 4- 2wt>a 7 |8 7 cos G= 0. 
Hence tho equation of the director-circle of tho conic ua 2 4 - vpP 4- wy 1 =0 
will be 

/9 2 4 - 7 2 4-2/Sy cos A _ 7 2 4 * a 2 4- 27 acos B t a 2 4-/S 2 4 2a/Scos6 T _ A rx 

-4* 4* *■ ■ — o.,..Ii). 

u v w 

But, since the conic touches tho four lines 7aJ-?»/3±»7—0, we have 

F m’ 1 n 2 n 

- 4 - 4* -- “0.( 11 ). 

U V w ' 

Comparing (i) and (ii) we sec that all tho director-circles pass through 

the points given by 

2 4- T 8 4- 2 07 oos A _ 7 s 4 - a 2 -4 27 a cos B _ a 2 4- (S 1 4 * 2a|8 cos G 


V 2 m 2 “ n* 

[See also Art. 243, Ex. (2), and Art. 307.] 

(6) To find the tangential equation of the circle with respect to tchich 
the triangle of reference is self-polar. 

The trilinear equation of the circle is 

a?a cos A 4 /9 2 b cos Ii + y 2 c cos (7=0. 
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The line la+mft + 917=0 will touch the circle, if 

P m 3 n 3 

a cos .4 + 6 cos jj + c cos G T ~ 

If j), q, r be the perpendiculars on the lino from the angular points of 
the triangle 

^ = — = - [Art. 257]. 

I in n L J 

a b c 

Hence from the condition of tangency 

p* tan A + q 2 tan B + r- tan C~- 0, 
which is the required tangential equation. 


Examples on Chapter XIJJ. 

1. HIiow that the minor axis of an ellipse inscribed in a 
given triangle cannot exceed the diameter of the inscribed 
circle. 

2 . Eind the area of a triangle in terms of the trilinear or 
areal co-ordinates of its angular points. 

3. If four conics have a common self-conjugate triangle, 
the four points of intersection of any two and the four points 
of intersection of the other two lie on a conic. 

4. Shew that the eight points of contact of two conics 
with their common tangents lie on a conic. 

5. Shew that the eight tangents to two conics at their 
common points touch a conic. 

6 . Any three pairs of points which divide tho three 
diagonals of a quadrilateral harmonically are on a conic. 

7. Find the equation of the nine-point circle by considering 
it as the circle circumscribing the triangle formed by the lines 

aa — bj 3 ~ cy 0, bp — cy — aa~ 0, and cy - eta - bp = 0. 

8 . Shew that the equation of the circle concentric with 
aPy + bya + cap = 0 and of radius r is 

r 2 - R 2 

apy + bya + cap -— (aa + bp + cy ) 2 = 0, 

where R is the radius of the circle circumscribing the triangle 
of reference. 
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9 . The equation of the circumscribing conic, whose 
diameters parallel to the sides of the triangle of reference are 
r x9 r # , r 3 is 

a b c n 
r’a r‘p r'y 

10. ABC is a triangle inscribed in a conic, and the tangents 
to the conic at A, B, C are B'C\ C'A\ A'B respectively; shew 
that AA\ BB' f and CC' meet in a point. Shew also that, if D 
be the point of intersection of BC, BC’; B the point of inter¬ 
section of GAy C'A’, and F the point of intersection of A By 
A! B’ m } J), B t F will be a straight line. 

11. Lines are drawn from the angular points A, B t C of a 
triangle tli rough a point P to meet the opposite sides in 
A\ By C\ B’C’ meets BC in 7f, C’A’ meets CA in X, and A’B 
meets AB in M. Shew that K y X, M are on a straight line. 
Shew also (i) that if P moves on a fixed straight line then 
KLM will touch a conic inscribed in the triangle ABC ; (ii) 
that if P moves on a fixed conic circumscribing the triangle 
ABCy then KLM will pass through a fixed point ; (iii) that if 
P moves on a fixed conic touching two sides of the triangle 
where they are met by the third, KLM will envelope a conic. 

12. Lines drawn through the angular points A, B, C of a 
triangle and through a point 0 meet the opposite sides in 
A' t B\ O'; and those drawn through a point O' meet the 
opposite sides in A"y B ', C'\ If P be the point of intersection 
of BC' and B"C'\ Q be the point of intersection of C'A'y C"A"y 
and R be the point of intersection of A' By A"B" ; shew that 
APy BQy CR will meet in some point Z. Shew also that, if 
Oy O’ be any two points on a fixed conic through A, B, C, the 
point Z will be fixed. 

13. The locus of the pole of a given straight line with 
respect to a system of conics through four given points is a 
conic which passes through the diagonal-points of the quad¬ 
rangle formed by the given points. 

14. The envelope of the polar of a given point with respect 
to a system of conics touching four given straight lines is a 
conic which touches the diagonals of the quadrilateral formed 
by the given lines. 
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15. Shew that the locus of the points of contact of 
tangents, drawn parallel to a fixed line, to the conics in¬ 
scribed in a given quadrilateral, is a cubic; and notice any 
remarkable points, connected with the quadrilateral, through 
which the cubic passes. 

16. An ellipse is inscribed within a triangle and has its 
centre at the centre of the circumscribing circle. Shew that 
its major and minor axes arc R + d and R - d respectively, R 
being the radius of the circumscribing circle and d the distance 
between the centre and the orthocentre. 

17. Prove that a conic circumscribing a triangle ARC 
will be an ellipse if the centre lie within the triangle REF or 
within the angles vertically opposite to the angles of the 
triangle DEF t where D, E, F are the middle points of the 
sides of the triangle ARC. 

18. Show that the locus of the foci of parabolas to which 
the triangle of reference is self-polar is the nine-point circle. 

19. Shew that the locus of the foci of all conics touching 
the four lines la ± in/3 ± ny = 0 is the cubic 

JJ 2 n 2 p 2 7> 2 

. _ J_ 4 . . _3_|_1.3__f. 4 __. Q 

la + + ny la — — ny — la+mfi—ny — la—mfi+ny 5 

where P* - P 4- m 3 4- n* — 2mn cos A — 2n f cos R — 21 m cos C, 
and P* P'\ 7 * 3 have similar values. 

20. If a conic be inscribed in a given triangle, and its 
major axis pass through the fixed point (f, </, A), the locus of 
its focus is the cubic 

fa (F - /) + y p (Y - « a ) + hy (a* - F) - «• 

21. If the centre of a conic inscribed in a triangle move 
along a fixed straight line, the foci will lie on a cubic circum¬ 
scribing the triangh;. 

22. The locus of the centres of the rectangular hyperbolas 
with respect to which the triangle of reference is self-conjugate 
is the circumscribing circle. 

23. The locus of the centres of all rectangular hyperbolas 
inscribed in the triangle of reference is the self-conjugate 
circle. 



312 


EXAMPLES ON CHAPTER XIII. 


24. Shew that the nine-point circle of a triangle touches 
the inscribed circle and each of the escribed circles. 

25. The tangents to the nine-point circle at the points 
where it touches the inscribed and escribed circles form a 
quadrilateral, each diagonal of which passes through an angular 
point of the triangle, and the lines joining corresponding 
angular points of the original triangle and of the triangle 
formed by the diagonals are all parallel to the radical axis of 
the nine-point circle and the circumscribing circle. 

26. The polars of the points A, B y C with respect to a 
conic are B'G\ C'A ', A'B' respectively; shew that AA\ BB\ CC' 
meet in a point. 

27. If an equilateral hyperbola pass through the middle 
points of the sides of a triangle ABC and cuts the sides BC, OA, 
AB again in a, /?, y respectively, then Aa, B/3, Cy meet in a 
point on the circumscribed circle of the triangle ABC. 

28. Shew that the locus of the intersection of the polars of 
all points in a given straight line with respect to two given 
conics is a conic circumscribing their common self-conjugate 
triangle. 

29. Two conics have double contact; show that the locus 
of the poles with respect to one conic of the tangents to the 
other is a conic which has double contact with both at their 
common points. 

*30. Two triangles are inscribed in a conic; shew that their 
six sides touch another conic. 

31. Two triangles are self-polar with respect to a conic; 
shew that their six angular points are on a second conic, and 
that their six sides touch a third conic. 

32. If one triangle can be described self-polar to a given 
conic and with its angular points on another given conic, an 
infinite number of triangles can be so described. 

33. A system of similar conics have a common self-conju¬ 
gate triangle; shew that their centres are on a curve of the 4th 
degree which passes through the circular points at infinity and 
of which the angular points of the triangle are double points. 
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34. If A, B, C, A\ B f t C' be six points such that AA\ BB', 
CC' meet in a point, then will the six straight lines AT?, AC 7, 
BC\ BA\ OA ' and Cl? touch a conic. 

35. A conic is inscribed in a triangle and is such that 
the normals at the points of contact meet in a point; prove 
that the point of concurrence describes a cubic curve whose 
asymptotes are perpendicular to the sides of the triangle. 

3G. If p lf p i} t? 3 , p 4 be the lengths of the perpendiculars 
drawn from the vertices A, B, C , 1) of a quadrilateral circum¬ 
scribed about a conic on any other tangent to the conic, shew 
that the ratio of p x p % to p 2 will be constant. 

37. The polars with respect to any conic of the angular 
points A y By C of a trianglo meet the opposite sides in A\ B\ 
(7 ; shew that the circles on A A', BB', CC' as diameters have 
a common radical axis. 

38. A parabola touches one side of a triangle in its middle 
point, and the other two sides produced; prove that the per¬ 
pendiculars drawn from the angular points of the triangle 
upon any tangent to the parabola are in harmonica! pro¬ 
gression. 

39. Shew that the tangential equation of the circum¬ 
scribing circle is a Jp + b Jq + c Jr - 0. Hence shew that the 
tangential equation of the nine-point circle is 

aj(q + r) + b J(r +;/) + c J(p + q). 

40. The locus of the centre of a conic inscribed in a given 
triangle, and having the sum of the squares of its axis constant, 
is a circle. 

41. The director circles of all conics inscribed in the same 
triangle are cut orthogonally by the circle to which the triangle 
of reference is self-polar. 

42. The circles described on the diagonals of a complete 
quadrilateral are cut orthogonally by the circle round the 
triangle formed by the diagonals. 

43. If three conics circumscribe the same quadrilateral, 
shew that a common tangent to any two is cut harmonically 
by the third. 
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44. If three conics are inscribed in the same quadrilateral 
the tangents to two of them at a common point and the tan- 
gents to the third from that point form a harmonic pencil. 

45. The locus of a point the pairs of tangents from which 
to two given conics form a harmonic pencil is a conic on which 
lie the eight points in which the given conics touch their com¬ 
mon tangents. 

46. The locus of a point from which the tangents drawn 
to two equal circles form a harmonic pencil is a conic, which is 
an ellipse if tho circles cut at an angle less than a right angle, 
and two parallel straight lines if they cut at right angles. 

47. A triangle is circumscribed about one conic and two 
of its angular points are on a second conic; find the locus of the 
third angular point. 

48. A triangle is inscribed in one conic and two of its 
sides touch a second conic ; find the envelope of the third side. 

49. The angular points of a triangle are on the sides of a 
given triangle, and two of its sides pass through fixed points; 
shew that the third side will envelope a conic. 

50. From the angular points of the fundamental triangle 
pai?*s of tangents are drawn to (uvivu'vw^xyz)* = 0, and each 
pair determine witli the opposite sides a pair of points. Find 
the equation to the conic on which these six points lie, and 
shfcw that the conic 

Jx {y’w' — uri) + J~y ( w'n ' - vv) 4 - Jz (n'v - ww') ~ 0 

and the above two conics have a common inscribed quadri¬ 
lateral. 
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Reciprocal Polars. Projections. 

300. If we have any figure consisting of any number 
of points and straight lines in a plane, and we take the 
polars of those points and the poles of the lines, with 
respect to a fixed conic G, we obtain another figure which 
is called the 'polar reciprocal of the former with respect to 
the auxiliary conic G. 

Wheu a point in one figure and a line in tins reciprocal 
figure are pole and polar with respect to the auxiliary 
conic G, we shall say that they correspond to one another. 

If in one figure we have a curve S the lines which corre¬ 
spond to the different points of 8 will all touch some curve 
S'. Let the lines corresponding to the two points P, Q of S 
meet in T\ then T is the polo of the line PQ with respect 
to 0, that is the line PQ corresponds to the point T. Now, 
if the point Q move up to and ultimately coincide with P, 
the two corresponding tangents to S' will also ultimately 
coincide with one another, and their point of intersection 
T will ultimately be on the curve S'. So that a tangent to 
the curve S corresponds to a point on the curve S', just as 
a tangent to S' corresponds to a point on S. Hence we 
see that S is generated from S' exactly as S' is from S. 

301. If any line L cut the curve S in any number of 
points P, Q, P...we shall have tangents to S' corresponding 
to the points P, Q, R ..., and these tangents will all pass 
through a point, viz. through the pole of L with respect to 
the auxiliary conic. Hence as many tangents to S' can be 
drawn through a point as there are points on S lying on a 
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straight lino. That is to say the class [Art. 240] of S' is 
equal to the degree of S. Reciprocally the degree of S' is 
equal to the class of S. 

In particular, if S be a conic it is of the second degree, 
and of the second class. Hence the reciprocal curve is of 
the second class, and of the second degree, and is therefore 
also a conic. 


302. To find the polar reciprocal of one conic with 
respect to another. 

Let the equation of the auxiliary conic be 

aa? + /Sy 2 + 1 = 0.(i); 

and let the equation of the conic whose reciprocal is 
required be 

ax 2 + by 2 + c + 2 fy + 2 gx + 2 hxy — 0 ...(ii). 

The line lx + my + n = 0 will touch (ii) if 
At 2 + Bm* + Cn 2 + 2Fmn + 2 Gnl+2Him = 0 (iii). 

And, if the pole of lx + my + n = 0 with respect to (i) be 
(x\ y), its equation is the same as axx + fiyy + 1 = 0. 

I _ m _n 
1* 


Therefore 


ax 


Substitute, in (iii), and we have 
Aa’x' 2 + B/3Y +0+2 F/3y + 2Gax + 2 Ilapx'y’ = 0. 
Hence the locus of the poles with respect to (i) of 
tangents to (ii) is the conic whose equation is 

Aa 2 x 2 + B/3 2 y 2 + G + 2Fj3y + 2 Gax + 2 Haftxy = 0. 


303. The method of Reciprocal Polars enables us to 
obtain from any given theorem concerning the positions of 
points and lines, another theorem in which straight lines 
take the place of points and points of straight lines. Before 
proceeding to give examples of such reciprocal theorems we 
will give some simple cases of correspondence. 

Points in one figure correspond to straight lines in the 
reciprocal figure. 

The line joining two points in one figure corresponds 
to the point of intersection of the corresponding lines in 
the other. 
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The tangent to any curve in one figure corresponds to a 
point on the corresponding curve in the reciprocal figure. 

The point of contact of a tangent corresponds to the 
tangent at the corresponding point. 

If two curves touch, that is have two coincident points 
common, the reciprocal curves will have two coincident 
tangents common, and will therefore also touch. 

The chord joining two points corresponds to the point of 
intersection of the corresponding tangents. 

The chord of contact of two tangents corresponds to the 
point of intersection of tangents at the corresponding 
points. 

Since the pole of any line through the centre of the 
auxiliary conic is at infinity, we see that the points at 
infinity on the reciprocal curve correspond to the tangents 
to the original curve from the centre of the auxiliary conic. 
Hence the reciprocal of a conic is an hyperbola, parabola, 
or ellipse, according as the tangents to it from the centre 
of the auxiliary conic are real, coincident, or imaginary; 
that is according as the centre of the auxiliary conic is 
outside, upon, or within the curve. 

The following are examples of reciprocal theorems. 


If the angular points of two 
triangles are on a conic, their six 
sides will touch another conic. 

The three intersections of oppo¬ 
site sides of a hexagon inscribed in 
a conic lie on a straight line. 

(Pascal's Theorem). 

If the three sides of a triangle 
touch a conic, and two of its angu¬ 
lar points lie on a second conic, the 
locus of the third angular point is 
a conic. 

If the Bides of a triangle touch 
a conic, the three lines joining an 
angular point to the point of con¬ 
tact of the opposite side meet in a 
point. 


If the sides of two triangles 
touch a conic, their six angular 
points are on another conic. 

The three lines joining opposite 
angular points of a hexagon de¬ 
scribed about a conic meet in a 
point. ( Brianchon's Theorem). 

If the three angular points of a 
triangle lie on a conic, and two of 
its sides touch a second conic, the 
envelope of the third side is u 
conic. 

If the angular points of a tri¬ 
angle lie on a conic, the three points 
of intersection of a Bide and the 
tangent at the opposite angular 
point lie on a line, 
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The polars of a given point with 
lespect to a system of conics through 
four given points all pass through a 
fixed point. 

The locus of the pole of a given 
line with respect to a system of 
conics through four fixed points is a 
conic. 


The poles of a given straight 
line with respect to a system of 
conics touching four given straight 
lines all lie on a fixed straight line. 

The envelope of the polar of a 
given point with respect to a system 
of conics touching four fixed lines 
is a conic. 


304. We now proceed to consider the results which 
can be obtained by reciprocating with respect to a circle. 

We know that the line joining the centre of a circle to 
any point P is perpendicular to the polar of P with respect 
to the circle. Hence, if P, Q be any two points, the angle 
between the polars of these points with respect to a circle 
is equal to the angle that PQ subtends at the centre of 
the circle. Reciprocally the angle between any two 
straight lines is equal to the angle which the line joining 
their poles with respect to a circle subtends at the centre 
of the circle. 

We know also that the distances, from the centre of 
a circle, of any point and of its polar with respect to that 
circle, arc inversely proportional to one another. 

If we reciprocate with respect to a circle it is clear that 
a change in the radius of the auxiliary circle will make no 
change in the shape of the reciprocal curve, but only in 
its size. Hence, if we arc not concerned with the absolute 
magnitudes of the lines in the reciprocal figure, we only 
require to know the centre of the auxiliary circle. We 
may therefore speak of reciprocating with respect to a 
•point Oy instead of with respect to a circle having 0 for 
centre. 

305. If any conic be reciprocated with respect to a 
point Oy the points on the reciprocal curve which corre¬ 
spond to the tangents through 0 to the original curve 
must be at an infinite distance. 

The directions of the lines to the points at infinity on 
the reciprocal curve are perpendicular to the tangents 
from 0 to the original curve; and hence the angle between 
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the asymptotes of the reciprocal curve is supplementary 
to the angle between the tangents from 0 to the original 
curve. 

In particular, if the tangents from 0 to the original 
curve he at right angles, the reciprocal conic will bo a 
rectangular hyperbola. 

Tlie axes of the reciprocal conic bisect the angles 
between its asymptotes. The axes are therefore parallel 
to the bisectors of the angles between the tangents from 
0 to the original conic. 

Corresponding to the points at infinity on the original 
conic we have the tangents to the reciprocal conic which 
pass through the origin. Hence the tangents from the 
origin to the reciprocal conic are perpendicular to the 
directions of the lines to the points at infinity on the 
original conic, so that the angle between the asymptotes of 
the original conic is supplementary to the angle between 
the tangents from the origin to the reciprocal conic. 

In particular, if a rectangular hyperbola be recipro¬ 
cated with respect to any point 0 , the tangents from 0 to 
the reciprocal conic will be at right angles to one another; 
in other words 0 is a point on the director-circle of the 
reciprocal conic. 

306. The reciprocal of the origin is the line at infinity, 
and therefore the reciprocal of the polar of the origin is 
the pole of the line at infinity. That is to say, the polar 
of the origin reciprocates into the centre of the reciprocal 
conic. 

307. As an example of reciprocation take the known 
theorem—“If two of the conics which pass through four 
given points are rectangular hyperbolas, they will all be 
rectangular hyperbolas.” If this be reciprocated -with 
respect to any point 0 we obtain the following, “ If the 
director-circles of two of the conics which touch four given 
straight lines pass through a point O, the director-circles 
of all the conics will pass through 0.” Whence we have 
“ The director-circles of all conics which touch four given 
straight lines have a given radical axis.” 
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308. To Jind the polar reciprocal of one circle with 
respect to another. 



Let G be the centre and a be the radius of the circle 
to be reciprocated, 0 the centre and h the radius of the 
auxiliary circle, and let c be the distance between the 
centres of the two circles. 

Let PN be any tangent to the circle C> and let P' be 
its pole with respect to the auxiliary circle. Let OP' 
meet the tangent in the point N, and draw CM perpen¬ 
dicular to ON. 

Then OF. ON = F ; 

... -ij!, =ON= Oil/ + MN = 0 cos COM+a. 

Hence the equation of the locus of P' is 

K 

— = 1 + - COS0. 

r a 

This is the equation of a conic having O for focus , 
F . c 

— for semi-latus rectum , and - for eccentricity. The direc¬ 
trix of the conic is the line whose equation is 

k* a V 

— = c cos u, or « = —. 
r c 

Hence the directrix of the reciprocal curve is the polar 
of the centre of the original circle. 
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It is clear from the value fouud above for the eccen¬ 
tricity, that the reciprocal curve is an ellipse if the point 
0 be within the circle G, an hyperbola if 0 be outside that 
circle, and a parabola if 0 be upon the circumference of 
the circle. 

Ex, 1. Tangents to a conie subtend equal angles at a focus. 

Reciprocate with respect to the focus:—then corresponding to the 
two tangents to the conic, there are two points on a circle; the point of 
intersection of the tangents to the conic corresponds to the line joining 
the two points on the circle; and the points of contact of the tangents 
to the conic correspond to the tangents at the points on the circle. Also 
the angle subtended at the focus of the conic by any two points is equal 
to tho angle between the lines corresponding to those two points. Hence 
the reciprocal theorem is—The lino joining two points on a circle makes 
equal angles with the tangents at those points. 

Ex. 2. The envelope of the chord of a conic which subtends a right 
angle at a fixed point O is a conic having O for a focus, and the polar of O, 
with respect to the original conic, for the corresponding directrix. 

Reciprocate with respect to O, and the proposition becomes—The 
locus of the point of intersection of tangents to a conic which are at right 
angles to one another is a concentric circle. 

Ex. 3. If two conics have a common focus , two of their common chords 
will pass through the intersection of their directrices. 

Reciprocate with respect to tho common focus, and tho proposition 
becomes—Two of the points of intersection of tho common tangents to 
two circles are on the line joining the centres of the circles. 

Ex. 4. The orthocentre of a triangle circumscribing a parabola is on 
the directrix. 

Reciprocating with respect to tho orthocentre wo obtain—A conic 
circumscribing a triangle and passing through the orthocentre is a rect¬ 
angular hyperbola.' 

Many of the examples on Chapter VIII. are easily proved by reciproca¬ 
tion : for example, the reciprocal of 23 with respect to the common focus 
is—circles are described with equal radii, and with their centres on a 
second circlo j prove that they all touch two fixed circles, whose radii aro 
tho sum and difference respectively of the radii of tho moving circle and 
of the second circle, and which are concentric with the second circle. 

s. c. s. 21 
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30D. If we have a system of circles with the same 
radical axis we can reciprocate them into a system of 
confocal conics. 

If we reciprocate with respect to any point 0 we 
obtain a system of conics having 0 for one focus, and 
[Art. 306] the centre of any conic is the reciprocal of the 
polar of O with respect to the corresponding circle. Now 
either of the two ‘limiting points’ of the system is such 
that its polar with respect to any circle of the system is 
a fixed straight line, namely a line through the other 
limiting point parallel to the radical axis. If therefore the 
system of circles be reciprocated with respect to a limiting 
point the reciprocals’ will have the same centre; and if 
they have a common centre and one common focus they 
will be confocal. Since the radical axis is parallel to and 
midway between a limiting point and its polar, the re¬ 
ciprocal of the radical axis (with respect to the limiting 
point) is on the line through the focus and centre of the 
reciprocal conics, and is twice as far from the focus as the 
centre; so that when we reciprocate a system of coaxial 
circles with respect to a limiting point, the radical axis 
reciprocates into the other focus of the system of confocal 
conics. 

The following theorems are reciprocal: 

The tangents at a common Tho points of contact of a corn- 
point of two confocal conics arc at mon tangent to two circles subtend 
right angles. a right angle at one of the limit¬ 

ing points. 

The locus of tlic point of inter- The envelope of the line joining 
section of two lines, each of which two points, each of which is on one 
touches one of two confocal conics, of two circles, and which subtend 
and which arc at right angles to a right angle at a limiting point, 
one another, is a circle. is a conic one of whose foci is at 

the limiting point. 

If from any point two pairs of * If any straight line cut two 
tangents P, P' and Q, Q' be drawn circles in the points P, P' and 
to two confocal conics; the angle Q, Q'\ the angles subtended at a 
between P and Q is equal to that limiting point by PQ and P'Q! are 
between P' and Q'. equal. 
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From any point four tangents 
P, P* and Q, Q' are drawn to two 
confocal conics, and the point of 
contact of P is joined to the points 
of contact of Q , Q'; shew that these 
lines make equal angles with the 
tangent P. [Art. 229.] 


Any line cuts two circles in P, 
P / and Q, Q' respectively; and the 
tangent at P cuts the tangents at 
Q, Q' in q, q f ; shew that Pq, Pq' 
subtend equal (or supplementary) 
angles at a limiting point. 


Projection. 


310. If any point P be joined to a fixed point V, and 
VP be cut by any fixed plane in P', the point P f is called 
the projection of P on that plane. The point V is called 
the vertex or the centre of projection, and the cutting plane 
is called the plane of projection,. 

311. The projection of any straight line is a straight 
line. 

For the straight lines joining V to all the points of 
any straight line are in a plane, and this is cut by the 
plane of projection in a straight line. 

312. Any plane curve is projected into a curve of the 
same degree. 

For, if any straight line meet the original curve in 
any number of points A, B, C, />..., the projection of the 
line will meet the projection of the curve where VA, VB % 
VC, VI)... meet the plane of projection. There will 
therefore be the sa?ne number of points on a straight 
line in the one curve as in the other. This proves the 
proposition. 

In particular, the projection of a conic is a conic. 

This proposition includes the geometrical theorem that 
every plane section of a right circular cone is a conic. 

313. A tangent to a curve projects into a tangent to 
the projected curve. 

For, if a straight line mfeet a curve in two points A , B , 
the projection of that line will meet the projected curve 
in two points a , b where VA, VB meet the plane of pro¬ 
jection. Now if A and B coincide, so also will a and b. 

21—2 
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314. The relation of pole and polar with respect to a 
conic are unaltered by projection. 

This follows from the two preceding Articles. 

It is also clear that two conjugate points, or two con¬ 
jugate lines, with respect to a conic, project into conjugate 
points, or lines, with respect to the projected conic. 

315. Draw through the vertex a plane parallel to the 
plane of projection, and let it cut the original plane in the 
line K'L'. Then, since the plane VK'L' and the plane of 
projection are parallel, their line of intersection, which is 
the projection of K'L\ is at an infinite distance. 

Hence to project any particular straight line K'L' to 
an infinite distance, take any point V for vertex and 
a plane parallel to the plane VK'L' for the plane of pro¬ 
jection. 

Straight lines which meet in any point on the line 
K'L' will be projected into parallel straight lines, for their 
point of intersection will be projected to infinity. 

31G. A system of parallel lines on the original plane 
will be projected into lines which meet in a point. 

For, let VP be the line through the vertex parallel 
to the system, P being on the plane of projection; then, 
since VP is in the plane through V and any one of the 
parallel lines, the projection of every one of the parallel 
lines will pass through P. 

For different systems of parallel lines the point P will 
change; but, since VP is always parallel to the original 
plane, the point P is always on the line of intersection of 
the plane of projection and a plane through the vertex 
parallel to the original plane. 

Hence any system of parallel lines on the original 
plane is projected into a system of lines passing through 
a point, and all such points, for different systems of 
parallel lines, are on a straight line. 

317. Let KL be the line of intersection of the original 
plane and the plane of projection. Draw through the 
vertex a plane parallel to the plane of projection, and let 
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it cut the original plane in the line K'L\ Let the two 
straight lines AO A', BOB' meet the lines KL, ICL' in 
the points A t B and A\ B' respectively; and let VO meet 
the plane of projection in (/. Then AO' and BO' are the 
projections of AOA' and BOB'. 

Since the planes VA'B', AO'B are parallel, and parallel 
planes are cu* by the same plane in parallel lines, the lines 
VA', Vff are parallel respectively to A0 f , BO'. The angle 
A'VB' is therefore equal to the angle AO'B } that is, A' VB’ 
is equal to the angle into which AOB is projected. 



Similarly, if the straight lines OD, El\ meet K'TJ in 
C, U respectively, the angle C VD' will be equal to the 
angle into which CDE is projected. 

From the above we obtain the fundamental proposition 
in the theory of projections, viz., 

Any straight line can he projected to infinity , and at the 
same time any two angles into given angles. 

For, let the straight lines bounding the two angles meet 
the line which is to be projected to infinity in the points 
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A', B 1 and G\ T? \ draw any plane through A’BCD', and in 
that plane draw segments of circles through A\ B' and O', 
B respectively containing angles equal to the two given 
angles. Either of the points of intersection of these 
segments of circles may be taken for the centre of pro¬ 
jection, and the plane of projection must be taken parallel 
to the plane we have drawn through A'B'C'D. 

If the segments do not meet, the centre of projection is 
imaginary. 

Ex. 1. To shexo that any quadrilateral can he projected into a square. 

Let ABGD be tho quadrilateral; and let P, Q [soc figure to Art. 60] 
be the points of intersection of a pair of opposite sides, and let tho diago¬ 
nals BD, A C meet tho line I J Q in the points S, JR. Then, if we project 
PQ to infinity and at the same time the angles PDQ and ROS into right 
angles, the projection must be a square. For, since PQ is projected to 
infinity, the pairs of opposite sides of the projection will be parallel, that 
is to say, the projection is a parallelogram; also one of the angles of the 
parallelogram is a right angle, and the angle between tho diagonals is 
a right angle; hence the projection is a square. 

Ex. 2. To shew that the triangle formed by the diagonals of a quad¬ 
rilateral is self-polar with respect to any conic which touches the sides of 
the quadrilateral. 

Project the quadrilateral into a square; then, the circle circumscribing 
the square is the director-circle of the conic, therefore the intersection of 
the diagonals of tho square is the centre of the conic. 

Now the polar of the centre is the line at infinity; hence the polar of 
the point of intersection of two of the diagonals is the third diagonal. 

Ex. 3. If a conic be inscribed in a quadrilateral the line joining two 
of the points of contact will pass through one of the angular points of the 
triangle formed by the diagonals of the quadrilateral. 

Ex. 4. If ABC be a triangle circumscribing a parabola, and the 
parallelograms AIIA'C , BOB'A, and CAC'B be completed ; then the chords 
of contact will pass respectively through A', Ii\ C'. 

This is a particular caso of Ex. 3, one side of the quadrilateral being 
the line at infinity. 

Ex. 5. If the three lines joining the angular points of two triangles 
meet in a point , the three points of intersection of corresponding sides will 
lie on a straight line. 
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Project two of the points of intersection of corresponding sides to 
infinity, then two pairs of corresponding sides will be parallel, and it is 
easy to shew that the third pair will also be parallel. 

Ex. 6. Any two conics can be projected into concentric conics. [See 
Art. 283.] 

318. Any conic can be 'projected, into a circle having 
the projection of any given point for centre . 



Let 0 be the point whose projection is to bo the 
centre of the projected curve. 

Let P be any point on the polar of 0, and let OQ be 
the polar of P\ then OP and OQ arc conjugate lines. 

Take OP ', OQ' another pair of conjugate lines. 

Then project the polar of 0 to infinity, and the angles 
POQy P'OQ ' into right angles. We shall then have a 
conic whose centre is the projection of 0, and since two 
pairs of conjugate diameters are at right angles, the conic 
is a circle. 


319. A system of conics inscribed in a quadrilateral 
can be projected fiito confocal conics . 

Let two of the sides of the quadrilateral intersect 
in the point A , and the other two in the point B. Draw 
any conic through the points A , B, and project this conic 
into a circle, the line AB being projected to infinity; then, 
A y B arc projected into the circular points at infinity, and 
since the tangents from the circular points at infinity to 
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all the conics of the system arc the same, the conics must 
be confocal. 

Ex. 1. Conics through four given points can he projected into coaxial 
circles. 

For, project the lino joining two of the points to infinity, and one of 
the conics into a circle; then all the conics will be projected into circles, 
for they all go through the circular points at infinity. 

Ex. 2. Conics which have double contact with one another can be 
projected into concentric circles. 

Ex. 3. The three points of intersection of opposite sides of a hexagon 
inscribed in a conic lie on a straight line. [Pascal’s Theorem.] 

Project the conic into a circle, and tlio line joining the points of inter¬ 
section of two pairs of opposite sides to infinity; then we have to prove 
that if two pairs of opposite sides of a hexagon inscribed in a circle are 
parallel, the third pair arc also parallel. 

Ex. 4. Shew that all conics through four fixed points can be pro¬ 
jected into rectangular hyperbolas. 

There are three pairs of lines through the four points, and if two of 
the angles between these pairs of lines be projected into right angles, all 
the conics will be projected into rectangular hyperbolas. [Ark 187, Ex. 1.] 

Ex. 5. Any three chords of a conic can be projected into equal chords 
of a circle. 

Let AA', BB’, CC' be the chords; let AB', A'B meet in K, and AC', 
A'C in L. Project tho conic into a circle, AX being projected to infinity. 

Ex. fi. If two triangles are self polar with respect to a conic, their six 
angular points are on a conic, and their six sides touch a conic. 

Let the triangles be ABC, A'B'C. Project BC to infinity, and the 
conic into a circle; then A is projected into the centre of the circle, and 
AB, AC are at right angles, since ABC is self polar; also, since A'B'C is 
self polar with respect to the circle, A is the orthocentre of the triangle 
A'B'C. 

Now a rectangular hyperbola through A', B', C' will pass through A , 
and a rectangular hyperbola through B will go through C. Hence, since 
a rectangular hyperbola can bo drawn through any four points, the six 
points A, B, C, A', II’, C arc on a conic. 

Also a parabola can be drawn to touch the four straight lines B’C, 
CA ', A'B', AB. And A is on the directrix of the parabola [Art. 107 (3)]; 
therefore AC is a tangent. Hence a conic touches tho six sides of the 
two triangles. 
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320. Properties of a figure which are true for any pro¬ 
jection of that figure are called projective properties. In 
general such properties do not involve magnitudes. There 
are however some projective properties in which the mag¬ 
nitudes of lines and angles are involved : the most impor¬ 
tant of these is the following:— 

The cross ratios of pencils and ranges are unaltered 
by projection. 

Let A t B, Gy I) be four points in a straight line, and 
A\ If, C'y D' be their projections. Then, if V be the 
centre of projection, VAA\ VBH y VC( 7, VDD' are straight 
lines; and we have [Art. 55] 

{ABCD} = V{ABGD) = {A'ECU}. 

If we have any pencil of four straight lines meeting in 
Oy and these be cut by any transversal in A, By G,D ; then 

0 {ABCD} = {ABCD} = V{ABCD] = {A’BVD'} 

= a {A'FO'iy}. 

From the above together with Article 62 it follows that 
if any number of points be in involution, their projections 
will be in involution. 

Ex. 1. Any chord of a conic through a given point 0 i* divided 
harmonically hy the curve and the polar of 0. 

Project the polar of 0 to infinity, then O is the centre of the projec¬ 
tion, the chord therefore is bisected in 0 , and {POQac } is harmonic when 
PO=OQ. 

Ex. 2. Conics through four fixed points are cut by any straight line 
in pairs of points in involution. [Desargue’s Theorem]. 

Project two of the points into the circular points at infinity, then the 
conics aro projected into co-axial circles, and the proposition is obvious. 

321. The ci'oss ratio of the pencil formed by four 
intersecting straight lines is equal to that of the range 
formed by their poles with respect to any conic. 

Since the cross ratios of pencils and ranges fire 
unaltered by projection, we may project the conic into a 
circle. Now in a circle any straight line is perpendicular 
to the line joining the centre of the circle to its pole with 
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respect to the circle. Hence the cross ratio of the pencil 
formed by four intersecting straight lines is equal to that 
of the pencil subtended at the centre of the circle by their 
poles, and therefore equal to the cross ratio of the range 
formed by their poles. 

322. The cross ratio of the pencil formed by joining 
it on a conic to four fixed points is constant, and 
to that of the range in which the tangents at those 
re cut by any tangent. 

Since the cross ratios of pencils and ranges are un¬ 
altered by projection, we need only prove the proposition 
for a circle . 


any poi 
is equal 
points a 



Let A, B, C, D be four fixed points on a circle; let P 
be any other point on the circle, and let the tangent at P 
meet the tangents at A, B, G, J) in the points A', B', C, D\ 

Then, if 0 be the centre of the circle, OA' is perpen¬ 
dicular to PA, OB' to PB, OG to PC, and OD' to PD. 

Hence 

[A'BCD') = 0 {A'B'CD'} = P[ABCD}. 

But the angles APB, BPC, GPD are constant, since 
A, B, G, D arc fixed points. 

Therefore {A'F G'D'} = P [ABGD] = const. 

If Q be any point which is not on the circle, Q {ABGD} 
cannot be equal to P [ABGD ]; this is seen at once if we 
take P such that APQ is a straight line, and consider the 
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ranges made on BG by the two pencils. Hence we havo 
the following converse proposition. 

If a point P move so that the cross ratio of the pencil 
formed by joining it to four fixed points A, B, C, I), is con¬ 
stant ; P will describe a conic passing through A, B, C, D. 

Ex. 1. The four extremities of two conjugate chords of a conic subtend 
a harmonic pencil at any point on the curve. 

Let the chords be AC, BD; let E be the pole of Bl), and let F be tho 
point of intersection of AC, BD. Tho four points subtend, at all points 
on the curve, pencils of equal cross ratio. Take a point indefinitely near 
to I); then tho pencil is D{ABCE). But the range A, B, C, E is 
harmonic, which proves the proposition. 

Ex. 2. If tioo triangles circumscribe a conic , their six angular points 
arc on another conic. 

Lot ABC, A'B'C be the two triangles. Let B'C cut AB, A C in E’, If, 
and let BG cut A'Jf’, A'C' in E, 1). Then the ranges made on the four 
tangents AB, AC, A’U', A'C by the two tangents BG, IfC 1 are equal. 

Hence {BCE D] = {E'D’B'C }; 

.*. A’{ BCE I)\=A { F/T)'E'C'\, 
or A! {BGB'C'\ = A [BCB'C'\, 
which proves tho proposition. 

The proposition may also be proved by projecting B, C into the 
circular points at infinity; the conic is thus projected into a parabola, of 
which A is the focus; and it is known that tho circle circumscribing 
A'B'C’ will pass through A. 

323. Def. Tfcangcs and pencils arc said to be homo¬ 
graphic when every four constituents of the one, and the 
corresponding four constituents of the other, have equal 
cross ratios. 

Another definition of homographic ranges or pencils is 
the following:—two ranges or pencils arc said to be homo- 
graphic whicli arc so connected that to each point or line 
of the one system corresponds one, and only one, point of 
the other. 

To show that this definition of homographic ranges is 
equivalent to the former, let the distances, measured from 
fixed points, of any two corresponding points of the two 
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systems be x, y then wo must have an equation of the 
form 

ay + b 
x = • 

cy-f a 

The proposition follows from the fact that the cross 
ratio of every four points of the one system, namely 


-x t ) 

(*, “ ®.) (*» - ®.) ’ 


is not altered if we substitute 
expressions for # 2 , x a and a? 4 . 


ay t + b 

ciJt+d 


for a?,, and similar 


Ex. 1. The points of intersection of corresponding lines of two homo- 
graphic pencils describe a conic. 

Let P, Q, R, S be four of the points of intersection, and 0, O' the 
vertices of the pencils. 

Then 0 {PQRS} = 0'{PQRS\] thorefore [Art. 322] O, O', P, Q, 11, S 
are on a conio. But fivo points are sufficient to determine a conic; hence 
the conio through 0, 0' and any three of the intersections will pass through 
every other intersection. 

Ex. 2. The lines joining corresponding points of two homographic 
ranges envelope a conic . 

Let a, b, c, d bo any four of the points of one system, and a /, b', c, d' 
be the corresponding points of the other system. Then aa\ bb f , ccdd f 
are cut by the fixed lines in ranges of equal cross ratio. Hence a conic 
will touch the fixed lines, and also aa\ bb\ ccdd'. But five tangents are 
sufficient to determine a conic; hence the conic which touches the fixed 
lines, and three of the lines joining corresponding points of the ranges, will 
touch all the others. 

Ex. 3. Two angles FAQ, PRQ of constant magnitude move about 
fixed points A , B, and the point P describes a straight line; shew that Q 
describes a conic through A, B. [Newton.] 

Corresponding to one position of AQ, there is one, and only one, 
position of BQ. Hence, from Ex. 1, the locus of Q is a conio. 

Ex. 4. The three sides of a triangle pass through fixed points, and the 
extremities of its base lie on two fixed straight lines; sheio that its vertex 
describes a conic. [Madaurin.] 
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Let A, B, Che the three fixed points, and let On , Oa’ be the two fixed 
straight lines. Suppose triangles drawn as in the figure. 



Then the ranges {abed...} and {a'b'c'd '...} are homographie. There¬ 
fore the pencils Ji { abed ...} and C {a'b'c'd '...} are homographie. 

Ex. 5. Jf all the sides of a polygon pass through fixed points, and all 
the angular points hut one move on fixed straight lines; the remaining 
angular point will describe a conic . 

Ex. 6. A, A' are fixed points on a eonie, and from A and A' pairs of 
tangents are drawn to any confoeal conic, which meet the original conic in 
* C , D and C', D'\ shew that the locus of the point of intersection of CD 
and C'D' is a conic. 

The tangents from A to a confoeal are equally inclined to the tangent 
at A [Art. 228, Cor. 3], therefore the chord CD cuts the tangent at A in 
some fixed point O [Art. 195, Ex. 2]. So also C If passes through a 
fixed point (f. Now if we draw any line OCT> through 0, onn confoeal, 
and only one, will touch the lines AC, AD; and the tangents from A' to 
this confoeal will determine C ' and If, so that corresponding to any 
position of OCD there is one, and only one, position of O'CD'. The 
locus of tho intersection is therefore a conic from Ex. 1. 

Ex. 7. If AO A ', BOB', COC\ DOJf... be chords of a conic t and P any 
point on the curve , then will the pencils P\ABCI )...} and P{A'Jl'C'I/...\ 
be homographie. 

Project the conio into a cirole having 0 for centre. 
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Ex. 8. If there are two systems of points on a conic which subtend 
homographic pencils at any point on the curve, thejines joining corre¬ 
sponding points of the two systems will envelope a conic having double 
contact with the original conic. 

Let A, B, C, D..., and A\ B', C' t D'... be the two systems of points. 
Project AA’, BB\ CG' into equal chords of a circle [Art. 319, Ex. 5]; let 
P, P’ bo any pair of corresponding points, and 0 any point on the circle; 
then we have 0 { ABCP } = 0 { A'B'C'P'}. Hence PP' is equal to AA', and 
therefore the envelope of PP' is a concentric circle. 

Ex. 9. If a polygon be inscribed in a conic, and all its sides hut one 
pass through fixed points, the envelope of that side will be a conic. 

This follows from Ex. 7 and Ex. 8. 

324. Any two lines at right angles to one another, and 
the lines through their intersection and the circular points at 
infinity , form a harmonic pencil. 

Let tlie two lines at right angles to one another be 
xy — 0, then the lines to the circular points at infinity will 
be given by x 2 + y* = Q. By Art. 58 these two pairs of 
lines arc harmonically conjugate. 

We may also shew that two lines which arc inclined at 
any constant angle, and the lines to the circular points at 
infinity, form a pencil of constant cross ratio. 

Ex. The locus of the point of intersection of two tan¬ 
gents to a conic which divide a given line AB harmonically 
is a conic through A, B } and the envelope of the chord of 
contact is a conic which touches the tangents to the original 
conic from A, B. 

Project A t B into the circular points at infinity and 
the proposition becomes: the locus of the point of inter¬ 
section of two tangents to a conic which are at right angles 
to one another is a circle; and the envelope of the chord of 
contact is a confocal conic. 

325. The following are additional examples of the 
methods of reciprocation and projection. 
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Ex. 1. If the sides of a triangle touch a conic , and if two of the angular 
points move on fixed confocal conics, the third angular point will describe a 
confocal conic. 

Let ABC, ABC be two indefinitely near positions of the triangle, 
and let AA\ BB', CC produced form the triangle PQR. The six points 
A, B, C, A, B\ C are on a conic [Art. 322, Ex. 2], and this conic will 
ultimately touch the sides of PQR in the points A, B, C. Hence PA, QB, 
RC will meet in a point [Art. 18C, Ex. 3]; and it is easily seen that the 
pencils A { QCPB), B{RAQC}, C{PBRA} are harmonic. Now, if A move 
on a conic confocal to that which AB, AC touch, the tangent at A, that 
is the line QR, will make equal angles with AB, AG. Hence, since 
A {QCPB} is harmonic, PA is perpendicular to QR. Similarly, if B 
movo on a confocal, QB is perpendicular to RP. Hence RC must be 
porpendicular to PQ, and therefore CA, CB make equal angles with I J Q; 
whence it follows that C moves on a confocal conic. 

[The proposition can easily be extended. For, let AllCD be a quadri¬ 
lateral circumscribing a conic, and let A, B, C move on confocals. Let 
I)A, CB meet in E, and AB, DC in F. Then, by considering the triangles 
ABF, BCF, wo see that E and F move on confocals. Hence, by con¬ 
sidering the triangle CED, we seo that I) will move on a confocal.] 

If wc reciprocate with respect to a focus we obtain the following 
theorem: 

If the angular points of a triangle are on a circle of a co-axial system , 
and two of the sides touch circles of the system, the third side icill touch 
■ another circle of the system. [Poncelct’s theorem.] 

Ex. 2. The six lines joining the angular points of a triangle to the 
points where the opposite sides are cut by a conic, will touch another 
conic. 

The reciprocal theorem is:— 

The six points of intersection of the sides of a triangle with the tangents 
to a conic drawn from the opposite angular points, toill lie on another 
conic. 

Project two of the points into the circular points at infinity, then the 
opposite angular point of the triangle will be projected into a focus, and 
we have the obvious theorem:— 

Two lines through a focus of a conic are cut by pairs of tangents 
parallel to them in four points on a circle. 
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Ex. 3. The following theorems are detlucible from one another. 

(i) Two lines at right angles to one another are tangents one to each 
of two eonfoeal conics; shew that the locus of their intersection is a circle , 
and that tl%e envelope of the line joining their points of contact is another 
eonfoeal, 

(ii) Two points, one on each of two co-axial circles, subtend a right 
angle at a limiting point; shew that the envelope of the line joining them 
is a conic with one focus at the limiting point, and that the locus of the in¬ 
tersection of the tangents at the points is a co-axial circle, 

(iii) Two lines which are tangents one 'to each of two conics, cut a 
diagonal of their circumscribing quadrilateral harmonically; shew that 
the locus of the intersection of the lines is a conic through the extremities 
of that diagonal, and that the envelope of the line joining the points of 
contact is a conic inscribed in the same quadrilateral. 

(iv) AOJi, COD are common chords of two conics, andP, Q are points, 
one on each conic, such that 0 { APliQ } is harmonic; shew that the envelope 
of the line FQ is a conic touching AB, CD, and that the tangents at P, Q 
meet on a conic through A, B, C, D. 

(v) If two points be taken, one on each of two circles, equidistant from 
their radical axis, the envelope of the line joining them is a parabola which 
touches the radical axis, and the locus of the intersection of the tangents at 
the points is a circle through their common points. 


Examples on Chapter XIV. 

1. Shew that an hyperbola is its own reciprocal with 
respect to the conjugate hyperbola. 

2. Shew that a system of conics through four fixed points 
can be reciprocated into concentric conics. 

3. Shew that four conics can be described having a common 
focus and passing through three given points, and that the 
latus rectum of one of these is equal to the sum of the latera 
recta of the other three. Shew also that their directrices meet 
two and two on the sides of the triangle. 

4. If each of two conics be reciprocated with respect to 
the other; shew that the two conics and the two reciprocals 
have a common self-conjugate triangle. 
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5. Two conics X, and X 3 arc reciprocals with respect to a 
conic U. If J/j be the reciprocal of X, with respect to X a , and 
Jf a be tlie reciprocal of X 3 with respect to X, ; shew that M x 
and M 2 are reciprocals with respect to U. 

6. If two pairs of conjugate rays of a pencil in involution 
be at right angles, every pair will be at right angles. 

7. If two pail’s of points in an involution have the same 
point of bisection, every pair will have the same point of bisec¬ 
tion. Where is the centre of the involution 1 

8. The pairs of tangents from any point to a system of 
conics which touch four fixed straight lines form a pencil in 
involution. Hence shew that the director circles of the system 
have a common radical axis. 

9. Two circles and their centres of similitude subtend a 
pencil in involution at any point. 

10. If two finite lines be divided into the same number of 
parts, the lines joining corresponding points will envelope a 
parabola. 

11. If 1\ P' be corresponding points of two homographic 
ranges on the lines OA, 0A\ and the parallelogram POP' Q l>e 
completed ; shew that the locus of Q is a conic. 

12. Three conics have two points common ; shew that the 
three lines joining their other intersections two and two meet 
in a point, and that any line through that point is cut by the 
conics in six points in involution. 

13. Shew that, if the three points of intersection of corre¬ 
sponding sides of two triangles lie on a straight lino, the two 
triangles can both be projected into equilateral triangles. 

14. Shew that any three angles may be projected into 
right angles. 

15. A, By C are three fixed points on a conic ; find 
geometrically a point on the curve at which Ally PC subtend 
equal angles. 

16. Through a fixed point 0 any line is drawn cutting 
the sides of a given triangle in A', Ji\ C' respectively, and P is 
the point on the line such that {A'Ji'CP] is harmonic; shew 
that the locus of P is a conic. 


S. C. S. 


22 
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• 17. When lour conics pass through four given points, the 
pencil, formed hy the polars of any point with respect to them, 
is of constant cross ratio. 

18. If two angles, each of constant magnitude, turn about 
their vertices, in such a manner that the point of intersection 
of two of their sides is on a conic through the vertices, the 
other two sides will intersect on a second conic through their 
vertices. 

19. If all the angular points of a polygon move on fixed 
straight lines, and all the sides hut one turn about fixed points, 
the free side of the polygon will envelope a conic. 

20. If a polygon be circumscribed to a conic, and all its 
angular points but one lie on fixed straight lines, the locus of 
that angular point will be a conic. 
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CHAPTER II. 

3. Ans. 2>o i x ~ a ) n ~ Pi i x ~ fl)' 1-1 (y - h) +i> 3 (// - &) 3 - ..- 

+ ( ~ l)“P»(y ” &) w — 0. 4. Tlio lines make equal audios with ouo 

another. o. Take OA, OB for axes, and let OA, Oil , O/*, OQ be a, 6, 
//, fe respectively. Since AP-c.BQ, we have h~a-c(k-b). If (.r, y) 
bo middle point of 2 x = h, 2y — k\ whence required locus is 

2x -a=c (2 y - b). 7. Take the fixed lines for axes and let P be (.r, //) and 
Q be y'). Then %' .r + ycosw, if —y + xcosw. Find x and y in 
terms of x' and y\ and substitute in tbo equation of the locus of P. 
8. Use polar co-ordinates with 0 for pole. 10. The equations of Alt, 
AD, BC , CD are 0 0, 0 -a, rsin (d- a) + a sin a =0, and r sin Q — h sin a; 
where a, b are the lengths of All and AD, and a is the angle IiAl). 

The equation of AC is 0 = tail” 1 ;! * ma _ am \ 0 f y»/> rosin 0 

a + b cos a 

— ah sin a -I- hr sin (a - 6) = 0. 14. Ans. 7if ■ - --10=0, 7x + 3r/ - 33 - 0, 

7y-3^+10=:0, and Ix + '&y - 1—0. 15. If the base be taken as axis 

of x, the twin of the positive angles the sides make with it is constant. 

.. rni x- -xi l • (<r -«) («- h) ?/* + (x - c) (.r - d) 

16. The equation of the locus is - — -- — , - -- —— ,—. 

a-b c -a 

The points aro on the axis of x and a, b, r, d are their distances from tlio 
origin. 18. The equation of thelocus is (a - a!) xy +1 (.»• - a) (x ~ a') . 0, where 
All is axis of x, the other given lino tlio axis of //, and OA — a, OIl—u f , 
and l the intercept on axis of y. 21. The bisectors of the angles between 
the two pairs of straight lines coincide [Art. 38], 2 2r. Ans. {ah' -■ a'b ) 2 

= 4 (ha'- h'a) (h'b - hi'). 23. This is reduced to the preceding by means 

of question 2. 26. The result easily follows from the polar form of the 

equation, viz. m tan 30 +1=0. 29. If the straight lines be y~m x x, 

!,=„.* and y=» Vi we have Va ■ {1+m ,j\ lT ^ (1 + w / ( ' • 

22—2 
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ay 9 + by*x+cyx? + <h?^Lct(y-m x x)(y-m^c)(y~m.jc), and (1 -|-w*i 2 )(l + w 2 a ) 

(1 + wi 3 2 ) = 1 + (m, + m 2 + wj 3 ) 2 - 2 (wi,m 2 + »i 2 to 3 + + (wt^ + »m 2 w» 3 

^2 ^ {*2 

+w a m 1 )*-2m 1 wi 2 wi a (»»,+w 2 +»i 3 )+m 1 2 ?H s a //t 3 2 =l+^ - 2^ + ^ - 2- a - ’» 

whence the result. 30. The equation of any pair of perpendicular lines 
is x s + \xy -i/*=0. Hence given equation must he equivalent to (Fx+Fy) 
(x 2 +\.ry -y 2 )=0, so that E=A, F= -P, F+\K=3B, and \F-E-—ZC. 

33. The lines are ox? + 2hxy H- by 2 - ^ t (a'x 2 + 2h'xy + h'y?) = 0 [Art. 38]. 

y 

34. Let A, B, C be («,, &i), and (a 3 , 7> 3 ); and A', li f , C' be (a,, p L ), 

(a 2 , p 2 ), (a.„ ft,). The equations of the three perpendiculars from A\ 1>\ C on 
the sides of A HC are x (« 2 - « 3 ) + y (b„ - b 3 ) - a, (<t 3 - er 3 ) - ft (b 3 - b ;i )=0 (1), 

* K “ «i) + y (ft* - fti) - a 2 ("3 - «i) ~ P-j ( 6 s “ b \) - 0 (2), and .r K - fl 2 ) 
+ y (ft - ft) - a 3 (<i x - « 3 ) - ft, (ft - ft)—0 (3). If (1), (2), (3) meet in a point 
the sum of tho constants is zero, and this sum can be written in 
the symmetrical form a ± a 2 - + « 2 a 3 - « 3 a 3 + a a a, — a ja 3 + ftft - bJ3 l 

+ ft aft “ ftjjft + ftg^l “ ft]ft ~ 


CHAPTER IV. 


4. The locus is (1- n 2 ) (.c 2 + i/- + a 2 ) - 2a (1 + n?) x~Q t where (a, 0), 
(-a, 0) are the two points A, B. The common radical axis is x — 0. 
6. Ans..r 2 + y 2 + 2dse+ 2ey +/ (Ax+By) — 0. 7. Ans.2.'c 3 +2y 2 +2ic+0y+l ~0. 

/i 2 

8. See Art. 38. 0 and 10. Substitute - for r in the polar equation of the 


line or of the circle. 12. If a common tangent, PQ, of two of the circles 
cut the radical axis in O f the tangents from O to all the other circles of 
the system, including the limiting circles , will be equal to OP; thcreforo 
the limiting points arc on a circle on PQ as diameter. 13. If one circle 
is within the other, (1) the radical axis must cut in imaginary points, 
therefore b is positive; (2) the centres must be on the same side of the 
radical axis, therefore a and a! have the same sign. 15. Sec Art. 86. 
19. Wo may take 


#cosa + y sina-rt*=0, x cos 


(a + ‘£) + !( sin 



&c. 


for tho equations of the sides. The sum of the squares of the perpen¬ 
diculars from (r, y) is sum of squares of left sides; and in this sum the 


coefficients of x 2 and y 2 are equal, since cos 2a + cos 2 
also the coefficient of xy is zero, since sin 2a + sin 2 




+ 




=0. 
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h k 

20. - + -j—2, (h, k) being the point through which PQ passes. 21 . If P 

be any point on the circle, and A, B the ends of a diameter, PA 2 +PB' 2 ~A IP ; 
expross this in polar co-ordinates. 22 . Eliminate 6. Condition for 

tangency is p =2a cos 2 f or p - - 2a sin 2 . 23. x = ~, y = - j . 24. Two 

circles. 25. The whole lengths of the lines, from the points of contact to 
their intersection, are equal to one another. 2 G. The given lines 
must intersect on the radical axis of the circles. 27. If given 
points aro (±a, 0 ), and tangents are parallel to y=.r. tan 0 , the equation 
of the locus is y 2 + 2xy cot 6 -x 2 +a 2 = 0 . 29. For straight linos, 

A + B -t- <7=0. 31. Any circle through (±a, 0) is x^ + y 2 -2by ~a 9 =0. 
The orthogonal circles are x 2 + y 2 - 2c.r + a 2 =0. 33. Take x 2 + y- - 2ax = 0 , 
x 2 + y 2 - 2by —0 for tlio equations of the circles. 35. Tho equa¬ 
tion of the locus is (b 2 f c 2 ) (as 2 +y 2 + a 3 ) - 4 abey = (a; 2 + y 2 — a 2 ) 2 . The 
bisectors touch the circles x 2 + (i/±a) 2 =$ (b =fcc) 2 . 36. The centre 

of the required circle must be the radical centre of the three escribed 
circles. The equation of circle touching B(\ and AB t AC produced is 
x 2 + y 2 + 2 xy cos A - 2s (.»: + y) 4 - s 2 =0 (i), A B, A C being axes. The radical 


j* y jg y 

centre of the escribed circle is given by ‘ - -|-", ~ 4 , - + - , =4, its co- 

ordinates are tliereforo i ^ a ^ c \ and ^ . The radius required is equal 

to the tangent to one of tho circles from the radical centre, and this is 
found by substituting the co-ordinates in (i). 37. Let the centies of 

the circles be (.r\ y'), (x", y"), the fixed points (+.a, 0 ), and the point of 
contact (x, y). Then wo havo (i) (./■'-a ) 2 + f/' 2 =e 2 , (ii) (x" +a) 2 + y"' 2 —c 2 , 
(ii i) (x' - - x")' 2 + ( 1 / - y") 2 — 4c 2 . A1 so 2x = x' ^ x" t and 2 y = 1 /+y". From 
(i) and (ii) ( x' - .r") (x' + x") 2 a (x 1 - 1 - x") -f- (y' - y") {y 1 + y") — 0 , i.o. x (rf - x") 

- 2 a.r +y (if - y") ~ 0 . This with (iii) gives us [y' - y") and ( x' - as"). Then, 
taking (iii) from twice the sum of (i) and (ii), we have (xf + sr") 2 + ( 1 / + y") 2 
+4a 2 - 4 a (uf -x")= 0 ; whence the required locus. 


CHAPTER V. 

(/l-| 1 )^ 

4. Tho parabola is ?/ 2 —' - ax, whero 1 : n is the given ratio. 

‘ n 

5. (i) a straight lino through tho vertex, (ii) tho curve y 2 = nx 2 + 2ax. 

6 y 2 — x 2 + 6 «« + a 2 . 10. Tho chord of contact of tangents from ( -4«, k) 
is yk = 2a (a;- 4 a). The equation of the lines joining vertex to points 
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of contact is [Art. 88] if - 4ax 0, or if-x* + -- xy=0. 

O tt* Ml 


11. TN= and l'M*=if 2 + 4a?\ where (*', y') isT. 12. Let 

the axis of x be midway between the axes of the parabolas, then their 
equations will be (y-b)'*—4ax, (y + b) 2 =4ax. If y = y cut the curves in 
(r u 7 j) and (.r 3 , rj) respectively, wo have i; s +6 2 = 2a(j*j + .r 3 ). Hence, 
if (£, n) be the middle point of intercept, ij*+& a =4«f. 15. The chord 

whose middle point is (r\ y') is parallel to the polar of (x\ y')\ its 
equation therefore is ( ij - if) if = 2a (.r - x'). If the chord pass through the 
fixed point (li t k ), we have {k - if) if =±2a(li- x'). Hence the required 


a 


locus is the parabola y(y- k) —2a(x--h). 25. Let y=m x x + —.. .(i), 
y — 111 .#+ ii), y —m/ 3 .r+-- ..(iii), and y=m 4k x+ - ...(iv), be the equa- 


iii , 


in., 


vi, 


tions of the four tangents. The ordinate of the point of intersection of 
(i) and (ii) is a ( ^ \ , and the ordinato of the point of intersection of 

\ m i vi. 

(iii) and (iv) is a ( 1 ^ ; hence the ordinate of the middle point of 

those intersections is ^ 4 - + — + * V The symmetry of this 

2 \/// 1 iii.j, m.i m 4 J 

result shews that the ordinate is the same for the middle point of the 
other two diagonals. 27. If the fixed line and the two tangents 
make angles a, 0,, 0 4 with the axis, we have 2a = 0 1 + 0 3 . And if 
(x' t if) bo the point of intersection of the tangents, tan 0 t and tan 0 2 


a 


(w fO* 

arc the roots of if=nix' + — . We therefore have tan 2a—- - ; which 

in x - a 

shews that tho intersection of the tangents is on a fixed straight line; 

therefore, etc. 38. At points common to if 2 -iax=0 and any circlo 

x 1 + y 2 + 2 yx + 2 l/y + c= 0, wo have + if + 2 g J + 2/y + c =0. The co¬ 


efficient of if is zero, lienee y } + y., + y 3 + y 4 =0. If therefore the normals 
at y,, y», y .* meet in a point, y. is zero; for we know that ?/i +«/.» +2/4—0 
[Art. 100]. 88. Tho normal at (*', if) is 2a (y ~if)+f{x- «')=0. If 

this pass through [h, k), we have 2ak + if {h-x' - 2a)= 0, whence 4« 2 A 2 
— lax’ (h - x' - 2a ) a . This givos a cubic equation for x' from which we have 
x' + x" + s !"=2 h - 4a, or (x r +a) + (.r" + a) + (x'" + a) + a=2h; therefore, &c. 
41. Take for axes the tangent parallel to the given lines and the diameter 
through its point of contact. 43. The line is x = 2a + c. 44. The 
ordinates of the normals which meet in (ft, k) are given by 2a (y - k) + 
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y (ac - h) =0. If (h, k) be on the curve, we have 2a (y - k) + ^ (y- - k'-) — 0. 

Hence the ordinates different from k aro given by y(y + k) + 8a-=0; so 
that y L y 2 =8a 2 . The equation of the chord is y (y l +y. i )~ iit.v-y 1 y. i = 0, 

hence this cuts the axis where x=-^' i= = - 2a. 47. Let y x , y., , y A , y 4 


bo the ordinates of the points A, li, C , I); and let Ali, liC , CA, AT) 
make angles 0, , 0 2 , 0 3 , 0 4 with the axis. Then [Art. 102], y l + y 2 =4 a cot 0\ , 
and so for the rest. Henco cot 0 l + cot 0 3 — cot 0 2 + cot d 4 ; which shews 
that if three of the angles are constant, the fourth also is constant. 
50. Let P, Q, 11, S be y x ) drc. The equation of the circle on PQ as 
diameter is (y - yj (y - y. 2 ) + (x - arj) (.r - .r 2 ) — 0. Where this meets y 2 =4a x, 

we have (y-yjiy-yj + ^(y 2 -yr)(y*-y. 2 2 )-- 0. Hence y.„ y 4 are the 


roots of lfirt 2 + (y + y x ) (y + y.,) - 0, so that y 3 y 4 =y,?/ 2 + 16a-. 
cut the axis at points whoso abscissae are and 

the difference of these abscissa) is 4a. 


But PQ, RS 
- ' l, f 1 , hence 


CHAPTER VI. 


4. The equation of a lino through the middle point of a chord per¬ 
pendicular to the chord can be written down by assuming Art. 114 (iii). 

15. The ellipse is — . ltf. Use y - nu +• V(a 2 m--|-/r). 

a- b 1 \a- -\ b 1 } 

20. Use eccentric anglos. 21. The line y — m (x - ue) cuts tlio ellipse 

where \ — — 1. Put.r — \(<tc + rt ) - p, and shew that the 

a- tr \ /' / 

product of the roots of the quadratic in y is independent of m. 27. If 


P be (.r', y'), the point of intersection of Qll and Rtf is ^~x\ -y' J ^ . 

30. The semi-axes of tlio locus of P aro the semi-sum and semi- 
differcnce of the radii of the circles. 36. Tlio chord which has (»', y) 
for middle point is parallel to the polar of (a;', y'), its equation is therefore 

x ' i/' 

(x - .»•')+ {y- y') j— 0. Hence, if the chord pass through a fixed point 


tc V 

(h, k), the middle point is on the ellipse (h ~x) — + (k - y) — 0. 37. Let 

ft v 

P bo (ar/, >/), and let the chord make an angle 0 with the major axis of the 
ellipse. The co-ordinates of the point on tho chord at a distance r from 
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P arc y + r cos #, and y' + r sin 9 ; substitute those co-ordinates in the 

xx* vu* 

equation of the ellipse for PQ, and in the equation ^ + “-0 for PR ; 

( x^ ?/ 2 \ 

ft 8 + ~ 1 ) 

(X 1 y*\ c 2 fx n - y*\ Qn ,. . /.r* , ?/\ 2 ^' 2 + 2/ 3 

(«-4 + fr) = a? (? ■+ i) • «• The 19 (* + i>) = aHJ- • 

40. Let a, /3, 7 , 5 he the co-ordinates of the angular points A, It, C, 7> 
of the quadrilateral; then, since All, JJC , CD are parallel to three lixcd 
straight lines, we have (a+/ 9 ), (/3 + -y) and ( 7 + 5) constant; therefore 
(a + 5) is constant. 43. Let the co-ordinates of Q be a cos# and b sin #, 
then quadrilateral OPGQ =2 . triangle OCQ = lib sin 0 - ha cos 0 = A, sup- 
A h k 

pose. Therefore ~ = -sin#-^ cos 6 ( 1 ). But (It, k) is on the tangent 
li k 

at Q; therefore cos#+-sin #=1 ( 2 ). From (1) and ( 2 ) we have 
A 3 ifi h- 

(Gb * = a 2 + &‘ 2 ** area °* PCQ can be readily deduced 


from that of the quadrilateral. 50. Ans. 2 (fry 2 + a 2 x 2 )* -- (a 1 - b*) 2 
(a 2 x 2 - fry 2 ) 2 . 63. If 0 be the eccentric angle of P, the co-ordinates 

of Q, are (a |~ 6 )cos 0 and (a+ 5) sin 0 , or (a-b) cos fa ( 6 -a)sin 0 , ac¬ 
cording as PQ is measured along the normal outwards or inwards. 
55. Let T be (.r' f 1 /). In the quadratic equation giving the abscissa) of 

• XX* ?/// _ (t 

points where-y + ~y = 1 cuts the ellipse, substitute for x [Art. 110]; 
the product of the roots of the equation in r will be equal to SP . SQ. 


CIIAPTEB VII. 

3. An hyperbola. 4. An hyperbola. 5. A rectangular hyperbola. 
19. 2 y + 3® + 4=0. 20 . ac-2=0, y-3=0, .ry-3.r-2y + 12 = 0 . 26. The 
lines joining (x’y') to the two fixed points (Art, 0 ) are (yx f -av/') 2 = « 9 (y - y') 2 . 
These are parallel to y~ {x-—a 1 ) - 'Zx’y'xy -j- y'V 5 = 0, the bisectors of 
1 • .'C 2 — v / 2 xy 

winch are ——~~—- A , ,= 0 . Since these bisectors are fixed lines, we 
y 1 - x ‘ + a- xy ’ 

. y' 2 -x'*+ a 2 

have --, -—const. 
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CHAPTER VIII. 


4. If a, /3, y be the vectorial angles of A, Ji , C respectively, 
SA — —-—, and SA’ = - \ &c. 5. As in Art. 165 (5), the 


2 cos 2 


3 ^ 

2 COS £ cos - 
& & 


perpendicular on the tangent at a makes with the axis an angle 

tan -1 Sm a . Therefore, Ac. 7. See Art. 165 (.‘1). 10. If the conics 
e + cosa ' 7 

IV 7 

are = 1 -f e cos 0, and- -1 + e 'cos (0 - a), the common chords arc — c cos 0 
r r ' r 

tV ) j V 

= H-1 ^ - e' cos (0 - a) j. 13. If the conics are - — 1 + c cos 0 , and 


r 


l±V 


= 1 + e' cos (0 - a), the common chords are = c cos d±e' cos (0 - a). 

16. If d be the 


/ 4 /' e ' 

These touch respectively the conics = 1 -t cos 0. 

er e 


ed 


distance of the focus from the directrix, the conics will l>e - — 1 + e cos 0, 

r 

c'd 

and' - ~1 |Vcos {0 - o). If the conics touch one another at some point 

/?, tho equations —-e cos 0 -f- cos (0-/3), and -J- — e' cos [0 - a) + cos (0 - fj) 

will represent the same straight line. Write the equations in the 

„ d . /, cos/3\ . _ sin/5 , d ( cos/3\ 

forms =cos 0 ( 1 \ ) |-sm 0 , and - --cos 0 ( cos a+ , ) 

r \ e ) e r \ cj 

+ sin 0 ^sin a + ; equate tho coefficients of cos 0 , and of sin 0 , and 

eliminate /3. 17. Let tho equation of the circle be r a cos {() - a), and 

the equation of the conic | — 1 + e cos 0. Eliminate 0 , and we obtain a 

biquadratic for r. 


CHAPTER IX. 

7. Ans. X = l. 8 . Ans. 10 y-+ 21 a;»/ + 9]/ 2 -41a5-39j/ + 4=0. 9. Ans. 
Sx 2 - 2xy - 5/y 2 + lx - 9y + 2 = 0, and 8 x 2 - 2xij - + 7x - 9y + 20 - 0. 

10. Ans. 6x 2 -7.ry-3y s -2x-8y-4 = 0 , and 6 x 2 - 7 .ry - Hi/ 9 - 2 .r - 8 y - 2 
---0. 14. Take O for origin, and tho axis of x through the centre of 

the circlo. Tho equation of the circle will be r — d cos 9 ( 1 ); the equation 
pf the conic ax 2 + 2 hxy -f hy- + 2 <jx + 2 \fy H c= 0 , or in polars «»•* cos 2 0 
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+ 2/ir 2 cos 0 sill 0 -f hr- Hin 2 0 + 2 yr cos 0 + 2 \fr sin 0 + e =0 (2). Eliminate 0 
from (1) and (2), then we obtain an equation in r the product of the four 

cd 2 

roots of which will be,—Since the origin is fixed, e is 

(a-by+ih 2 

constant; and (a - by + £h~ is constant from Ex. 11. 


CHAPTER X. 


3. To find the fixed point in Ex. 1, take OP, OQ parallel to the axes; 
then PQ is a diameter, and CO, PQ make equal angles with the axis. 
Hence the co-ordinates of the point can be found referred to the centre 
and axes of the conic. The fixed point in Ex. 2 is the point where the 
tangent at O is met by the tangent at the other extremity of the normal 
through O, as is seen by taking OP, OQ indefinitely near to the normal. 
For locus sec Art. 138 (1). 7. Take 0 for origin and the chords for 


axes. 


We have to prove that 


a f b 
c 


is independent of tho direction of tho 


axes. 13. In the parabola y'y" is constant. 20. Take 0 for origin, 
the chord and its conjugate for axes; then the equation of the curve will be 
ax' 2 + by 2 + 2fy + c = 0. Tangents from {x\ y') are given by <f> (x, y) 0 (x\ y) 
- {axx' + hyi/ + f (y -f- y') + e} 2 —0; in this put y=0 ; then the coefficient of 
x will bo zero if /</' + c = 0, that is if (x\ y') be on the polar of O. Or, 
let the tangents at P, Q meet in K ; then KL, the polar of 0, is parallel 
to AP ; and if QOP meet the polar of 0 in L, \Q0PL) is harmonic. 
Ilenco \T08 oo} is harmonic, and therefore TO— 08. 22. (i) a conic; 

(ii) a straight line. 25. A curve of the fourth degree. 28. Corre¬ 
sponding to any point T on the tangent at P there is one point T' such 
that T, T' arc equidistant from tho centre, and there is one inter¬ 
section of the tangents at T, T'; lienee every tangent to the ellipse 
cuts tho locus in one and only one point: the locus is therefore a 
straight line. If T, T' are on the director circle, the tangents from T, T ' 
ore parallel; therefore the direction of the point at infinity on the 
locus is perpendicular to tho tangent at P; also when T, V arc both 
at infinity, the tangents from T, T aro parallel to the tangent at P, 
and tliereforo intersect at the extremity of the diameter through P, 
which provos the proposition. 37. The centre of tho conic is 

given. Hence, if P be the given point, P\ the other extremity of the 
diameter through P, is on all the conics. The locus is such that SP. SP' 


is constant; this curve is called a lcmniscate. 40. Let S, S' be 
tho foci, 8 being given, C tho centre, P tho given point, and 0 the 
middle point of SP, Then CD 1 SP . S'P =4 SO. OC. This proves that 



ANSWERS TO THE EXAMPLES. 


347 


the locus of 1) is a parabola, since CD and OC are drawn iir fixed 
directions, and SO is fixed. 48. Let the variable ellipse touch at P, 
and let the tangents at S, P meet in T. CT bisects SP in V, and is 
therefore parallel to S'P, so that CT and SP make equal angles with the 
tangent at P; hence VT = VP= VS] therefore STP is a right angle, 
and CT is the radius of the director-circle of the variablo ellipse. 
Hence, since CT= (SP + S'P) = constant, the question is reduced to 37. 
44. This follows from Ex. 23, Chapter vii. 47. {PGOG f \ is harmonic, 
and GCG' is a right angle; therefore CP and CO make equal angles with 
CG. Then see solution of 2. 53. Ans. c=±.ab. 54. Let tho 

conic which goes through A, II, < 7 , D, A’ cut the circle AUK in G\ then, 
A /> and CD make equal angles with the axes, and so also do AB and 
KG ; hence EG is parallel to CD , so that G and F arc coincident. The 
direction of tho axes is known, we have therefore only to find the centre. 
If V, V ' are the middle points of CD and KF respectively, VV is a 
diameter. Draw a circle through D, C, E : if this cut the conic in a 
fourth point H, Eli and CD make equal angles with the axes of tho 
conic; therefore KIf is parallel to All ; hence the line through tho 
middle points of Ali and Ell is another diameter. Thus the centre 
is found. 55. The six points are always on a conic, and tlio conic 
is (ax'x" + hijy" - l) (ax 1 f by- -1) - (axx' + byy' - 1) {axx" + by if - 1) = 0 

[see Ex. 3, Art. 187]. The conditions for a circle are x'x" - iff — * - * (1), 

tl W 


and x’y" + x "if ~ 0 (2). Square and add, then (x' 2 + if 2 ) (x" 2 + if”) - ^ J ^ , 

that is CP. CP'—CS 2 , where C is the centre and S is a focus; also from 
(2) CP and CP' make equal angles with the axis of x; and (1) and 
(2) show that P, P' arc on different sides of the transverse axis. When 
the curve is a parabola P , P' are on a line through the focus, and equi¬ 
distant from the focus. 58. The chord of ax 2 + by- -1 = 0 which has 
(x\ if) for middle point is parallel to the polar of if) and its equation i« 
(.r - x') ax' + (y -if) by'=0. Tho line through if) perpendicular to the 

f _ rtf n _ y* 

chord must pass through 0 (/, g ); hence we havo “ - , = *_ , , so that 

llJC w(/ 

(x\ if) is on a rectangular hyperbola. 50. Any conic of the system is 
given by ax- + by 2 -1 - X {(x - a) 8 + (y - /9) 2 - c-) =0, where (a, /9) is the 
point O. Find the centre, and eliminate X. 03. If the normal 

f / 

to ax 2 + bif -1=0 at P (x\if) pass through O (/, y) we have - ' X f — , 

€l3b Utl 

or fbif - agx' + (a - b) x'y '=0 (1). Wc havo to shew that -- + ^~ ?- — 0, 

ic y 
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or ry' + yaf - 2afy'=0 t will go through the name point if {x',y r ) is any 
one of the four points of intersection of (1) and the conic. The point 

is ~ ^ =. 2 ~ . 73. A conic. 75. The four points arc 

fb -ag b-a 


(See., where (x‘ if) Ac. arc the feet of the normals. Now, if 

J a-f b-y 

{ft y) he the point at which the normals meet, —-,=«’■*-6*. 

x y 

( tt 2 J)2\ 

- , ->) is on the straight line fx - yy—a 2 - fo 2 , and so also are the 

x y / 

other tlireo points. 83. If y - m {.r - ne) be the chord, the circle is 

i| t» <4 

x 2 -a* + y i + 2maey - nirlr= 0, or 1 - (aey - mb‘ J )‘ J - 0. 96. If 


be tho equation of the hyperbola, and (.r,, 
points, and (a, (3) be F; then FA . Fa =~-^ 


y t ) Ac. bo the four 
_p) {y.\ • P ) bn - ft) ' 

'JiV-Mt 


CHAPTER XI. 


3. Lot the equation of the conic which passes through () be ux* + 2hxy 
+ by 1 + 2fy = 0, the tangent and normal at () being axes. If a'x 2 +2h'.ry 
+ b'lj* -f 2y'x h 2f'ij + c ~ () bo tho equation of another conic, all tho conics 
through their common points are included in <(.c 2 + 2 k.ry + by* + *2fy 


+ X (a'.c a + 2 h'xy + b’y 2 + 2//'.r 4- 2 \fy + c') =0. 
2 

- - ' f , and therefore is independent of X. 


Put y=0, then * + - 

•fj .r 2 

5. The axes of tho para¬ 


bolas are always parallel to conjugate diameters [Art. 207]. Now in a 
given ellipse the acute angle between two conjugate diameters is least when 
they arc the cqui-conjugates ; and in different ellipses the angle between 
the eqni-conjugatcs is greatest in that which lias the least eccentricity. 
Hence if a pair of conjugate diameters aro known, the conic has the 
least eccentricity when they are the equi-eonjugates. 0. If TQ t TQ' bo 
the tangents, and 7'bo the middle point of QQ\ TV and QQ' are parallel to 
conjugate diameters. See solution to 5. 16. Use the result of Ex. 2, 

n x 

Art. 210. 21. A circle. 21. tan 2 = - - a , where 0 is the angle between 

2 A] 

the tangents. 25. The result follows from Art. 229 and Art. 18G, Cor. 
1. 28. Art. 227. 35. If TO' be the other bisector of tho angle QTF, 

then T {Q()FO'\ is harmonic, and therefore TO' is the polar of O. Let 
J101V cut TO ' in K, then T {110R'K} is harmonic, and OTll is a right 
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angle; lienee HT, R'T make equal angles with OT. 37. and 38. Use 
'If a circle cut a parabola in four points the sum of the distances of those 
points from the axis of the parabola is zero.’ 1‘2. Show that the conic, 
with respect to which the triangle formed by x — 0, »/-=(), and lx+my + 1 
= 0 is self-polar, is ux*+21mxy + by' i + 21x + 2niy + l — 0. 50. Let the 

hyperbola be 2 xy-c, and the first circle x* + y i +2yx+2fy=0. Let 
(xj, i/ i ) <fec. be the four points. The equation of the second circle is 
x- -f y 1 +2xx 4 -f 2 yy A - 0. The point of intersection of the tangents at V>, C 

is ^ ; this is on the second circle if c 2 (x., + .r, + x.) 

V X■! I X.J 

+ ix T r< i x i (x.x. i + x.<x 4 x 4 Xo)—0(1). Now the equation giving the abscissa! 
of A, Ji, C, l) is 4x 4 f8y.r , 4 4/c.r + c 2 =0. Ilcnce 4.r 1 .r 2 .r. J .t: 4 —c 2 , and 
Xj (x., + x ; ,+x 4 ) + x._,x a • t- XjX 4 -f XjX.,= 0; and these shew that (1) is true. 


CHAPTER XII. 


1. A parabola. 3. An hyperbola. 4. (1) A similar ellipse. (2) 

An ellipse. 12. A common chord, which is not a diameter, subtends a 
right angle at the centre. The envelope is a circle. 10. If the 
conic is «x 2 + by-- 1, and c the radius of the circle, the envelope is 
ab< 

ax- + by- — 


a | b 


The envelope is the original conic if c 1 —^ | * ; that is, 


if the circle is the director-circle of the couic. 20. See Art. 107. 25. 

The equation of the envelope is xy — i lab. 20. If the original conic 

is ^r, -1- f.,= 1, the cnvelopo is -l-1 2^-0. 27. Take the fixed 

point for origin, aud let the lines be (x- <») (x - a')— 0; then tho envelope 
is (a-a') i y*--‘kaa'(x-a)(x-a'). 31. Take tho given diameters for 

axes, and let the conic be ax 2 | 2 h.rij \ by z -1 - 0; then the envelope is 

h 


4 (ax -H by) (hx + by) ^ y- 


3H. Let the equation of the conic be 


/i-- -ah’ 

ax*+by*-- 1, and let O bo (a, ft). Transfer the origin to O, and let 
Ix+wy -|-1 = 0 be the equation of l’Q, one of the chords. Write down 
the equation of OP, OQ [Art. 38]; then the condition of perpendicularity 
gives the tangential equation, viz. (I 2 + in 1 ) (aar -\ bft 2 -1) - 2aal - 2bftm 

+a + 6=0. One focus is (0, 0), the centre is ( - - la -. , - and 

\ a + b a -| bj 

tho other focus is ( - V If a : b is constant, the envelopes 

\ a + b* «H b) 1 

are confocal. If tho given conic is a rectangular hyperbola a \ b — 0, and 

the envelope is a parabola. 
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N.13. The following aro important special forms of the tangential 
equation <f> (?* ro)= 0 . 

(i) If c- 0 , the conic is a parabola. 

(ii) If a =6=0, the conic touches the axes. 

(iii) If a = 6 , and 2a cos u the origin is a focus. 


CHAPTER XIII. 


2 . 


Ans. 


abc 

BA 2 


a, 

Jtt 


p\ y' 

P'\ y" 
a * P » y 

3. The four points of intersection of any two of the conics are of the 
form =l /, ± g, ± h. The conic wa a -| v/3 2 + «*y 2 =0 will pass through tho 
points (i/, ± p, ±h), and (±/\ ± g\ ±7t') if h f ’// 2 + »-/t 2 = 0 , and 

m /' 3 -I- tv/' 2 ip/i' 2 =0. 6. Let the lines be 7a ± ±ny= 0; then the 

two points on the diagonal a = 0 are given by m 3 fl s + 2 \py + ?i 9 y 2 - 0 , a = 0 . 
The other pairs are h 2 7 2 H 2 /^ya + Fa 2 =0, p = 0 ; and Far + 2vap + vi-fir— 0 , 
7 = 0 . These are all on the conic V i ar -I- m*ffi -I- n-y -+ 2\py + 2/xya + 2va§— 0 . 

7. The perpendicular distances of (a, ft, 7 ) from the three sides are 

^ (aa - bp - cy ), etc, Hence the equation required is 


a 


a 2 




1.2 .•» 

o- t- .. 

-1- -I - =0. 

bp + cy - aa vy + aa -bp aa + bp - cy 


H. The equation of the circle is of the form ufiy + bya \-caft-\- X (aa -h bp 
-t <“v ) 2 — D. If this cut DO in P, P\ then HP . HP' ~ r* - IF. 0. Tho 
point which is at a distance p from (a 0 , /3 0 , y u ), on a line parallel 
to PC is (a 0 , p 0 +p sin C, y 0 -psin Ji). If this point bo on tho conic, wo 
have 


Pi Pm = 


_^o7o + Ml 7o a o "h »*vPo 


Hence we have 


- 1 sin Jj sin C 


r.r ___ r :1 - 




f m 7< 

[If the conic were given by the general equation wc should have 

= _ 0 ( a o. Pi)f 7o) _ 

x " s v sin a C* l w sin’-if - 2 u' sin B sin C * 

Hence we find at once the conditions for a circle, viz. vc 2 + irb’ 2 - 2u'bc 
5= similar expressions.] 
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11. If P be (f, g, h), K, L , M are on the line j + - + ? = 0. If P be on 

/ 0 * 

Zo + wtj8+«7=0 KLM touches \f la + *Jvift+ny—0 &c. 12. If 0 be 


(/» ff* h ) and O' he (/', g\ h') then Z is given by , * _ 


= = ,. If O, o' are on the fixed conic 

gg'[hj f -h'f) hh (ft/ -J f g) 

"Sfty + fiya + vaft = 0, Z is the fixed point (\, /*, v). 

(Examples 11 and 12 are taken from an interesting paper by Mr A. 

Martin published in the Messenger of Mathematics , Vol. IV.) 

18. If nd- + vfi- + wy-=0, be a parabola it will touch the lino at infinity, 

and therefore all the four lines given by aa a bp a cy —0. 20. If 

(a', ft\ y) be one focus, the other will be ^ ; write down the con- 

\a ft yj 

dition that the fixed point (/, g, h) may be on the line joining these two 
points. 34. Let (/, g, h) bo the point of intersection of AA\ Bll\ CG\ 
then A’ is (/', //, //), W is (/, g\ h), and C’ is (/, g, h'). BC\ CB’ intersect 


in 


A " whore ^ — 4 
/ a 


y 

Tr 


Hence the equation of A' A" is 
a ft 7 = 0 . 

I" n h i 

f !)• h’] 


It is clear that A' A", and also the other two diagonals L" B", CP 4J" t of 
the hexagon formed by the six lines, pass through the point (/-f -g vg\ 
h + ti). Hence by Brianchon’s Theorem the hexagon circumscribes a 
conic. 40. Consider any two of the conics, and draw their fourth 
common tangent. Then, the radical axis of their director-circles is the 
directrix of the parabola touching the four lines [Art. 200 (5)J; the radical 
axis thereforo [Art. 308, Ex. 4] passes through the orthocentre of the 
original triangle. Then, since the director-circles are equal, it follows 
that the centres of any two of the conics, and therefore the centres of ull 
the conics, are equidistant from tho orthocentre of the triangle. 41. The 
centre of the circle with respect to which the triangle is self-polar is the 
orthocentre. Hence, from 40, the theorem will be true for all conics 
whose director-circles are equal, if it be truo for any one of them. Let 
ABC be the triangle, and () the orthocentre, and let OA cut BC in A\ 
Then, if P be any point on BC, the line .IP is a limiting form of an in¬ 
scribed conic, and the circle on AV as diameter is its director-circle ; also 
OA . OA ' is equal to the square of the tangent to this circle from O , and 
OA . OA' is equal to the square of the radius of the self-polar circle, hence 
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tiie self-polar circle cuts the director circle at nght angles. This proves 
tho proposition, since P is any point on PC. 50. The equationjjkof 
the tangents from the angular points of the fundamental triangle- are 
Vzr -f- TPy 2 - 2 U'yz - - 0, <fec. Ilcncc the six points are on tho conio 
VWx 2 + WUy" + UVz*- 2UU'yz -2VV'zx - 2 WWxy =0, 

This intersects 

ITW+ Vhf-Ar I Vz 1 - 2 V'Wyz - 2WlTzx -2U'rxy=0 
in the same four points as 

{vw~ u‘ 2 )x 2 + .+2(nr - uw) i JZ + .:-.o. 

But this latter conic is the original conic, since VW- U^-~uA, &c. 


THE END. 
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CLASSICS. 


Elementary Glassies; Classical Series; Classical Library, (1) Texts, (2) Trans¬ 
lations; Grammar, Composition, and Philology; Antiquities, Ancient 
History, and Philosophy. 

^ELEMENTARY CLASSICS. 

18mo, Eighteenpoiico each. 

The following contain Introductions, Notes, and Vocabularies, and 
in some cases Exercises. 

ACCIDENCE, LATIN, AND EXERCISES ARRANGED FOR BEGINNERS.—By 
W. WEi.cn, M.A., and 0. G. Duffield, M.A. 

AESCHYLUS.—PROMETHEUS VINCTUS. By Rev. II. M. Stkpurnson, M.A. 

ARRIAN.- SELECTIONS. With' 1 * Exorcises. By Rev. John Bond, M.A., and 
Rev. A. S. Walpole, M.A. 

AULUS GELLIUS, STORIES FROM. --Adapted for Beginners. With Exercises. 
By Rev. G. H. Nall, M.A., Assistant Master at Westminster. 

C.ESAR. TIIE HELVETIAN WAIL Being Selections from Bonk I. of Tho 
Gallic War. Adapted lor Beginners. With Exercises. By W. Welch, M.A., 
and C. G. Dufkield, M.A. 

TIIE INVASION OF BRITAIN. Being Selections from Books IV. and V. of Tho 
Gallic War. Adapted tor Beginners. With Exercises. By W. Welch, M.A., 
and C. G. Duffield, M.A. 

SCENES FROM BOOKS V. and VL By C. Colueck, M.A. 

THE GALLIC WAR. BOOK 1. By Rev. A. S. Walpole, M.A. 

BOOKS 11. and III. By the Rev. W. 0. Rutherford, M.A., LL.D. 

BOOK IV. By Clement Bryvns, M.A., Assistant Master at Dulwich College. 

BOOK V. By 0. Colihwk, M.A., Assistant Master at Harrow. 

BOOK VJ. By the same Editor. 

BOOK VI L By Rev. J. Bond, M.A., and Rev. A. S. Walpole, M.A. 

TIIE CIVIL WAR. BOOK I. By M. Montoomery, M. A. [In the Tress. 

CICERO.— 1)E SENECTUTE. By E. S. SiiuuKiiumm, M.A. 

DE AMIC1T1A. By tlic same Editor. 

STORIES OF ROMAN JJLhTORY. Adapted for Beginners. With Exercises. 
By ltev. G. E. Jeans, M.A., ami A. V. Jones, M.A. 

EURIPIDES. —ALCESTIS. By Rev. M. A. Bayfield, M.A. 

MEDEA. By A. W. Vkkrall, Lilt. I)., and Rev. M. A. Bayfield, M.A. 

[In the Press. 

HFiCUBA. By Rev. J. Bond, M.A., and Rev. A. S. Walpole, M.A. 

EUTROPIUS.— Adapted for Beginners. With Exercises. By W. Welch, M.A., 
and C. G. Duffield, M.A. 

HERODOTUS. TALES FROM HERODOTUS. ALticised by G. S. Farnell, 
M.A. [In the Tress. 

HOMER.— ILIAD. BOOK I. By Rev. J. Bond, M. A., and Rev. A. S. Walpole, M.A. 

POOK XVIIF. By S. R. James, M.A., Assistant Master at Eton. 

ObYSSEY. BOOK I. By Rev. J. Bond, M.A., and Rev. A. S. Walpole, M.A. 
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&ORAOE.—ODES, BOOKS I.-IV. By T. E. Page, M.A., Assistant Master 
at the Charterhouse. Each Is. 0<1. 

LIVY.—BOOK I. By H. M. Stephenson, M.A. 

BOOK XXI. Adapted from Mr. Capes’s Edition. By J. E. Mei.huish, M.A. 
BOOK XXII. By the same. 

THE HANNIBALIAN WAR. Being part of the XXI. and XXII. BOOKS OF 
LIVY adapted for Beginners. By G. C. Macaulay, M.A. 

THE SIEGE OF SYRACUSE. Being part of the XXIV. and XXV. BOOKS OF 
LIVY, adapted for Beginners. With Exercises. By G. Richards, M.A., and 
Rev. A. S. Walpole, M.A. 

LEGENDS OF ANCIENT ROME. Adapted for Beginners, With Exercises. 
By H. Wilkinson, M.A. 

LUCIAN.—EXTRACTS FROM LUCIAN. With Exercises. By Rev. ,T. Bond, M. A., 
and Rev. A. S. Walpole, M.A. 

NEPOS.— SELECTIONS ILLUSTRATIVE OF GnEEK AND ROMAN HISTORY. 

With Exercises. By G. S. Parnell, M.A. 

OVID.—SELECTIONS. By E. S. Shuckhuugh, M.A. 

EASY SELECTIONS FROM OVID JN ELEGIAC VERSE. With Exorcises. By 
H. Wilkinson, M.A. 

STORIES FROM THE METAMORPHOSES. With Exercises. By Rev. ,T. Bond, 
M.A., and Rev. A. S. Walpole, M.A. 

PH2EDRUS. — SELECT FABLES. Adapted for Beginners. With Exorcises. 
By Rev. A. S. Walpole, M.A. 

THUCYDIDES.--THE RISE OF THE ATHENIAN EMPIRE. BOOK I. Cua 
89-117 and 228-238. With Exercises, lly F, PI. Cm son, M.A. 

VIRGIL.—SELECTIONS. By E. S. Suuckburgii, M A. 

BUCOLICS. By T. K. Paoi:, M.A. 

GEORG ICS. BOOK I. By the same Editor. 

BOOK II. By Rev. J. H. Shrink, M.A. 
jENEID. BOOK J. By Rev. A. S. Walpole, M.A. 

BOOK H. By T. E. Page, M.A. 

BOOK III. By tlie same Editor. 

BOOK IV. B> Rev. II. M. Stephenson, M.A. 

BOOK V. By Rev. A. Calvert, M.A. 

BOOK VI. By T. E. Page, M.A. 

BOOK VIT. By Rev. A. Calvert, M.A. 

BOOK VIII. By t-hc same Editor. 

BOOK IX. By Rev. H. M. Stephenson, M.A. 

BOOK X. By S. G. Owen, M.A. 

XENOPHON.—ANABASIS. Selections, adapled for Beginners. With Exercises. 
By W. Welch, M.A., and C. G. Buffi eld, M.A. 

BOOK I. With Exercises. By E. A. Wells, M.A. 

BOOK I. By Rev. A. S. Walpole, M.A. 

BOOK II. By the saino Editor. 

BOOK TIT. By Rev. G. JI. Nall, M.A. 

BOOK IV. By Rev. E. I). Stone, M.A. 

SELECTIONS FROM BOOK IV. With Exercises. By the same Editor. 
SELECTIONS FROM THE CYRUPvEDTA. With Exercises. By A. If. Cooke, 
M.A., Fellow and Lecturer of King’s College, Cambridge. 

The following contain Introductions and Notes, but no Vocabu¬ 
lary :— 

CICERO.—SELECT LETTERS. By Rev. G. E. Jf4ns, M.A. 

HERODOTUS.—SELECTIONS FROM BOOKS VLl. and VIII. TIIE EXPEDI¬ 
TION OF XERXES. By A. II. Cooke, M.A. 

HORACE.—SELECTIONS FROM THE SATIRES AND EPISTLES. By Rev. W. 
J. V. Baker, M.A. 

SELECT EPODES AND ARS POETIC A. By n. A. Dalton, M.A., Assistant 
Master at Winchester. 
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PLATO.— EUTITYPITRO AND MENEXENUS. By C. E. Graves, 11. A. 

TERENCE.— SCEN ICS FROM THE ANDRIA. By F. W. Cornish, M.A., Assistant 
Master at Eton. 

THE GREEK ELEGIAC POETS.— FROM CALLTNUS TO CALLIMACTTUS. 
Selected by Rev. IIkuhkui’ Kynaston, D.D. 

THUCYDIDES.- BOOK IV. Cits. 1-41. THE CAPTURE OF SPHACTERIA. By 
C. E. Graves, M.A. 

CLASSICAL SERIES 
FOR COLLEGKES AND SCHOOLS. 

Foap. 8vo. 

.ffiSCHINES.—IN CTESirilONTA. By Rev. T. Gw at kin, M.A., and E. S. 
SlIUGKBUilGII, M.A. 5s. 

H3SCHYLUS. —PERSiE. By A. O. Prickard, M.A., Fellow and Tutor of New 
College, Oxford. With Map. 2s. Cd. 

SEVEN AGAINST TIIKBES. SCHOOL EDITION. By A. W. Verrall, LittD., 
Fellow of Trinity College, Cambridge, and M. A. Bayfield, M.A., Head¬ 
master of Christ's College, Brecon. 2s. 6d. 

ANDOCEDES. — 1 )E MYSTERIIS. By W. J. Htckie, M.A. 2s. 6d. 

ATTIC ORATORS.— Selections from ANTIPHON, ANDOCIDES, LYSIAS, ISO- 
CRATES, and ISAEUS. By R. C. Jkdb, Litt.D., Regius Professor of Greek 
in the University of Cambridge. 5s. 

*CiESAR.—THE GALLIC WAR. By Rev. John Bond, M.A., and Rev. A. S. 
Walpole, M.A. With Maps. 4s. 6d. 

CATULLUS.— SELECT TOEMS. Edited by F. P. StiirsoN, B.A. 3s. Cd. The Text 
of this Edition is carefully expurgated for School use. 

*OICERO. — TnE CATILINE ORATIONS. By A. S. Wilkins, Litt.D., Professor of 
Latin in the Owens College, Victoria University, Manchester. 2s. 6d. 

PRO LEGE MANILIA. By Prof. A. S. Wilkins, LittD. 2s. Cd. 

THE SECOND PHI LIPPIC ORATION. By John K. B. Mayor, M.A., Professor 
of I atm in the University of Cambridge. 3s. Cd. 

TRO ROSCIO AMERINO. By E. TE. Donkin, M.A. 2s. Cxi. 

PRO P. RESTIO. By Rev. II. A. Holden, LittD. 8s. Cd. 

SELECT LETTERS. Edited by U. Y. Tyrrell, M.A. [In the Press. 

DEMOSTHENES. —DE CORONA. By B. Drake, M.A. 7th Edition, revised by 
E. S. Siiuckburgh, M.A. 3s. Cd. 

ADVERSUS LEPTINEM. By Rev. J. R. King, M.A., Fellow and Tutor of Oriel 
College, Oxford. 2s. Cd. 

THE FIRST PHILIPPIC. By Rev. T. Gwatkin, M.A. 2s. Cd. 

IN MIDIAM. By Piof. A. S. Wilkins, LittD., and Herman Hager, Ph.D., of 
the Owens College, Victoria University, Manchester. [In preparation. 

EURIPIDES.—IIIPPOLYTUS. By Rev. J. P. Maiiaffy, D.IX, Fellow of Trimly 
College, and Professor of Ancient History in the Unnersity of Dublin, and J. 
B. Bury, M.A., Fellow of Trinity College, Dublin. 2s. Cd. 

MEDEA. By A. W. Verm all, LittD., Fellow of Trinity College, Cambridge. 
2s. 6d. 

IPIIIGENIA IN TAURIS. By E. B. England, M.A. 3s. 

ION. By M. A. Bayfield, M.A., Headmaster of Clmst's College, Brecon. 2s. Cd. 

BACCHAK. By R. Y. Tyrrell, M.A., Regius Professor of Greek intlic University 
of Dublin. [in preparation. 

HERODOTUS.— BOOK III. By G. 0. Magaulay, M.A. 2s. Cd. 

BOOK V. By J. Straghan, M.A., Professor of Gieek in the Owens College, 
Victoria University, Manchester. [In preparation. 

BOOK VI. By the same. 3s. Cd. 

BOOK VII. By Mrs. A. F. Butler. 3s. Cd. 

HESIOD.-THE WORKS AND DAYS. By W. T. Lendrilm, M.A., Assistant 
Master at Dulwich College. [ /it preparation. 



CLASSICAL SERIES 


6 


HOMER.—ILIAD. BOOKS I., IX., XI., XVI.-XXIV. THE STORY OF 
ACHILLES. By the late J. II. Pratt, M.A., and Walter Leak, Litt.D., 
Fellows of Trinity College, Cambridge. 5s. 

&DYSSEY. BOOK IX. By Prof. John E. B. Mayor. 2s. 6d. 

ODYSSEY. BOOKS XXI.-XX1V. THE TRIUMPH OF ODYSSEUS. By S. 
G. Hamilton, B.A., Fellow of Hertford College, Oxford. 2s. 6d. 

HORACE.—*THE ODES. By T. E. Page, M.A., Assistant Master at the Charter¬ 
house. 5s. (BOOKS I., II., 111., and IV. separately, 2s. each.) 

THE SATIRES. By Arthur Palmer, M.A., Professor of Latin in the University 
of Dublin. 5s. 

THE EPISTLES AND ARS POKTICA. By A. S. Wilkins, Litt.D., Professor 
of Latin in the Owens College, Victoria University, Manchester. 5s. 

ISAEOS.— THE ORATIONS. By William Ridgeway, M.A., Professor of Greek 
in Queen's College, Cotk. [In preparation. 

JUVENAL.— ♦THIRTEEN SATIRES. By E. G. Hardy, M.A. 5s. The Text is 
carefully expurgated for School use. 

SELECT SATIRES. By Prof. John E. B. Mayor. X. aud XI. 3s. Cd. 
XII.-XVI. 4s. 6d. 

LIVY.—*BOOKS II. and III. By ltcv. H. M. Stephenson, M.A. 8s. Gd. 

♦BOOKS XXI. and XXII. By Rev. W. W. Capes, M.A. With Maps. 4s. 6d. 

♦BOOKS XXI11. and XXIV. By G. C. Macaulay, M.A. With Maps. 3s. Gd. 

♦THE LAST TWO KINGS OK MACEDON. EXTRACTS FROM THE FOURTH 
AND FIFTH DECADES OF LIVY. By F. H. Rawlins, M.A., Assistant 
Master at Eton. With Maps. 2s. Gd. 

TI1ESUBJ DGATION OF ITALY. SELECTIONS FROM THEFTKST DECADE. 
By G. E. Marindin, M.A. [/n prejxiration. 

LUCRETIUS.—BOOKS T.—III. By J. H. Warburton I.ee, M.A., Assistant 
Muster at Itossall. 3s. Gd. 

LYSIAS.—SELECT ORATIONS. By E. S. Siilckiiurgii, M.A. 5s. 

MARTIAL.—SELECT EPIGRAMS. By Rev. H. M. Stephenson, M.A. 5s. 

♦OVID. —FASTI. By G. II. JIallam, M.A., Assistant Master at Harrow. Willi 
Maps. 3s. Gd. 

♦1IEROIDUM KPISTULAJ XlIf. By E. S. Sh uokhuroii, M.A. 3s. Gd. 

METAMORPHOSES. BOOKS I.-llI. By 0. Simmons, M.A. [/a preparation. 

BOOKS XIII. and XIV. By the same Editor. 3s. Gd. 

PLATO.—LACHES. By M. T. Tatiiam, M.A. 2s. Gd. 

THE REPUBLIC. BOOKS I.-V. By T. II. Warren, M.A., President of 
Magdalen College, Oxford. 5s. 

PLAUTUS.—MI LES GLOUIOSUS. By R. Y. T\ rrkll, M.A., Regius Professor of 
Greek in the University of Dublin. 2d Ed., revised. 3s. Gd. 

AMPllITRUO. By Arthur Palmer, M.A., Professor of Latin in the University 
of Dublin. 3s. Gd. 

CAPT1VL By A. Rhys-Smitii, M.A. [Tn the Press. 

PLINY.—LETTERS. BOOKS 1. and II. By J. Cowan, M.A., Assistant Master 
at the Manchester Grammar School. 3s. 

LETTERS. BOOK HI. By Prof. John E. II. Mayor. With Life of Pliny by 
O. JI. IIendall, M.A. 3s. Gd. 

PLUTARCH.—LIFE OF TUEMIS'lOKLES. By Rev. II. A. Holden, Litt.D. 3s.6d. 

1.1 VES OF GALBA AND OTHO. By E. G. Hardy, M.A. 5s. 

POLYBIUS.—THE HISTORY OF THE ACHAEAN LEAGUE AS CONTAINED IN 
THE REMAINS OF POLYBIUS. By W. W. Capes, M.A. 5s. 

PROPERTIUS.—SELECT POEMS. By Prof. J. P. Postdate, Litt. D., Fellow of 
Trinity College, Cambridge. 2d Ed., revised. 6s. 

SALLUST.— ♦CATILINA and JUGURTHA. By C. M mu vale, D.l)., Dean of Ely. 
3s. Gd. Or separately, 2s. each. 

♦BELLUM CATULINjK By A. M. Cook, M.A., Assistant Master at St. Paul's 
School. 2s. Gd. 

JUGURTHA. By the same Editor. [In preparation. 
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TACITUS.—THE ANNALS. BOOKS I. and II. By J. S. Reid, Litt.D. [In prep. 
THE ANNALS. BOOK VI. By A. J. Church, M. A., and W. J. Brodribb, 
A 2s 

THE HISTORIES. BOOKS I. and II. By A. D. God ley, M.A., Fellow of 
Magdalen Collego, Oxford. 3s. 6d. BOOKS III.-V. By the same. 3s. 6d. 
AGRICOLA and GERMANIA. By A. J. Church, M.A., and W. J. Brodhibb, 
M.A. 3s. 6d. Or separately, 2s. each. 

TERENCE— HAUTON TIMORUMENOS. By 15. S. SiiucJtnuROn, M.A. 2a. 6d. 
With Translation. 8s. 6d. 

PHORMIO. By Rev. John Bond, M.A., and Rev. A. S. Walpole, M.A. 2s. 6d. 
THUCYDIDES.—BOOK I. By C. Bryans, M.A. [In preparation. 

BOOK II. DyE. C. March ant, M.A., Assistant Master at St. Paul’s, [hi ike Press. 
BOOK III. By C. Bryans, M.A. [In preparation. 

BOOK IV. By C. E. Graves, M.A., Classical Lecturer at St. John’s College, 
Cambridge. 3s. 6d. 

BOOK V. By the same Editor. [In the Press. 

BOOKS VI. and VIT. THE SICILIAN EXPEDITION. By Rev. Peroival 
Frost, M.A. With Map. 3s. 6d. 

BOOK VIII. By Prof. T. G. Tucker, Litt.D. [In the Press. 

TIBULLUS.—SELECT POEMS. By Prof. J. P. Postdate, Litt.D. [Inpreparation. 
VIRGIL.—A3NEID. BOOKS II. and III. THE NARRATIVE OF A2NEAS. 

By E. W. Howhon, M.A., Assistant Master at Harrow. 2s. 

XENOPHON.—*TU E ANABASIS. BOOKS I.-1V. By Trofs. W W. Goodwin 
and J. W. White. Adapted to Goodwin's Greek Grammar. With Map. 3s. 6d. 
HELLENIC A. BOOKS I. and II. By H. Hailstone, B.A. With Map. 2s. Cd. 
CYROP^DIA. BOOKS VII. and VIII. By A. Goodwin, M.A., Professor of 
Classics in University College, London. 2s. 6d. 

MEMORABILIA SOCRATIS. By A. R. Cluer, B. A., Balliol College, Oxford. 6s. 
HIERO. By Rev. H. A. Holden, Litt.D., LL.D. 2s. 6d. 

OECONOMICUS. By the same. With Lexicon. 6s. 

CLASSICAL LIBRARY. 

Texts, Edited with Introductions and Notes, for the use of 
Advanced Students; Commentaries and Translations. 

2ESCHYLUS.—THE SUPPLICES. A Revised Text, with Translation. By T. 
G. Tucker, Litt.D., Prolessor of Classical Philology in the University ol Mel¬ 
bourne. 8vo. 10s. 6d. 

THE SEVEN AGAINST THEBES. With Translation. By A. W. Verrall, 
Litt.D., Fellow of Trinity College, Cambiidge. 8vo. 7s. 6d. 

AGAMEMNON. With Translation. By A. W. Verrall, Litt.D. 8vo. 12s. 
AGAMEMNON, CIIOEPHOROS, AND EUMENIDES. By A. 0. Piuokaud, 
M.A., Fellow and Tutor of New College, Oxford. 8vo. [In pre 2 >aration. 

THE EUMENIDES. With Verse Translation. By Bernard Drake, M.A. 
8vo. 5s. 

ANTONINUS* MARCUS AURELIUS.—BOOK IV. OF THE MEDITATIONS. 

With Translation. By Hastjnos Crossley, M.A. 8vo. (5s. 

ARISTOTLE.—TIIE METAPHYSICS. BOOK I. Translated by a Cambridge 
Graduate. 8vo. 5s. 

THE POLITICS. By R. D. Hicks, M.A., Fellow of Trinity College, Cambridge. 

8vo. [In the Press. 

THE POLITICS. Translated by Rev. J. E. 0. Welldon, M.A., Headmaster of 
Harrow. Cr. 8vo. 10s. 6d. 

THE RHETORIC. Translated by the same. Cr. Svo. 7s. 6d. 

AN INTRODUCTION TO ARISTOTLE’S RHETORIC. With Analysis, Notes, 
and Appendices. By E. M. Cope, Fellow and late Tutor of Trinity College, 
Cambridge. Svo. 14s 



CLASSICAL LIBRARY 


7 


THE ETHICS. Translated by Rev. J. E. C. Welldon, M.A. Cr. 8vo. [In prep. 
THE SOPiriSTICI ELENCHI. With Translation, liy K Posts, M.A., Fellow 
of Oriel College, Oxford. Svo. 8s. 6d. 

ON THE CONSTITUTION OF ATHENS. Edited by J. E. Sandys, Litt.D. 
ON THE CONSTITUTION OF ATHENS. Translated by E. Poste, M.A. Cr. 
Svo. 3s. Gd. 

ON THE ART OF POETRY. A Lecture. By A. O. Prichard, M.A., 
Fellow and Tutor of New College, Oxford. Cr. 8vo. 3s. Gd. 

ARISTOPHANES. —THE BIRDS. Translated into English Verse, liy B. II. 
Kennedy, D.D. Cr. Svo. 6s. Help Notes to the Same, for Llio Use of 
Students. Is. 6d. 

ATTIC ORATORS.— FROM ANTIPHON TO ISAEOS. By R. C. Jehb, Litt.D., 
Regius Professor ol Greek in the University of Cambridge. 2 vols. Svo. 
25s. 

BABRIUS. —With Lexicon. By Rev. W. Q. Rutherford, M.A., LL.D., Head¬ 
master of Westminster. 8vo. 12s. 6d. 

CICERO.— THE ACADEMICA. By J. S. Reid, Litt.D., Fellow of Caius College, 
Cambridge. Svo. 15s. 

THE ACADEMICS. Translated by the same. Svo. 5s. Gd. 

SELECT LETTERS. After the Edition of Albert Watson, M.A. Translated 
by G. E. Jeans, M.A., Fellow of Hertford College, Oxford. Cr. Svo. IDs. Gd. 

EURIPIDES.— MEDEA. Edited by A. W. Verrall, Litt.D. 8vo. 7s. Gd. 
IPHIGENEIA AT AULIS. Edited by E. B. England, M.A. Svo. 7s. Gd. 
"INTRODUCTION TO THE STUDY OF EURIPIDES. By Professor J. P. 
Mahaffy. Feap. 8vo. Is. Gd. (Classical Writers.) 

HERODOTUS.— BOOKS I.-III. THE ANCIENT EMPIRES OF TIIE EAST. 
Edited by A. H. Hayce, Deputy-Professor of Comparative Philology, Oxford. 
8vo. 16s. 

BOOKS IV.-IX. Edited by R. W. Macan, M.A., Reader in Ancient History in 
the University of Oxfoid. Svo. [In ‘preparation. 

THE HISTORY. Translated by G. C. Macaulay, M.A. 2 vols. Cr. 8vo. JSs. 

HOMER.—TIIE ILIAD. By Walter Leak, Lilt.1). 8vo. Books I.-XII. 14s. 
Books XI1I.-XXIV. 14s. 

THE ILIAD. Translated into English Prose by Andrew Lang, M.A., Walter 
Leaf, Litt.D., and Ernest Myers, M.A. Ci. 8\o. 12s. Gd. 

THE ODYSSEY. Done into English by S. H. Butcher, M.A., Piofessor of 
Greek in the University of Edinburgh, and Andrew Lang, M.A. Or. 8vn. its. 
"INTRODUCTION TO THE STUDY OF HOMER. By tlie Right Hon. W. E. 
Gladstone. IStiio. Is. (Literature Primers.) 

HOMERIC DICTIONARY. Translated from tho German of Dr. G. Autkniuktii 
by R. P. Keep, Pn. D. Illustrated. Cr. 8vo. Gs. 

HORACE.—Translated by J. Lonspalf., M.A., and S. Lee, M.A. Gl. Svo. 3s. Gd. 
STUDIES, LITERARY AN1) HISTORICAL, IN TIIE ODES OF HORACE. 
By A- W. Vhkuall, Litfc. D. Svo. 8s. 0d. 

JUVENAL.- THIRTEEN SATIRES OF JUVENAL. By John E. B. Mayor, 
M.A., Professor of Latin in the University of Cambridge. Cr. 8vo. 2 vols. 
10s. Gd. each. Vol. 1. 10s. 6d. Yol. il. 10s. 6d. 

THIRTEEN SATIRES. Translated by Alex. Lekpek, M.A., LL.D., Warden of 
Trinity College, Melbourne. Cr. 8vo. 3s. Gd. 

KTESIAS.—THE FRAGMENTS OF THE PERSIKA OF KTESIAS. By John 
Gilmore, M.A. 8vo. 8s. Gd. 

LIVY.—BOOKS I.-IV. Translated by Rev. H. M. Stephenson, M.A. [Tnprep. 
BOOKS XXI.-XXV. Translated by A. J. Church, M.A., and W. J. Buudiuuu, 
M.A. Cr. Svo. 7s. 6d. 

"INTRODUCTION TO THE STUDY OF LIVY. By Rev. W. W. Capes, M.A. 
Fcap. 8vo. Is. 6d. (Classical Writers.) 

LONGINUS.—ON THE SUBLIME. Translated by H. L. Havell. B.A. With 
Introduction by Andrew Lang. Cr. 8vo. 4s. 6d. 
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MARTIAL.— BOOKS I. and II. OP TUB EPIGRAMS. By Prof. John B. B. 

Mayor, M.A. 8vo. [In the Press. 

MELEAGER.— FIFTY POEMS OF MELEAGER. Translated by Walter Head- 
lam. Fcap. 4to. 7s. Od. 

PAUSAN IAS.— DESCRIPTION OF GREECE. Translated with Commentary 
by J. G. Frazer, M.A., Fellow of Trinity College, Cambridge. [In prep. 

PHRYNICHUS. - THE NEW PIIRYNICIIUS; being a Revised Text of the Ecloga 
of tlio Grammarian Phrynielms. With Introduction and Gommentary by Rev. 
W. G. Rut/ieri-orw, M.A., LL.D., Headmaster of Westminster. 8vo. 18s. 

PINDAR. -THE EXTANT ODES OF PINDAR. Translated by Ernest Myers, 
M.A. Cr. 8vo. 5s. 

THE OLYMPIAN AND PYTHIAN ODES. Edited, with an Introductory 
Essay, by Basil Gilderslkeve, Professor of Greek in the Johns Hopkins 
University, U.S.A. Cr. Svo. 7s. Od. 

THE NEMEAN ODES. By J. B. Bury, M.A., Fellow of Trinity College, 
Dublin. 8vo. 12s. 

THE ISTHMIAN ODES. By the same Editor. [In the Press. 

PLATO.—PHjEDO. By It. D. Auciier-Hind, M.A,, Fellow of Trinity College, 
Cambridge. Svo. 8s. Od. 

PH/EDO. By W. D. Gkddes, LL.D., Principal of the University of Aberdeen. 
Svo. 8s. Od. 

TIMAEUS. With Translation. By R. D. Archer-Hind, M.A Svo. 10s. 

TJIE REPUBLIC OF PLATO. Translated by J. Ll. Davies, M.A., and D. J. 
Vaughan, M.A. lKmo. 4s. Gd. 

EUTHYPIIllO, APOLOGY, ORITO, AND PHA1DO. Translated by F. J. 
Chukcii. 18mo. 4s. Od. 

PHADRUS, LYSIS, AND PROTAGORAS. Translated by J. Wright, M.A 
ISino. 4s. (id. 

PLAUTUS.— THE MOSTKLLAR1 A. By William Ramsay, M.A. Edited by 
G. G. Ramsay, M.A, Piolessor of Humanity in the University of Glasgow. 
8\<>. 14s. 

PLINY.—CORRESPONDENCE WITH TRAJAN. C. Plinii Caeeilii Seeundt 
Epistnhe nd Traianum Imperatorem cum Eiusdem Responsis. By E. G. 
Hardy, M.A. 8vo. 10s. Od. 

POLYBIUS.— THE HISTORIES OF POLYBIUS. Translated by E. S. Shuck- 
niuujH, M.A. 2 vols. Cr. Svo. 24s. 

SALLUST.— GATILTNE AND JUGURTIIA. Translated by A. W. Pollard, B.A. 
Cr. Svo. 6s. THE CATILINE (separately). 3s. 

SOPHOCLES.—(El)IPUS THE KING. Translated into English Verse by E. D. A. 
Mors head, M.A., Assistant Master at Winchester. Fcap. 8vo. 3s. Cd. 

TACITUS. —THE ANNATiS. By G. O. Holbrooke, M.A., Professor of Latin in 
Trinity College, Hartford, U.S.A. With Maps. Svo. 10s. 

THE ANNALS. Translated by A. J. Church, M.A., and W. J. Brodrhjb, M.A. 
With Maps. Cr. Svo. 7s. Gd. 

THE HISTORIES. By Rev. W. A. Spooner, M.A, Fellow and Tutor of New 
College, Oxford. 8vo. 10s. 

THE HISTORY. Translated by A. J. Church, M.A., and W. J. Brodriuh, 
M.A. With Map. Cr. Svo. Cs. 

T1IE AGRICOLA AND GERMANY, WITH THE DIALOGUE ON ORATORY. 
Translated by A. J. Church, M.A., and W. J. Brodriuh, M.A With Maps. 
Cr. 8vo. 4s. Od 

♦INTRODUCTION TO TIIE STUDY OF TACITUS. By A. J. Church, M.A., 
and W. J. Buodribr, M.A. Fcap. Svo. Is. Gd. (Classical Writers.) 

THEOCRITUS, BION, AND MOSCHUS. Translated by A Lang, M.A ISino. 
4s. Od. Also an Edition on Large Paper. Cr. 8vo. Os. 

THUCYDIDES.— BOOK IV. A Revision of the Text, Illustrating the Principal 
Causes of Corruption in the Manuscripts of this Author. By Rev. W. G 
Rutherford, M.A., LL.D., Headmaster of Westminster. 8vo. 7s. (VI. 



9 


GRAMMAR, COMPOSITION, AND PHILOLOGY 

BOOK VIII. By II. C. Good hart, M.A., Fellow of Trinity Collogo, Cambridge. 

[In the rress. 

VIRGIL.—Translated by J. Lonsdale, M.A., and S. Lee, M.A. GL. 8vo. 8s. 6d. 
THE jKNEID. Tianalaled by J. W. Mao kail, M.A., Fellow of Balliol College, 
Oxford. Cr. 8vo. 7s. 6d. 

XENOPHON.—Translated by H. G. Dakyns, M.A. In four vols. Cr. Svo. Vol. I., 
containing “The Anabasis” and Books 1. and II. of “The Uellcinea." 10s. Gd. 
Vol. II. “IJcllenica" III.-VII., and the two Polities—“Athenian” and 
“Laconian," the “ Agesilaus,” and the tract on “Revenues." With Maps and 
Plans. [In the Press. 

GRAMMAR, COMPOSITION, & PHILOLOGY. 

•BELCHER.—SHORT EXERCISES IN LATIN PROSE COMPOSITION AND 
EXAMINATION PAPERS IN LATIN GRAMMAR. Part I. By Rev. II. 
Belcher, LL.i)., Rector of the High School, Dunedin, N.Z. ISmo. Is. <kl. 
KEY, for Teachers only. 18mo. 3s. Cd. 

•Part II., On the Syntax of Sentences, with an Appendix, including EXERCISES 
IN LATIN IDIOMS, etc. ISmo. 2s. KEY, for Teachers only. ISmo. 3s. 
BLACKIE.—GREEK AND ENGLISH DIALOGUES FOR USE IN SCHOOLS 
AND COLLEGES. By John Stuart Blackie, Emeritus Professor of Greek 
in tho University of Edinburgh, New Edition. Feap. Svo. 2s. (id. 

A GREEK PRIMER, COLLOQUIAL AND CONSTRUCTIVE. Cr. Svo. 2s. Gd. 
•BRYANS.—LATIN PROSE EXERCISES RASED UPON CiESAR’S GALLIC 
WAR. With a Classification of Caesar’s Chief Phrases and Grammatical Notes 
on Caesar's Usages. By Clement Bryans, M.A., Assistant Master at Dulwich 
College. Ex. feap. Svo. 2s. Gd. KEY, for Teachers only. 4s. 6d. 

GREEK PROSE EXERCISES based upon Thucydides. By the same. 

[In preparation. 

COOKSON.—A LATIN SYNTAX. By Christoph er Cook son, M.A., Assistant 
Master at St. Paul's School. Svo. [Inpreparation. 

CORNELL UNIVERSITY STUDIES IN CLASSICAL PHILOLOGY. Edited by 

1. Flaqo, W. G. Hale, and It. I. Wheeler. 1. The CUM-Constructions: their 
History and Functions. By W. G. Hale. Part 1. Critical. ls.Sd.nct. Part 

2. Constructive. Ss. 4d. net. 11. Analogy and the Scope of its Application 
m language. By It. I. Wheeler. Is. 3d. net. 

"EICKE.—FIRST LESSONS IN LATIN. By K. M. Eicke, B.A., Assistant Master 
at Ournllc School. 01. Svo. 2s. Gd. 

•ENGLAND.—EXERCISES ON LATIN SYNTAX AND IDIOM. ARRANGED 
WITH REFERENCE TO ROBY’S SCHOOL LATIN GRAMMAR. By E. 
B. England, Assistant Lecturer at the Owens College, Victoria Univeisity, 
Manchester. Cr. Svo. 2s. Gd. KEY, for Teachers only. 2s. Gd. 

GILES.—A SHORT MANUAL OF PHILOLOGY FOIi CLASSICAL STUDENTS 
By P. Giles, M.A., Reader in Comparative Philology in the Umvcisity of Cam 
bridge. Cr. Svo. [In the Pros 

GOODWIN.—Works by W. W. Goodwin, LL.D., D.C.L., Professor of Greek in 
Harvard University, U.S.A. 

SYNTAX OF TnE MOODS AND TENSES OF THE GREEK VERB. New 
Ed., revised and enlarged. Svo. 14s. 

•A GREEK GRAMMAR. Cr. 8vo. Gs. 

•A GREEK GRAMMAR FOR SCHOOLS. Cr. 8vo. 3s. Gd. 

GREENWOOD.—THE ELEMENTS OF GREEK GRAMMAR. Adapted to the 
System of Crude Forms. By J. G. Greenwood, sometime Principal of the 
Owens College, Manchester. Cr. Svo. 6s. 6d. 

HADLEY.—ESSAYS, PHILOLOGICAL AND CRITICAL. By James Hadley, 
late Professor in Yale College. Svo. 10s. 

HADLEY and ALLEN.—A GREEK GRAMMAR FOR SCHOOLS AND 
COLLEGES. By James Hadley, late Professor in Yale College. Revised 
and in part rewritten by F. dk F. Allen, Professor in Harvard College. 
Cr. 8vo. Gs. 
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HODGSON.— MYTHOLOGY FOR LATIN VERSIFICATION. A brief sketch of 
the Fables of the Ancients, prepared to be rendered into Latin Verse for 
Schools. By F. Hodgson, B.D., late Trovost of Eton. New Ed., revised by 
F. G. Hodgson, M.A. 18mo. Ss. 

"JACKSON.— FIRST STEPS TO GREEK PROSE COMPOSITION By Blomfirld 
Jackson, M.A., Assistant Master at King’s College School, 18mo. Is. 6d. 
KEY, for Teachers only. 18ino. 3s. 6d. 

11 SECOND STEPS TO GREEK PROSE COMPOSITION, with Miscellaneous 
Idioms, Aids to Accentuation, and Examination Papers in Greek Scholarship. 
By the same. 18mo. 2s. Gd. KEY, for Teachers only. ISnio. 3s. 6d. 

KYNASTON.— EXERCISES IN THE COMPOSITION OF GREEK IAMBIC 
VERSE by Translations from English Dramatists. By Rev. U. Kynaston, 
D.D., Professor of Classics in the University cf Durham. With Vocabulary. 
Ex. fcap. 8vo. 5s. 

KEY, for Teachers only. Ex. fcap. 8vo. 4s. 6d. 

LUPTON.—"AN INTRODUCTION TO LATIN ELEGIAC VERSE COMPOSI¬ 
TION. By J. H. LurroN, Sur-Master of St. Paul's School. Gl. 8vo. 2s. Gd. 
KEY TO PART II. (XXV.-C.) Gl. 8vo. 3s. (kl. 

"AN INTRODUCTION TO LATIN LYRIC VERSE COMPOSITION. By the 
same. Gl. 8vo. 8s. KEY, for Teachers only. Gl. 8vo. 4s. 6d. 

M ACKIE.—PAR ATjLEL PASSAGES FOR TRANSLATION INTO GREEK 
AND ENGLISH. With Indexes. By Rev. Eli.is C. Mackib, M.A., Classical 
Master at Heversham Grammar School. Gl. Svo. 4s. Gd. 

"MACMILLAN.—FIRST LATIN GRAMMAR. By M. 0. Macmillan, M.A. 
Fcap. Svo. Is. 6d. 

MACMILLAN'S GREEK COURSE.—Edited by Rev. W. G. Rutherford, M.A, 
LL.D., Headmaster of Westminster. Gl. 8vo. 

"FIRST GREEK GRAMMAR—ACCIDENCE. By the Editor. 2s. 

"FIRST GREEK GRAMMAR—SYNTAX. By the same. 2s. 

ACCIDENCE AND SYNTAX. In one volnmo. 3s. Gd. 

"EASY EXERCISES IN GREEK ACCIDENCE. By II. G. Underhill, M.A., 
Assistant Master at St. Paul’s Preparatory School. 2s. 

"A SECOND GREEK EXERCISE BOOK. By Rev. W. A. IIeakd, M.A., 
Headmaster of Fettes College, Edinburgh. 2s. Gd. 

EASY EXERCISES IN GREEK SYNTAX. By Rev. G. II. Nall, M.A., 
Assistant Master at Westminster School. [In preparation. 

MANUAL OF GREEK ACCIDENCE. By the Editor. [Inpreparation. 

MANUAL OF GREEK SYNTAX. By the Editor. [Inpreparation. 

ELEMENTARY GREEK COMPOSITION. By the Editor. [In preparation. 

"MACMILLAN'S GREEK READER.—STORIES AND LEGEN DS. A First Greek 
Header, with Notes, Vocabulary, and Exercises. By F. II. Colson, M.A., 
Headmaster of Plymouth College. GL 8vo. 3s. 

MACMILLAN'S LATIN COURSE.—By A. M. Cook, M.A., Assistant Master at 
St. Paul’s School. 

"FIRST PART. Gl. Svo. 3s. Gd. 

"SECOND PART. 2s. Gd. [Third Part in preparation. 

"MACMILLAN'S SHORTER LATIN COURSE.—By A. M. Cook, M.A. Being an 
abridgment of “ Macmillan’s Latin Course,” First Part. Gl. Svo. Is. Gd. 

"MACMILLAN’S LATIN READER.—A LATIN READER FOR THE LOWER 
FORMS IN SCHOOLS. By H. J. Hardy, M.A., Assistant Master at Win¬ 
chester. Gl. 8vo. 2s. Gd. 

"MARSHALL.—A TABLE OF IRREGULAR GREEK VERBS, classified according 
to the arrangement of Curtius's Greek Grammar. By J. M. Marshall, M.A., 
Headmaster of the Grammar School, Durham. 8vo. Is. 

MAYOR.—FIRST GREEK READER. By Prof. John E. B. Mayor, M.A., Fellow 
of St. John's College, Cambridge. Fcap. 8vo. 4s. 6d. 
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MAYOR.—GREEK FOR BEGINNERS. By Rev. J. B. Mayor, M.A., late 
Professor of Classical Literature in King’s College, London. Part I., with 
Vocabulary, Is. 6d. Parts II. and 111., with Vocabulary and Index. Fcap. 
8vo. 8s. Gd. Complete in one Vol. 4s. 6<1. 

NIXON.—PARALLEL EXTRACTS, Ariangod for Translation into English and 
Latin, with Notes on Idioms. By J. E. Nixon, M.A., Fellow and Classical 
Lecturer, King’s College, Cambridge. Part I.—Historical and Epistolary. 
Cr. 8vo. 3s. 6d. 

PROSE EXTRACTS, Arranged for Translation into English and Latin, with 
General and Special Prefaces on Style and Idiom. By the same. I. Oratorical. 
II. Historical. III. Philosophical. IV. Anecdotes and Letters. 2d Ed., 
enlarged to 280 pp. Cr. 8vo. 4s. Gd. SELECTIONS FROM THE SAME. 3s. 

Translations of rbout 70 Extracts can be supplied to Schoolmasters (2s. Gd.), 
on application to the Author: and about40 similarly of ‘‘Parallel Extracts.” 
Is. Gd. post free. 

•PANTIN.—A FIRST LATIN VERSE BOOK. By W. E. P. Pantin, M.A., 
Assistant Master at St. Paul’s School. Gl. 8vo. Is. Gd. 

•PEILE.—A PRIMER OF PHILOLOGY. By J. Fbile, Litt.D., Master of Christ’s 
College, Cambridge. 18mo. Is. 

•POSTGATE.—SERMO LATINUS. A short Guide to Latin Prose Composition. 
By Prof. J. P. Postoate, Litt.D., Fellow of Trinity College, Cambridge. Gl. 
8vo. 2s. 6d. KEY to “ Selected Passages." Gl. 8vo. 3s. Gd. 

POSTGATE and VINCE.—A DICTIONARY OF LATIN ETYMOLOGY By 
J. P. Postciatk and C. A. Vince. [In preparation. 

POTTS.—•HINTS TOWARDS LATIN PROSE COMPOSITION. By A. W. Potts, 
M.A., LL.D., late Fellow of St. John’s College, Cambridge. Ex. fcap. 8vo. 3s. 
•PASSAGES FOR TRANSLATION INTO LATIN PROSE. Edited with Notes and 
References to the above. Ex. fcap. 8vo. 2s. Gd. KEY, for Teachers only. 2s. Gd. 
•PRESTON.—EXERCISES IN LATIN VERSE OF VARIOUS KINDS. By Rev. 

G. Preston. Gl. 8vo. 2s. Gd. KEY, for Teachers only. Gl. 8vo. 5s. 
REID.—A GRAMMAR OF TACITUS. By J. S. Reid, Litt.D., Fellow of Caius 
College, Cambridge. [In the Press. 

A GRAMMAR OF VIRGIL. By the same. [In preparation. 

ROBY.—Works by IT. J. Roby, M.A., late Fellow of St. John’s College, Cambridge. 
A GRAM MAR OF THE LATIN LANGUAGE, from Plautus to Suetonius. Part 
I. Sounds, Inllexions, Word-tormatiou, Appendices. Cr. bvo. 9s. Part II. 
Syntax, Prepositions, etc. 10s. Gd. 

•SCHOOL LATIN GRAMMAR. Cr. 8vo. 5s. 

AX ELEMENTARY LATIN GRAMMAR. [In the Press. 

•RUSH.—SYNTHETIC LATIN DELECTUS. With Notes and Vocabulaiy. By E. 
Kush, B.A. Ex. fcap. Svo. 2s. Gd. 

•RUST.—FIRST STEPS TO LATIN PROSE COMPOSITION. By Rev. G. Roar, 
M.A. 18mo. Is. Gd. KEY, for Teachers only. By W. M. Yates. 18mo. 3s. Gd. 
RUTHERFORD.—Works by the Rev. W. G. Rutherford, M.A., LL.l)., Head¬ 
master of Westminster. 

REX LEX. A Short Digest of the principal Relations between the Latin, 
Greek, and Anglo-Saxon Sounds. 8vo. [In preparation. 

THE NEW PHRYNICHU3; being a Revised Text of the Kcloga of the Gram¬ 
marian Phrynichus. With Introduction and Commentary. Kvo. 18s. (Seo 
also Macmillan's Greek Course.) 

SHUCKBURGH.—PASSAGES FROM LATIN AUTHORS FOR TRANSLATION 
INTO ENGLISH. Selected with a view to the needs of Candidates for the 
Cambridge Local, and Public Schools’ Examinations. By E. S. Sjiuckburqji, 
M.A. Cr. Svo. 2s. 

•SIMPSON.—LATIN PROSE AFTER THE BEST AUTHORS: Oiesarian Prose. 
By F. P. Simpson, B.A. Ex. fcap. 8yo. 2s. Gd. KEY, for Teauhers only. 
Ex. fcap. 8vo. 5s. 

STRACHAN and WILKINS.—ANALECTA. Selected Passages for Translation. 
By J. S. Strachan, M.A., Professor of Greek, and A. S. Wii.kins, Litt.D.„ 
Professor of Latin in the Owens College, Manchester. Cr. 8vo. 5s. KEY to 
Latin Passages. Cr. 8vo. Sewed, 6d. 
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THRING.—Works by the Iiev. E. Turing, M.A., late Headmaster of Uppingham. 

A LATIN GRADUAL. A First Latin Construing Rook for Rcgiuners. With 
Coloured Sentence Maps. Fcap. 8vo. l?a. fid. 

A MANUAL OF MOOD CONSTRUCTIONS. l'Yap. Svo. U. fid. 

"WELCH and DUPFIELD. — LATIN ACCIDENCE AND EXERCISES AR¬ 
RANGED FOR REGINNERS. By W. Welch and C. G. Duffield, 
Assistant Masters at Cruuleigh School. 18mo. Is. 6d. 

WHITE.—FIRST LESSONS IN GREEK. Adapted to Goodwin’s Greek Gram¬ 
mar, and designed as an introduction to the Anabasis of Xenophon. By 
John Williams White, Assistant Professor of Greek m Harvard University, 
U.S.A. Cr. Svo. 3s. fid. 

WRIGHT.—Works by J. Wright, M.A., late Headmaster of Sutton Coldfield School. 

A HELP TO LATIN GRAMMAR; or, the Form and Use of Words in Latin, 
with Progressive Exercises. Cr. Svo. 4s. 6d. 

TUE SEVEN KINGS OF ROME. An Easy Narrative, abridged from the First 
Book of Livy by the omission of Difficult Passages; being a First Latin Head¬ 
ing Book, with Giammatical Notes and Vocabulary. Fcap. 8vo. 3s. fid. 

FIRST LATIN STEPS; or, AN INTRODUCTION BY A SERIES OF 
EXAMPLES TO THE STUDY OF THE LATIN LANGUAGE. Cr. 8vo. 8s. 

ATTIC PRIMER. Arranged for the Use of Beginners. Ex. fcap.*Svo. 2s. Gd. 

A COMPLETE LATIN COURSE, comprising Rules with Examples, Exercises, 
both Latin and English, on each Rule, and Vocabularies. Cr. Svo. 2s. Gd. 


ANTIQUITIES, ANCIENT HISTORY, AND 

PHILOSOPHY. 

ARNOLD.—A HISTORY OF THE EARLY ROMAN EMPIRE. By W. T. Arnold, 
M.A. l/n predication. 

ARNOLD.—THE SECOND PUNIC WAR. Being Chapters from T11E HISTORY 
OF ROME by the late Thomas Arnold, D.D., Headmaster of Rugby. 
Edited, with Notes, hy W. T. Arnold, M A. With 8 Maps. Cr. 8vo. 6s. 
"BEESLY.—STORIES FROM THE HISTORY OF ROME. By Mrs. Bkbslv. 
Fcap. Svo. 2s. Gd. 

BLACKIE.—1I01LE HELLENICS. By John Swart Blackik, Emeritus Pro¬ 
fessor of Greek in the University of Edinburgh. Svo. 12s. 

BURN.—ROMAN LITERATURE IN RELATION TO ROMAN ART. By Rev. 
Robert Burn, M.A., late Fellow of Trinity College, Cambridge. Illustrated. 
Ex. cr. Svo. 14s. 

BURY.—A HISTORY OF THE LATER ROMAN EMPIRE FROM ARCAD1US 
TO I DENE, a. ft. 3U5-S00. By J. B. Bury, M.A., Fellow of Trinity College, 
Dublin. 2 vols. Svo. 32s. 

"CLASSICAL WRITERS.—Edited by John Richard Green, M.A., LL.D. Fcap. 
8vo. Is. Gd. each. 

SOPHOCLES. By Prof. L. Campuell, M.A. 

EURIPIDES. By Prof. Maiiaffy, D.D. 

DEMOSTHENES. By Prof. S. H. Butcher, M.A. 

VIRGIL. By Prof. Nettlesiiip, M.A. 

LIVY. By Rev. W. W. Capes, M.A. 

TACITUS. By Prof. A. J. Church, M.A , and W. J. Brodkibb, M.A. 
MILTON. By Rev. Stopfobd A. Brooke, M.A. 

DYER.—STUDIES OF THE GODS IN GREECE AT CERTAIN SANCTUARIES 
RECENTLY EXCAVATED. By Louis Dykr, B.A. Ex. Cr. Svo. 8s. Gd. net. 
FREEMAN.—Works by Edward A. Freeman, D.C.L., LL.D., Regius Professor of 
Modem History in the University of Oxford. 

HISTORY OF ROME. (Historical Course for Schools.) lSmo. [In preparation. 
HISTORY OF GREECE. (Historical Course for Schools.) lSmo. [In preparation. 
A SCHOOL HISTORY OF ROME. Cr 8vo. [In preparation. 

HISTORICAL ESSAYS. Second Series. [Greek and Roman History.] Svo. 
10s. Gd. 
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GARDNER.—SAMOS AND SAM LAN COINS. An Essay. By Fbbcy Gardner, 
Litt.D., Professor of Archaeology in the University of Oxford. 8vo. 7 h. 6d. 
GEDDES.—TIIE PROBLEM OF TnE HOMERIC POEMS. By W. D. Gbddks, 
Principal of the University of Aberdeen. 8vo. 14s. 

GLADSTONE.— Works by the Rt. Hon. W. E. Gladstone, M.P. 

THE TIME AND PLACE OF HOMER. Cr. 8vo. Cs. fid. 

LANDMARKS OF HOMELlIC STUDY. Cr. 8vo. 2s. fid. 

*A PRIMER OF HOMER. 18mo. Is. 

GOW.— A COMPANION TO SCHOOL CLASSICS. By James Gow, Litt.D., 
Master of the High School, Nottingham. With Illustrations. 2d Ed., revised 
Cr. 8vo. 6s. 

HARRISON and VERRALL.— MYTHOLOGY AND MONUMENTS OF ANCIENT 
ATHENS. Translation of a portion of the “Attica” of Puusauias. By 
Margaret de G. Vjsrrall. With Introductory Essay and Archaeological 
Commentary by Jane E. Harrison. With Illustrations and Plans. Cr. 
8vo. 16s. 

JEBB. —Works by R. C. Jehu, Litt.D., Professor of Greek in the University of 
Cambridge. 

THE ATTIC ORATORS FROM ANTIPHON TO ISAEOS. 2 vols. 8vo. 25s. 
*A PRIMER OF G REEK LITERATURE. 18rao. Is. 

(See also Classical Series.) 

KIEPERT. —MANUAL OF ANCIENT GEOGRAPHY. By Dr. n. Kiepert. 
Or. 8vo. 5a. 

LANCIANI.— ANCIENT ROME IN THE LIGHT OF RECENT DISCOVERIES. 
By Rodolfo Lakciani, Professor of Archaeology in the University of Rome. 
Illustrated. 4to. 24s. 

LEAP.— INTRODUCTION TO TIIE ILIAD FOR ENGLISH READERS. By 
Walter Leaf, Litt.D. [In preparation. 

MAHAFFY. —Works by .1. P. Mahai-fy, D.D., Fellow of Trinity College, Dublin 
and Professor of Ancient History in the University of Dublin. 

SOCIAL LIFE IN GREECE; from Homer to Menander. Cr. Svo. Os. 

GREEK LIFE AND THOUGHT; from the Ago of Alexander to the Roman 
Conquest. Cr. 8vo. 12s. fid. 

THE GREEK WORLD UNDER ROMAN SWAY. From Plutarch to Polybius. 
Cr. 8vo. 10s. fid. 

RAMBLES AND STUDIES IN GREECE. With Illustrations. With Map. 
Cr. Svo. 10s. fitl. 

A HISTORY OF CLASSICAL GREEK LITERATURE. Cr. 8vo. Vol. I. 
In two parts. Part I. The Poets, with an Appendix on Homer by Prof. Savor. 
Tart II. Dramalic Poets. Vol. II. The Prose Wnteis. In two p uis. Pait I. 
Herodotus to Plato. Part 11. Isocrates to Aristotle. <ls. fid. each. 

♦A PRIMER OF GREEK AVTKJUmES. With Illustrations. 18mo. Is. 
♦EURIPIDES. 18iuo. Is. fid. (Classical Writers.) 

MAYOR.- BIBLIOGRAPHICAL CLUE TO LATIN LITERATURE. Edited 
after LIObner. By Prof. John E. B. Mayor. Cr. 8vn 10 k. fid. 

NEWTON.— ESSAYS ON ART AND ARC! LEO LOG Y. By Sir Charles Newton, 
K.C B., 1X0.L. Svo. 12s. 6d. 

PHILOLOGY.— THE JOURNAL OF PHILOLOGY. Edited by W. A. Wright, 
M.A., 1. Bv water, M.A., and IT. Jackson, Litt. I). 4s. fid. each (liali- 
yearly). 

SAYCE.— THE ANCIENT EMPIRES OF THE EAST. By A. H. Sayce, M.A., 
Deputy-Professor of Comparative Philology, Oxford. Cr. Svo. Ca. . 
SCHMIDT and WHITE. AN INTRODUCTION TO THE RHYTHMIC AND 
METRIC OF THE CLASSICAL LANGUAGES. By Dr. J. II. Heinrich 
Schmidt. Translated by John Williams White, Ph. IX Svo. 10s. Oil. 
SHUOHHARDT. —1)R. SCHLIEMANN’S EXCAVATIONS AT TROY, TIRYNS, 
MYCENA1, ORCHOMENOS, ITHACA, presented in the light of recent know¬ 
ledge. By Dr. Carl Shuctiharijt. Translated by Eugenie Sellers. Intro¬ 
duction by Walcer Leaf, Litt. IX Illustrated. 8vo. 18s.net. 
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SHUCKBURGH.— A SCHOOL HISTORY OF ROME. By E. S. Shuckburoh, 
M.A. Cr. Svo. [In preparation. 

* STEWART.—TU E TALE OF TROY. Done into English by Aubrey Stewart. 

Ol. 8vo. 3s. Od. 

"TOZER. — A PRIMER OF CLASSICAL GEOGRAPHY. By H. F. Tozeil, M.A. 
18mo. Is. 

WALDSTEEN.— CATALOGUE OF CASTS IN THE MUSEUM OF CLASSICAL 
ARCHAEOLOGY, CAMBRIDGE. By Charles Waldstein, University Reader 
in Classical Arclucology. Cr. 8vo. is. 0d. 

*** Also an Edition on Large Paper, small 4to. 5s. 

WILKINS.— Works by Prof. Wilkins, Litt.D., LL.D. 

*A PRIMER OF ROMAN ANTIQUITIES. Illustrated. ISmo. Is. 

*A PRIMER OF ROMAN LITERATURE. 18mo. Is. 

WILKINS and ARNOLD. —A MANUAL OF ROMAN ANTIQUITIES. By 
Prof. A. S. Wilkins, Litt.D., and W. T. Arnold, M.A. Cr. Svo. Illustrated. 

[I n preparation. 

MODERN LANGUAGES AND 
LITERATURE. 

English; French; German; Modem Greek; Italian; Spanish. 

ENGLISH. 

* ABBOTT. —A SHAKESPEARIAN GRAMMAR. An Attempt to Illustrate some 

of the Differences between Elizabethan and Modern English. By the Rov. E. 
A. Abbott, D.D., formerly Headmaster of the City of Ijondon School. Ex. 
fcap. 8vo. 6s. 

"BACON. —ESSAYS. With Introduction and Notes, by F. G. Selby, M.A., Profes¬ 
sor of Logie and Moral Philosophy, Deccan College, Poona. Gl. Svo. 3s.; 
sewed 2s. 6(1, 

•BURKE.— REFLECTIONS ON THE FRENCH REVOLUTION. By the same. 
Gl. 8vo. 5s. 

BROOKE.— *PRIMER OF ENGLISH LITERATURE. By Itcv. Stopford A. 
BiiooKF., M.A. ISmo. Is. 

EARLY ENGLISH LITERATURE. Bythosamc. 2vols. Svo. \Vol. I. In the Tress. 
BUTLER. —HUDlBRAS. With Introduction and Notes, by Alfred Milnes, 
M.A. Ex. fcap. Svo. Parti. 3s. fid. Parts II and 111. 4s. fid. 
CAMPBELL. —SELECTIONS. With Introduction and Notes, by Cecil M. Barrow, 
M.A., Principal of Victoria College, Palgh&L Gl. 8vo. {In preprint Lon. 

COWPER. —"THE TASK : an Epistle to Joseph Hill, Esq. ; Tirocinium, or a Re¬ 
view of the Schools ; and The History of John Gilpin. Edited, with Notes, 
by W. Benham, B.D. Gl. 8vo. Is. (Globe Headings from. Standard Authors.) 
THE TASK. With Introduction and Notes, by F, J. Rowe, M.A., and W. T. 
Weiui, M.A., Piofessors of English Literature, Presidency College, Calcutta. 

[In preparation. 

"DOWDEN. —A PRIMER OF SHAKESPERE. By Prof. Dowden. ISmo. Is. 
DRYDEN.— SELECT PROSE WORKS. Edited, with Introduction and Notes, by 
Prof. 0. D. Yonqk. Fcap. 8vo. 2s. fid. 

•GLOBE READERS. For Standards I.-VI. Edited by A. F. Moriron. Illustrated. 
Gl. Svo. 


Primer T. (48 pp.) 

3d. 


Book IIL (282 pp.) 

Is. 3d. 

Primer 11. (48 pp.) 

3d. 


Book IV. (328 pp.) 

Is. 9d. 

Book I. (132 pp.) 

6d. 


Book V. (408 pp.) 

2s. 

Book II. (136 pp.) 

fid. 

• 

Book VI. (436 pp.) 

2s. fid. 


•THE SHORTER GLOBE READERS.—Illustrated. Gl. Svo. 

Primer 1. (48 pp.) 3d. Standard HI. (178 pp.) Is. 

Primer IT. (48 pp.) Sd. Standard IV. (182 pp.) Is. 

Standard I. (90 pp.) 6d. Standard V. (216 pp.) Is. 3d. 

Standard II. (124 pp.) fid. Standard VI. (228 pp.) Is. 6d. 
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'GOLDSMITH.—THE TRAVELLER, or a Prospect of Society; and This Deserted 
Vili.age. With Notes, Philological and Explanatory, by J. W. Hai.es, M.A. 
Cr. 8vo. 6d. 

•THE TRAVELLER AND THE DESERTED VILLAGE. With Introduction and 
Notes, by A. Barrett, B.A., Professor of English Literature, El phin stone 
■ College, Bombay. Gl. Svo. Is. 9d.; sewed, ls^Od. The Traveller (separately), 
Is., sewed. 

•THE VICAR OF WAKKFTELD. With a Memoir of Goldsmith, by Prof. 

Masson. Gl. 8 vo. Is. {Globe Readings from Standard Authors.) 

SELECT ESSAYS. With Introduction and Notes, by Prof. C. D. Yonok. 
Fcap. Svo. 2s. 6d. 

GOSSE.—A HISTORY OF EIGHTEENTH CENTURY LITERATURE (1060-1780). 

By Edmond Goshe. M.A. Cr. 8vo. 7s. 6d. 

•GRAY.—POEMS. With Introduction and Notes, by JonN Bradshaw, LL.P. 
Gl. 8vo. Is. 9d.; sewed, Is. fid. 

•HALES.—LONGER ENGLISH POEMS. With Notes. Philological and Explana¬ 
tory, and an Introduction on the Teaching of English, by «T. W. Hales, M.A., 
Professor of English Literature at King’s College, London. Ex. fcap. Svo. 4s. fid. 
•HELPS.—ESSAYS WRITTEN IN THE INTERVALS OF BUSINESS. With 
Introduction and Notes, by F. J. Rowe, M.A., and W. T. Wkiiu, M.A. 
Gl. 8vo. Is. 9d.; sewed, Is. Od. 

•JOHNSON.—LIVES OF THE POETS. The Six Chief Lives (Milion, Dryden, 
Swift, Addison, Pope, Gray), with Maeaulay'B “Life of Johnson.” With Pre¬ 
face and Notes iiy Matthew Arnold. Cr. 8vo. 4s. fid. 

KELLNER. —HISTORICAL OUTLINES OF ENGLISH SYNTAX. By L. 

Kellner, Ph.D. \In the Press. 

•LAMB.—TALES FROM SHAKSPEARE. With Preface by the Rev. Canon 
Ainqer, M.A., LL.1). Gl. 8vo. 2s. (Globe Readings from Standard Authors.) 
•LITERATURE PRIMERS.—Edited by John Richard Green, LL.D. lSmo. 

ENGLISH GRAMMAR. By Rev. R. Morris, LL.1). 

ENGLISH GRAMMAR EXERCISES. Ily R. .Morris, LL.D., and II. C. 
Bowen, M.A. 

EXERCISES ON MORRIS’S PRIMER OF ENGLISH GRAMMAR. By J. 
Wetherell, M.A. 

ENGLISH COMPOSITION. By Professor Njchol. 

QUESTIONS AND EXERCISES ON ENGLISH COMPOSITION. By Prof. 

Nichol and W. S. M'Cormick. 

ENGLISH LITERATURE. By Stopford Brooke, M.A. 

SHAKSPERE. By Professor Dowden. 

THE CHILDREN'S ^TREASURY OF LYRICAL POETRY. Selected and 
arranged with Notes by Francis Turner Palo rave. In Two Parts, is. each. 
PHILOLOGY. By J. Peile, Litt.D. 

ROMAN LITERATURE. By Prof. A. S. Wilkins, Litl.l). 

GREEK LITERATURE. By Prof. Jkbb, LilLD. 

HOMER. By the Rt. Hon. W. E. Gladstone, M.P. 

A HISTORY OF ENGLISH LITERATURE IN FOUR VOLUMES. Cr. 8vn. 
EARLY ENGLISH LITERATURE. By Stopford Brooke, M.A. [Inpreparation. 
ELIZABETHAN LITERATURE. (1500-lfifi5.) By Gkohqk Saintsrury. 7s. (id. 
EIGHTEENTH CENTURY LITERATURE. (16b0-1780.) By Edmund Gossk, 
M.A. 7s. fid. 

THE MODERN PERIOD. By Prof. Dow den. [In preparation. 

•MACMILLAN’S READING BOOKS. 

PRIMER. 18mo. 48 pp. 2d. BOOK IV. for Standard IV. 17fi pp. 

BOOK I. for Standard J. 9b pp. 4d. Sd. 

BOOK II. for Standard II. 141 pp. M. BOOK V. for Standard V. 3S0 pp. Is. 

BOOK Til. for Standard 111. IbO BOOK VI. for Standard VI. Cr. 8vo. 

pp. fid. 430 pp. 

Book VI. is fitted for Higher Classes, and as an Introduction to English Literature. 
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"MACMILLAN’S COPY BOOKS.—1. Large Post 4to. Price 4il. each. 2. Post 
Oblong. Price 2d. each. 

1. Initiatory Exercises and Shout Letters. 

2. Words consisting of .Short Letters. 

3. Long Letters. With Words containing Long Letters—Figures. 

4. Words containing Long Letters. 

la. Practising and Revising Copy-Book. For Nos. 1 to 4. 

5. Capitals and Short Half-Text. Words beginning with a Capital. 

6. Half-Text Words beginning with Capitals—Figures. 

7. Small-Hand and Half-Text. With Capitals and Figures. 

8. Small-Hand and Half-Text. With Capitals and Figures. 

8a. Practisino and Revisino Copy-Book. For Nos. 5 to 8. 

9. Small-Hand Single Headlines—F igures. 

10. Small-Hand Single Headlines— Figures. 

11. Small-Hand Doublf. Headlines—F igures. 

12. Commercial and Arithmetical Exampies, &c. 

12a. Practising and Revising Copy-Book. For Nos. 8 to 12. 

Nos. 3, 4, 5, 6, 7, 8, 9 may be had with Goodman's 1'atent Sliding Copies. Large 
Post 4 to. Tncc Gil. each. 

MARTIN.—♦Tl IE POET’S HOUR: Poetry selected and aronged for Children. By 
Frances Martin. ISmo. 2s. 6d. 

♦SPRING-TIME WITH THE POETS. By the same. 18mo. 3s. 6d. 

♦MILTON.—PARADISE LOST. Bonks I. and II. With Introduction and Notes, 
by Michael Macmillan, B.A., Professor of Logic and Moral Philosophy, 
Elpliinstonc College, Bombay. 01. 8vo. Is. 9d.; sowed, Is. Cd. Or separately. 
Is. 3d.; sewed. Is. each. 

♦L’ALLEGRO, IL TENSEROSO, LYCTDAS, ARCADES, SONNETS, &c. Witli 
Introduction and Notes, by W. Bell, M.A., Piofessor of Philosophy and 
Logic, Government College, Lahore. Gl. 8vo. Is. 9d.; sewed, Is. Cd. 

♦COMUS. By the same. Gl. 8vo. Is. 3d.; sewed, Is. 

♦SAMSON AGON 1STES. By H. M. Percivat., M.A., Professor of English Liter¬ 
ature, Presidency College, Calcutta. Gl. Svo. 2s.; sewed, Is. fld. 

♦INTRODUCTION TO THE STUDY OF MILTON. By Stopfoud Brooke, 
M.A. Fcap. Svo. Is. 6d. (Classical Writers.) 

MORRIS.—Works by the Rov. R. Morris, LL.D. 

♦PRIMER OF ENGLISH GRAMMAR. 18mo. Is. 

♦ELEMENTARY LESSONS IN HISTORICAL ENGLISH GRAMMAR, con¬ 
taining Accidence and Word-Formation. ISmo. 2s. Cd. 

♦HISTORICAL OUTLINES OF ENGLISH ACCIDENCE, comprising Chapters 
on the History and Development of the Language, and on Word-Formation. 
Ex. fcap. Svo. 6s. 

NIOHOL and M'CORMICK.—A SHORT HISTORY OF ENGLISH LITERA¬ 
TURE. By Prof. John Nichol and Prof. W. S. M Coumick. [In preparation. 

OLIPHANT.—THE OLD AND MIDDLE ENGLISH. By T. L. Kington 
Oliphant. Now Kd., revised and enlarged, of “The Sources of Standard 
English.” 2nd Ed. Gl. Svo. 9s. 

THE NEW ENGLISH. By the same. 2 vols. Or. Svo. 21s. 

♦PALGRAVB. — THE CHILDREN’S TREASURY OF LYRICAL POETRY. 
Selected and arranged, with Notes, by Francis T. Palgrvve. ISmo. 2s. Gd. 
Also in Two Tarts. Is. each. 

PATMORE. —THE CHILDREN’S GARLAND FROM THE BEST POETS. 
Selected and arranged by Coventry Patmore. Gl. Svo. 2s. (Globe lleudings 
from Standard Authors.) 

PLUTARCH.—Being a Selection from the Lives which illustrate Shakespeare. 
North's Translation. Edited, with Introductions, Notes, Index of Names, 
and Glossarial Index, by Prof. W. W. Skkat, Litt.D, Cr. 8vo. 6s. 
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♦RANSOME. — SHORT STUDIES OP SHAKESPEARE’S PLOTS. By Cyril 
Ransoms:, Professor of Modern History and Literature, Yorkshire College, 
Leeds. Cr. 8vo. 3s. 0d. 

"RYLAND.—CHRONOLOGICAL OUTLINES OP ENGLISH LITERATURE. 
By F. Ryland, M.A. Cr. Svo. 6s. 

SAINTSBURY.— A HISTORY OF ELIZABETHAN LITERATURE. 1500-1GG5. 
By Georoe Saintsbury. Cr. 8vo. 7s. 6d. 

SCOTT.— *LAY OF THE LAST MINSTREL, and THE LADY OP THE LAKE. 
Edited, with Introduction and Notes, by Francis Turner Palora\ b. Ol. Svo. 
Is. ( Globe Readings from Standard Authors.) 

♦THE LAY OF THE LAST MINSTREL. With Introduction and Notes, by 
G. II. Stuart, M.A., and E. II. Elliot, B.A. Gl. 8vo. 3s. ; sowed, Is. i)d. 
Inti eduction and Canto I. 9d. sewed. Cantos (. to HI. Is. 3d.; sewed, Is. 
Cantos IV. to VI. Is. 3d.; sewed, Is. 

♦MARMION, and THE LORD OP THE ISLES. By P. T. Palokave. Gl. Svo. 

Is. (Glohe Headings from Standard Authors.) 

*M ARM ION. With Introduction and Notes, by Michael Macmillan, B.A. 
Gl. 8vo. 8s.; sewed, 2s. 6d. 

*THE LADY OP THE LAKE. By G. H. Stuart, M.A. Gl. Svo. 2s. <5.1. ; 
sewed, 2s. 

♦ROKKBY. With Introduction and Notes, by Miulikl Macmillan, B.A. 
Gl. 8vo. 3s.; sewed, 2s. Gd. 

SHAKESPEARE.— * A SHAKESPEARIAN GRAMMAR. By Rev. E. A. Abbott, 
D.D. Gl. Svo. 6s. 

A SHAKESPEARE MANUAL. By F. <>. Pleay, M.A. 2d Ed. Ex. reap. S\o. 
4s. 6d. 

*A PRIMER OP SnAKESPERE. By Prof. Dow ben. 18mo. Is. 

•SHORT STUDIES OF SHAKESPEARE’S PLOTS. Ily Cyril Uansome, M.A. 
Cr. 8vo. 3s. Gd. 

*TIIE TEMPEST. With Introduction ami Notes, by K. Deicuiton, late Principal 
of Agra College. Gl. 8vo. Is. 9d.; sewed, Is. Oil. 

•MUCH ADO ABOUT NOTHING. By llio same. Gl. Svo. Is. Od.; sewed, 
Is. Gd. 

•A MIDSUMMER NIGHT’S DREAM. By the same. Gl. 8vo. Is. 9d.; sewed, 
Is. Gd. 

“THE MERCHANT OF VENICE. By the same. Gl. Svo. Is. 9d.; sewed, Is. Gd. 
•AS YOU LIKE IT. By the same. Gl. Svo. Is. Gd. ; sewed, Is. Gd. 
•TWELFTH NIGHT. By the same. Gl. Svo. Is. Oil.; sewed. Is. Gd. 

•THE WINTER'S TALE. By the same. Gl. Svo. 2s. ; sewed, Is. 9d. 

"KING JOHN. By the same. Gl. Svo. Is. 9d.; sewed, Is. Gd. 

♦RICHARD II. By the same. Gl. 8vo. Is. 9d. ; sewed, Is. (id. 

♦HENRY V. By the same. Gl. Svo. Is. Oil.; sewed, Is. Gd. 

♦RICHARD 1IT. By 0. H. Tawnj:y, M.A., Principal and Professor of English 
Literature, Presidency College, Calcutta. Gl. Svo. 2s. Gd.; si wed, 2s. 
•COIUOLANUS. By Iv. DEiun rr ON. Cl. Svo. 2s. Gd. ; sewed, 2s. 

♦JULIUS CdfiSAR. By the same. Gl. Svo. Is. yd. ; sewed, Is. Gd 
♦MACBETH. By the same. Gl. 8vo. Is. 9d.; sewed, Is. Gd. 

( MIAMLET. By the same. Gl. Svo. 2s. Gd.; sewed, 2s. 

♦KING LEAR. By the same. Gl. Svo. Is. 9(1.: sewed, Is. Gd. 

♦OTI1ELLO. By the same. Gl. Svo. 2s.; sewed, Is. Oil. 

♦ANTONY AND CLEOPATRA. By the same. Gl. 8vo. 2s. Gd.; sewed, 2s. 
♦CYMBELINE. By the same. Gl. Svo. 2s. Gd.; sowed, 2s. 

♦SONNENSOHEIN and MEIKLE JOHN. —THE ENGLISH METHOD OP 
TEACHING TO READ. By A. Sonnensciiein and J. M. D. Meiklejohn, 
M.A. Fcap. 8vo. 

THE NURSERY BOOK, containing all the Two-Letter Words in the Lan¬ 
guage. Id. (Also in Laigc Type on Sheets for School Walls. 5s.) 

B 
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TIJK FIRST COURSE, consisting of Short Vowels with Single Consonants. 7d. 

THE SECOND COURSE, with Combinations and Bridges, consisting of Short 
Vowels with Double Consonants. 7d. 

TIIE THIRD AND FOURTH COURSES, consisting of Long Vowels, and all 
the Double Vowels in the Language. 7d. 

* SOUTHEY.—LIFE OF NELSON. With Introduction and Notes, by Michael 
Macmillan, B.A. Gl. 8vo. Ss. ; sewed, 2m. Gd. 

SPENSER.-FAIRY QUEEN. Book I. With Introduction and Notes, by H. M. 
I’ekci v al, M. A. [In the Press. 

TAYLOR.—WORDS AND PLACES; or. Etymological Illustrations of History, 
Ethnology, and Geography. By Rev. Isaac Taylok, Litt.l). With Maps. 
Ol. 8vo. Gs. 

TENNYSON.—THE COLLECTED WORKS OF LORD TENNYSON. An Edition 
for Schools. In Four Tarts. Cr. 8vo. 2s. Gd. each. 

TENNYSON FOR THE YOUNG. Edited, with Notes for the Use of Schools, 
by the Rev. Alfred Atnqkh, LL.D., Canon of Bristol. 18mo. Is. net. 

[In the Press. 

•SELECTIONS FROM TENNYSON. With Introduction and Notes, by F. J. 

It owe, M.A., and W. T. Webb, M.A. Gl. 8vo. 8s. 6d. 

This selection contains:—Recollections of the Arabian Nights, The Lady of 
Shalott, Gfinone, The Lotos Eaters, Ulysses, Tithonus, Mortc d’Arthur, Sir 
Galahaa, Dora, Ode on the Death of the Duke of Wellington, and The Revenge. 

•ENOCH ARDEN. By W. T. Webb, M.A. Gl. 8vo. 2s. 

AYLMER’S FIELD. By W. T. Weub, M.A. [In the Press. 

THE ntlNCESS ; A MEDLEY. By P. M. Wallace, B.A. [In the Press. 

•THE COMING OF ARTHUR, AND THE PASSING OF AUTHUK. By F. J. 
Rowe, M.A. Gl. 8vo. 2s. 

THRING.—THE ELEMENTS OF GRAMMAR TAUGHT IN ENGLISH. By 
Edwauo Turing, M.A. With Questions. 4th Ed. I8mo. 2s. 

•VAUGHAN.—WORDS FROM THE POETS. By C. M. Vaughan. 18mo. Is. 

WARD.—THE ENGLISH POETS. Selections, with Critical Introductions by 
various Writers and a General Introduction by Matthew Arnold. Edited 
by T. H. Ward, M.A. 4 Vois. Vol. I. Chaucer to Donne. —Vol. II. Ben 
Jonmon to Dicyden. —Vol. 111. Addison to Blake.— Vol. IV. Wordsworth 
■ro Rossetti. 2d Ed. Cr. 8vo. 7s. Gd. each. 

•WETHERELL.—EXERCISES ON MORRIS’S PRIMER OF ENGLISH GRAM¬ 
MAR. By John Wetherell, M.A., Headmaster of Towcester Grammar 
School. 18mo. Is. 

WOODS.—• A FIRST POETRY BOOK. By M. A. Woods, Head Mistress of the 
Clifton High School for Girls. Fcap. Svo. 2s. 6d. 

•A SECOND POETRY BOOK. By the same. In Two Parts. 2s. Gd. each. 

•A THIRD POETRY BOOK. By the same. 4s. Gd. 

HYMNS FOR SCHOOL WORSHIP. By the same. 18mo. Is. Gd. 

WORDSWORTH.—SELECTIONS. With Introduction and Notes, by F. J. Rowe, 
M.A., and W. T. Weub, M.A. Gl. 8vo. [In preparation. 

YONGE.—*A BOOK OF GOLDEN DEEDS. By Charlotte M. Yunge. Gl. 8vo. 2s. 

•THE ABRIDGED BOOK OF GOLDEN DEEDS. 18ino. Is. 

FRENCH. 

BEAUMARCHAIS.—LE BARB I EH I)E SEVILLE. With Introduction and 
Notes. By L. P. Bio wet. Fcap. 8vo. 8s. Gd. « 

•BOWEN. -FIRST LESSONS IN FRENCH. By H. CounxiiorK Bowen, M.A. 
Ex. fcap. Svo. Is. 

BREYMANN.—Works by Hermann Bkeymann, Ph.D., Professor of Philology in 
the University of Munich. 

FIRST FRENCH EXERCISE BOOK. Ex. fcap. Svo. 4s. 6*1. 

SECOND FRENCH EXERCISE BOOK. Ex. fcap. 8vo. 2s. Gd. 

FASNACHT. —Works by G. E. Fasnauut, late Assistant. Master at Westminster. 

THE ORGANIC METHOD OF STUDYING LANGUAGES. E\. leap. Svo. 1. 
French. 8s. Gd. 
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A SYNTHETIC FRENCH GRAMMAR FOR SCHOOLS. Cr. 8vo. 3s. 6d. 

GRAMMAR AND GLOSSARY OF THE FRENCH LANGUAGE OF THE 
SEVENTEENTH CENTURY. Cr. 8vo. [In preparation. 

MACMILLAN'S PRIMARY SERIES OF FRENCH READING BOOKS.—Edited by 
G. E. Fasnawit. With Illustrations, Notes, Vocabularies, and Exercises. 
Gl. 8vo. 

* FRENCH READINGS FOR CHILDREN. By G. E. Fasnacht. Is. Cd. 
♦CORNAZ—NOS ENFANTS ET LEURS AMIS. By Edith Harvey. Is. 6.1. 

♦DE MAISTRE—LA JKUNE S1BER[ENNE ET LE LEPREUX DE LA CITE 
D’AOSTlfi. By Steeiiane Barlet, U.Sc. etc. Is. Gd. 

♦FLORIAN—FABLES. By Rev. Cn arlks Yeld, M. A., Headmaster of University 
School, Nottingham. Is. 6d. 

♦LA FONTAINE—A SELECTION OF FABLES. By L. M. Mortarty, B.A., 
Assistant Master at Harrow. 2s. Cd. 

♦MOLES WORTH—FRENCH LIFE IN LETTERS. By Mrs. Mouss worth. 
Is. Cd. 

♦l’EltllAULT—CONTES DE FEES. By G. E. Fasnacht. Is. fid. 
MACMILLAN'S PROGRESSIVE FRENCH COURSE.—By G. E. Fasnacht. Ex. 
leap. 8vo. 

♦First Year, containing Easy Lessons on the Regular Accidence. Is. 

♦Second Yeah, containing an Elementary Grammar with copious Exercises, 
Notes, and Vocabularies. 2s. 

♦Third Yeah, containing a Systematic Syntax, and Lessons iu Composition. 
2s. Gd. 

THE TEACHER'S COMl'ANrONTO MACMILLAN’S PROGRESSIVE FRENCH 
COURSE. With Copious Notes, Hints for Different Renderings, Synonyms, 
Philological Remarks, etc. By G. E. Fasnacht. Ex. fcap. 8vo. Each Year 
4s. fid. 

"MACMILLAN'S FRENCH COMPOSITION.—By G. E. Fasnacht. Ex. fcap. 
8vo. Part 1. Eleinentaiy. 2s. fid. Part II. Advanced. [In the Press. 

THE TEACHER'S COMPANION TO MACMILLAN’S COURSE OF FRENCH 
COMPOSITION. By G. E. Fasnaciit. l’ait I. Ex. fcap. 8v<>. 4s. fid. 

MACMILLAN'S PROGRESSIVE FRENCH READERS. By G. E. Fasnacht. Ex. 
fcap. 8vo. 

♦First Ykar, containing Talcs, Historical Extracts, Letters, Dialogues, Ballads, 
Nursery Songs, etc.., with Two Vocabularies: (1) m the ordei of subjects; 
(2) in alphabetical order. With Imitative Exercises. 2s. fid. 

♦Second Year, containing Fiction in Prose aud Verse, Historical and Descriptive 
Extracts, Essays, Letters, Dialogues, etc. With Imitative Exercises. 2s. fid. 

MACMILLAN’S FOREIGN SCHOOL CLASSICS. Edited by G. E. Fasnacht. 
18inn. 

"CORNEILLE—LE Oil). By 0. E. Fasnaoiit. Is. 

♦DUMAS—LES DEMOISELLES DE ST. CYR. By Victor Ockr, Lecturer at 
University College, Liverpool. Is. fid. 

LA FONTAINE’S FABLES. Books I.-VI. By L. M. Mortarty, B.A., 
Assistant Master at Harrow. [In preparation. 

♦MOLlliRE—L'AVAUE. By the same. Is. 

♦MOLlfiRE—LE BOURGEOIS GENTILIIOMME. By the same. Is. Cd. 

♦ MOLIlilRE—LES FEMMES SAVANTES. By G. E. Fasnacht. Is. 
♦MOLlfiRE—LE MISANTHROPE. By the same. Is. 

♦MOLlfiRE—LE MlSDEClN MALGRE LUI. By the same. Is. 

♦MOLlfiRE—LES PliEOlEUSES RIDICULES. By the same. Is. 

♦RACINE—BUITANNICUS. By E. Pei.ussier, M.A. 2s. 

♦FRENCH READINGS FROM ROMAN HISTORY. Selected from various 
Authors, by C. Colbeok, M.A., Assistant Master at Harrow. 4s. Gd. 

♦SAND, GEORGE—LA MARE AU DIABLE. By W. E. Russell, M.A., 
Assistant Master at Ilaileybury. Is. 



20 MODERN LANGUAGES AND LITERATURE 

‘SANDEAU, JULES—MADEMOISELLE DE LA SEIGLI^RK. By II. 0. 

Steel, Assistant Master at Winchester. Is. Gil. 

‘VOLTAIRE—CHARLES XII. By G. E. Fasnacht. 8s. 0d. 

‘MASSON.—A COMPENDIOUS DICTIONARY OF THE FRENCH LANGUAGE. 
Adapted from the Dictionaries of Professor A. Elwall. By Gustave Masson. 
Cr. 8vo. 3s. Gd. 

MOLIERE.—LE MALADK IMAGINAIRE. With Introduction and Notes, hy F. 
Tahvkr, M.A., Assistant Master at Eton. Fcap. 8vo. 2s. Gd. 

‘PELLISSIER.—FRENCH ROOTS AND THEIR FAMILIES. A Synthetic 
Vocabulary, based upon Derivations. By E. Pelussier, M.A., Assistant 
Master at Clifton College. Gl. 8vo. 6s. 


GERMAN. 

BEHAGEL.—THE GERMAN LANGUAGE. By Dr. Otto Beiiaoel. Translated 
hy Emil Trechmann, B.A., l’h.D., Lecturer in Modem Literature in the 
University of Sydney, N.S.W. GL. 8vo. [Aearly Ready. 

HUSS.—A SYSTEM OF ORAL INSTRUCTION IN GERMAN, by means of 
Progicssivo Illustrations and Applications of the leading Rules of Grammar. 
By II. C. O. IIuss, Ph.D. Cr. Svo. 5s. 

MACMILLAN’S PRIMARY SERIES OF GERMAN READING BOOKS. Edited 
by G. E. Fasvacht. With Notes, Vocabularies, and Exercises. Gl. Svo. 

‘GRIMM—KINDER UND HAUSMARCHEN. By G. E. Fasnacut. 2s. Gd. 

*HAUFF—DIE KARA VANE. By Herman IIaoer, Ph.D., Lecturer in the 
Owens College, Manchester. 3s. 

‘SCHMID, CHR. VON—H. VON EICHENFELS. By G. E. Fasnacht. 2s. 6d. 

MACMILLAN’S PROGRESSIVE GERMAN COURSE. By G. E. Fasnacht. Ex. 
fcap. 8vo. 

‘First Year. Easy lessons and Rules on the Regular Accidence. Is. Gd. 

‘Second Year. Conversational Lessons in Systematic Accidence and Elementary 
Syntax. With Philological Illustrations and Etymological Vocabulary. 
3s. Gd. 

Third Year. [In the Press. 

TEACHER'S COMPANION TO MACMILLAN’S PROGRESSIVE GERMAN 
COURSE. With copious Notes, Hints for Different Renderings, Synonyms, 
Philological Remarks, etc. By G. E. Fasnacut. Ex. fcap. 8vo. First Year. 
4s. Gd. Second Year. 4s. Gd. 

MACMILLAN’S GERMAN COMPOSITION. By G. E. Fasnacut. Ex. fcap. 8vo. 

‘I. FIRST COURSE. Parallel Qorman-English Extracts and Parallel English- 
German Syntax. 2s. Gd. 

TEACHER’S COMPANION TO MACMILLAN’S GERMAN COMPOSITION. 
By G. E. Fasnacht. First Course. Gl. Svo. 4s. Gd. 

MACMILLAN’S PROGRESSIVE GERMAN READERS. By G. E. Fasnacht. Ex. 
fcap. 8vo. 

‘First Year, containing an Introduction to the German order of Words, with 
Copious Examples, extracts from German Authors in Prose and Poetry; Notes, 
and Vocabularies. 2s. Gd. 

MACMILLAN’S FOREIGN SCHOOL CLASSICS.—Edited by G. E. Fasnacht. 18mo. 

FREYTAG (G.)-DOKTOR LUTHER. By F. Stour, M.A., Headmaster of the 
Modem Side,, Merchant Taylors’ School. [In preparation , 

‘GOETHE—GOTZ VON BERLICH1NGEN. By II. A. Bull, M.A., Assistant 
Master at Wellington. 2s. 

‘GOETHE—FAUST. Part I., followed by an Appendix on Part II. By Jane 
Lee, Lecturer in German Literature at Ncwnham College, Cambridge. 4s. Gd. 

‘HEINE—SELECTIONS FROM THE REISEBILDER AND OTHER PROSE 
WORKS. By 0. Colbeck, M.A., Assistant Master at Harrow. 2s. Gd. 

LESSING—MINNA VON BARN HELM. By James Simk, M.A. [In preparation. 
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♦SCHILLER—SELECTIONS PROM SCHILLER’S LYRICAL POEMS. With a 
Memoir of Schiller. By E. J. Turner, B.A., and K. I>. A. Mokshead, M.A., 
Assistant Masters at Winchester. 2s. (id. 

♦SCHILLER—PIE JUNGFRAU YON ORLEANS. By Joseph Gostwick. 2s. fld. 

♦SCH1LLER—MARIA STUART. By C. Sheldon, B.Litt., of the Royal Academ¬ 
ical Institution, Belfast. 2s. Cd. 

♦SCHILLER—WILHELM TELL. By G, E. Fasnacht. 2s. Cd. 

♦SCHILLER—WALLENSTEIN. Part I. DAS LAGER. By H. B. Cotterill, 
M.A. 2s. 

♦UHL AND—SELECT BALT ADS. Adapted as a First. Easy Reading Book for 
Beginners. With Vocabulary. By G. E. Fasnacht. *1s. 

♦PYLODET.— NEW GUIDE TO GERMAN CONVERSATION; containing an Alpha¬ 
betical last of nearly 800 Familiar Words; followed by Exercises, Vocabulary 
of Words in frequent use, Familiar Phrases and Dialogues, a Sketch of German 
Literature, Idiomatic Expressions, etc. By L. Vylodet. 18mo. 2s. (id. 

SMITH.—COMMERCIAL GERMAN. By F. C. Smith, M.A. [In the Press. 

WHITNEY.— A COMPENDIOUS GERMAN GRAMMAR. By W. D. Whitney, 
Professor of Sanskrit and Instructor in Modern Languages in Yalo College. 
Cr. Svo. 4s. 6d. 

A GERMAN READER IN PROSE AND VERSE. By the same. With Notes 
and Vocabulary. Cr. 8vo. 5s. 

♦WHITNEY and EDGREN.—A COMPENDIOUS GERMAN AND ENGLISH 
DICTIONARY, with Notation of Correspondences ami Brief Elymologics. By 
Prof. W. D. Whitney, assisted by A. H. Edgren. Cr. 8vo. 7s. Cd. 

THE GERMAN-KNGL1SH PART, separately, 5s. 


MODERN GREEK. 

VINCENT and. DICKSON.- HANDBOOK TO MODERN GREEK. By Sit Ethur 
Vincent, K.C.M.G., and T. G. Dickson, M.A. "With Appendix on the relation 
of Modern and Classical Greek by Prof. Jebk. Cr. Svo. (is. 


ITALIAN. 


DANTE—THE INFERNO OF DANTE. With Translation and Notes, by A. J. 
Butler, M.A. Cr. Svo. [In the. Press. 

TUB PURGATORIO OF DANTE Willi Translations and Notes, by the same. 
Cr. Svo. 12s. (id. 

THE TARADISO OF DANTE. With Translation and Notes, by the same. 
2d. Ed. Cr. Svo. 12s. (id. 


READINGS ON THE PURGATORIO OF DANTE. 


Chiefly K'ised on the Ooin- 


ineulary ol Benvenuto Da lmolo. By the lion. W. Warren Wit non, M.A. 
With an Introduction by the Very Rev. the Dean op St. Paul's. 2 vols. 
Cr. Svo. 24s. 


SPANISH. 

CALDERON.— FOUR TT/AYS OF CALDERON. With Introduction and Notes. 
By Norman MacColl, M.A. Cr. Svo. 14s. 

"The four plays hero given are El Principe Constante, La Vida es Sueno, El Alcalde 
de Zalamea, and hi Ksconditlo y la Tapada. 
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MATHEMATICS. 

Arithmetic, Book-keeping, Algebra, Euclid and Pure Geometry, Geometrical 
Drawing, Mensuration, Trigonometry, Analytical Geometry (Plano and 
Solid), Problems and Questions in Mathematics, Higher Pure Mathe¬ 
matics, Mechanics (Statics, Dynamics, Hydrostatlos, Hydrodynamics: see 
also Physics), Physics (Sound, Light, Heat, Electricity, Elasticity, Attrac¬ 
tions, &c.), Astronomy, Historical. 

ARITHMETIC. 

•ALDIS. —THE GREAT GIANT ARITIIMOS. A most Elementary Arithmetic 
for Children. By Mary Steadman Aldis. Illustrated. Gl. 8vo. 2s. 6d. 

ARMY PRELIMINARY EXAMINATION, SPECIMENS OF PAPERS SET AT 
THE, 1882-89. —With Answers to the Mathematical Questions, Subjects: 
Arithmetic, Algebra, Euclid, Geometrical Drawing, Geography, French, 
English Dictation. Cr. 8vo. 3s. 6d. 

*BRADSHAW.—A COURSE OF EASY ARITHMETICAL EXAMPLES FOR 
BEGINNERS. By J. G. Bradshaw, B.A., Assistant Master at Clifton College. 

fit Qq WlfTl A 9q fill 

•BROOKSLHTh". —ARITHMETIC IN THEORY AND PRACTICE. By J. Brook- 
smith, M.A. Cr. 8vo. 4s. fid. KEY. Crown 8vo. 10s. fid. 

•BROOKSMITH.— ARITHMETIC FOR BEGINNERS. By J. and E. J. Brook- 
smith. Gl. 8vo. Is. 6d. 

CANDLER. —HELP TO ARITHMETIC. Designed for the use of Schools. By II. 
Candi-eii, Mathematical Master of Uppingham School. 2d Ed. Ex. fcap. 8vo. 
2s. fid. 

*DALTON.—RULES AND EXAMPLES IN ARITIIMETIC. By the Rev. T. Dal- 
ton, M.A., Senior Mathematical Master at Eton. New Ed., with Answers. 
lStno. 2s. fid. 

•GOYEN.— HIGHER ARITHMETIC AND ELEMENTARY MENSURATION. 
By P. Goyfn, Inspector of Schools, Dunedin, New Zealand. Cr. 8vo. 5s. 

"HALL and KNIGHT.—ARITHMETICAL EXERCISES AND EXAMINATION 
PAPERS. With an Appendix containing Questions in Logarithms and 
Mensuration. By H. S. Hall, M.A., Master of the Military and Engineering 
Side, Clifton College, and S. R. Kmout, B.A. Gl. 8vo. 2s. fid. 

LOOK. —Works by Rev. J. B. Lock, M.A., Senior Fellow and Bursar of Gonvillc 
and Caius College, Cambridge. 

* ARITHMETIC FOR SCHOOLS. With Answers and 10U0 additional Examples 
for Exercise. 3d Ed., revised. Gl. 8vo. 4s. 6d. Or, Part I. 2s. Part II. 3s. 
KEY. Cr. 8vo. 10s. (id. 

•ARITHMETIC FOR BEGINNERS. A School Class-Book of Commercial Arith¬ 
metic. Gl. 8vo. 2s. fid. KEY. Cr. 8vo. 8s. 6d. 

•A SHILLING BOOK OF ARITHMETIC, FOR ELEMENTARY SCHOOLS. 
18mo. Is. With Answers. Is. 6d. 

"PEDLEY.— EXERCISES IN ARITHMETIC for the Use of Schools. Containing 
moic than 7000 original Examples. By Samuel Pedley. Cr. 8vo. 5s. 

Also in Two Parts, 2s. fid. each. 

SMITH.—Works by Rev. Barnard Smith, M.A., late Fellow and Senior Bursar of 
St. Peter’s College, Cambridge. 

ARITHMETIC AND ALGEBRA, in their Principles and Application; with 
numerous systematically arranged Examples taken from llic Cambridge Exam¬ 
ination Papers, with especial reference to the Ordinary Examination for tho 
B.A. Degree. New Ed., carefully revised. Cr. 8vo. JOs. fid. 

•ARITHMETIC FOR SCHOOLS. Cr. 8vo. 4s. Cd. KEY. Cr. 8vo. 8s. fid. 

New Edition. Revised by Prof W. H. Hudson. [In preparation. 
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EXERCISES IN ARITHMETIC. Cr. Svo. 2s. With Answers, 2s. fid. An¬ 
swers separately, fid. 

SCHOOL CLASS-BOOK OF ARITHMETIC. l8mo. Ss. Or separately, in 
Three Parts, Is. each. KEYS. Parts T., II., and III., 2s. fid. each. 

SHILLING BOOK OF ARITHMETIC. 18mo. Or separately, Part I., 2d.; 
Part II., 3d.; Part 1IT., 7d. Answeis, 6d. KEY. 13mo. 4s. fid. 

•THE SAME, with Answers. 18mo, cloth. Is. fid. 

EXAMINATION PAPERS IN ARITHMETIC. 18mo. Is. 6d. The Same, 
with Answers. lSmo. 2s. Answers, fid. KEY. IStno. 4s. fid. 

THE METRIC SYSTEM OF ARITHMETIC, ITS PRINCIPLES AND APPLI¬ 
CATIONS, with Numerous Examples. lSmo. 3d. 

A CHART OF THE METRIC SYSTEM, on a Sheet, size 42 in. by 34 in. on 
Roller. 3s. fid. Also a Small Chart on a Card. Price Id. 

EASY LESSONS IN ARITHMETIC, combining Exercises in Reading, Writing, 
Spelling, and Dictation. Part I. Cr. 8vo. 9d. 

EXAMINATION CARDS IN ARITHMETIC. With Answers and nints. 

Standards I. and II., in box, Is. Standards III., IV., and V., in boxes, Is. each. 
Standard VI. in Two Parts, in boxes. Is. each. 

A and B papers, of nearly the same difficulty, are given so as to prevent copying, 
and the colours of the A and B papers differ in each Standard, and from those of 
every other Standard, so that a master or mistress can see at a glance whether the 
children havo the proper papers. 

BOOK-KEEPING-. 

•THORNTON.—FIRST LESSONS IN BOOK-KEEPING. By J. Thornton. Cr. 
Svo. 2s. fitl. KEY. Oblong 4to. 10s. fid. 

•PRIMER OF BOOK-KEEPING. 18mo. Is. KEY. Demy 8vo. 2s. fid. 

ALGEBRA. 

•DALTON.— RULES AND EXAMPLES IN ALGEBRA. By Rev. T. Dalton, 
Senior Mathematical Master at Eton. Part I. lSmo. 2s. KEY. Or. Svo. 
7s. fid. Part II. 18mo. 2s. fid. 

HALL and KNIGHT.—Works by H. S. Hall, M.A., Master of the Military and 
Engineering Side, Clifton College, and S. It. Knight, B.A. 

•ELEMENTARY ALGEBRA FOR SCHOOLS. 0th Ed., revised and cor roe led. 
Gl. 8vo, bound in maroon coloured cloth, 3s. fid.; with Answers, bound in 
green coloured cloth, 4s. fid. KEY. 8s. fid. 

•ALGEBRAICAL EXERCISES AND EXAMINATION PAPERS. To accom¬ 
pany ELEMENTARY ALGEBRA. 2d Ed., revised. Gl. Svo. 2s. fid. 

•HIGHER ALGEBRA. 3d Ed. Cr. 8vo. 7s. 6d. KEY. Cr. Svo. 10s. fid. 
•JONES and CHEYNE.— ALGEBRAICAL EXERCISES. Progressively Ar¬ 
ranged. By Rev. 0. A. Jones and C. H. Cheyne, M.A., late Mathematical 
Masters at Westminster School. lSmo. 2s. fid. 

KEY. By Rev. W. Failes, M.A., Mathematical Master at Westminster School. 
Cr. 8vo. 7s. fid. 

SMITH.— ARITHMETIC AND ALGEBRA, in their Principles and Application ; 
with numerous systematically arranged Examples Liken from the Cum bridge 
Examination Papers, with especial reference to the Ordinary Examination for 
the B.A. Degree. By Rev. Barnard Smith, M.A. New Edition, carefully 
revised. Cr. Svo. 10s. fid. 

SMITH. —Works by Charles Smith, M.A., Master of Sidney Sussex College, 
Cambridge. 

•ELEMENTARY ALGEBRA. 2d Ed., revised. Gl. Svo. 4s. Gd. KEY. By A. 
G. Cracknell, B.A. Cr. 8vo. 10. fid. 

•ATREATISFi ON ALGEBRA. 2d Ed. Cr. Svo. 7s. fid. KEY. Cr.8vo. 10s. fid. 
TODHUNTER.—Works by Isaac Todiujntku, F.R.S. 

•ALGEBRA FOR BEGINNERS. 2£mo. 2s. Cd. KEY. Cr. 8vo. Gs. Cd. 
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"ALGEBRA FOR COLLEGES AND SCHOOLS. By Isaac Todhuntkr, F R.S. 
Or. Svo. 7s. 6<1. KEY. Or. 8vo. JOs. (id. 

EUCLID AND PURE GEOMETRY. 

COCKSHOTT and WALTERS. -A TREATISE ON GEOMETRICAL CONrCS. 
In accordance with the Syllabus of the Association for the Improvement of 
Geometrical Teaching. By A. Cockshott, M.A., Assistant Master at El on, 
and Rev. F B. Walters, M.A., Principal of King William’s College, Isle of 
Man. Or. 8vo. f>s. 

CONSTABLE.— GEOMETRICAL EXERCISES FOR BEGINNERS. By Samuel 
Constable. Cr. 8vo. 8s. 6d. 

CUTHBERTSON.— EUCLIDIAN GEOMETRY. By Francis Cutitrertson, M.A., 
LL. I). Ex. fcap. 8vo. 4s. 6(1. 

DAY.—PROPERTIES OF CONIC SECTIONS PROVED GEOMETRICALLY. 
By Rev. H. G. Day, M.A. Part I. The Ellipse, with an ample collection of 
Problems. Cr. 8vo. 3s. 6d. 

'DEAKIN.—RIDER TAPERS ON EUCLID. BOOKS I. and II. By Rupert 
Di-.ak in, M.A. 18mo. Is. 

DODGSON.—Works by Charles L. Dodqson, M.A., Student and late Mathematical 
Lecturer, Christ Church, Oxford. 

EUCLID, BOOKS I. and II. 6Lh Ed., with words substituted for tbe Alge¬ 
braical Symbols used in the 1st Ed. Cr. 8vo. 2s. 

EUCLID AND 1IIS MODERN RIVALS. 2d Ed. Cr. 8vo. 6s. 

CURIOSA MAT11EMATI0A. Part I. A New Theory of Parallels. 3d Ed. 
Or. Svo. 2s. 

DREW.—GEOMETRICAL TREATISE ON CONIC SECTIONS. By W. IT. 
Dhkw, M.A. New Ed., enlarged. Cr. Svo. 5s. 

DUPUIS.— ELEMENTARY SYNTHETIC GEOMETRY OF THE POINT, LINE 
AND CIRCLE IN THE PLANE. By N. F. Dupuis, M.A., Professor of Pure 
Mathematics in the University of Queen’s College, Kingston, Canada. Gl. 8vo. 
4s. Cd. 

"HALL and STEVENS.— A TEXT-BOOK OF EUCLID’S ELEMENTS. In¬ 
cluding Alternative Proofs, together with additional Theorems and Exercises, 
classified and arranged. By II. S. Hall, M.A., and F. n. Stevens, M.A., 
Masters of the Military and Engineering Side, Clifton College. Gl. Svo. Book 
1 , Is.; Books T. and II, Is. 6d.; Books I.-IV., 3s.; Books 1II.-IV., 2s.; Books 
I1I.-VI., 3s.; BooksV.-VI. andXl.,2s. 6d.; Books I.-VI.and XI., 4s. 6d.; Book 
XI., Is. [KEY. In preparatinn. 

HALSTED.—THE ELEMENTS OK GEOMETRY. By O. B. Halstkd, Professor 
of Pure and Applied Mathematics ill the University of Texas. Svo. 12s. 6d. 

HAYWARD.— THE ELEMENTS OF SOLID GEOMETRY. By R. B. Hayward, 
M.A., F.R.S. Gl. 8vo. 3s. 

LOCK.— EUCLID FOR BEGINNERS. Being an Introduction to existing Text- 
Books. By ltev. J. B. Lock, M.A. [i» the Press. 

MILNE and DAVIS.—GEOMETRICAL CONICS. Tart I. Tho Parabola. By 
Rev. J. «T. Milnf, M.A., and R. F. Davis, M.A. Cr. Svo. 2s. 

"RICHARDSON. —THE PROGRESSIVE EUCLID. Books I. and II. With Notes, 
Exercises, and Deductions. Edited by A. T. Richardson, M.A., Senior Mathe¬ 
matical Master at the 1 sic of Wight. Col lege. Gl. Svo. 2s. 6d. 

SYLLABUS OF PLANE GEOMETRY (corresponding to Euclid, Books I.-VT.)— 
Prepared by the Association for tbe Improvement of Geometrical Teaching. 
Cr. 8vo. Sewed, Is. 

SYLLABUS OP MODERN PLANE GEOMETRY.— Prepared by the Association 
for the Improvement of Geometrical Teaching. Cr. Svo. Sewed. Is. 

"TODHUNTER.—TnE ELEMENTS OF EUCLID. By I. Todhuntkr, F.R.S. 
lSnio. 8s. Cd. "Books I. and II. Is. KEY. Cr. 8vo. 6s. Cd. 

WILSON.—Works by Vcn. Arclideacon Wilson, M.A., formerly Headmaster of 
Clifton College. 

ELEMENTARY GEOMETRY. BOOKS I.-V. Containing the Subjects of 
Euclid’s first Six Books. Following the Syllabus of the Geometrical Associa¬ 
tion. Ex. fcap. 8vo. 4s. Gd. 
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WILSON. —Works by Ven. Archdeacon Wilkon— continued. 

SOLID GEOMETRY AND CONIC SECTIONS. With Appendices on Trans¬ 
versals and Harmonic Division. Ex. leap. Svo. 3s. Gd. 


GEOMETRICAL DRAWING. 

EAGLES.— CONSTRUCTIVE GEOMETRY OP PLANE CURVES. By T. II. 
Eagles, M.A., Instructor in Geometrical Drawing and Lecturer in Architecture 
at the Royal Indian Engineering College, Cooper’s Ilill, Cr. 8vc. 12s. 

EDGAR and PRITCHARD. — NOTE - BOOK ON PRACTICAL SOLTI) OR 
DESCRIPTIVE GEOMETRY. Containing Problems with help for Solutions. 
By .T. H. Edgar and G. S. PuiTCiiAnn. 4th Ed., revised by A. Mkeze. 01. 
8vo. 4s. Cd. 

•KITCHENER.—A GEOMETRICAL NOTE-BOOK. Containing Easy Problems in 
Geometrical Drawing preparatory to the Study of Geometry. For the Use of 
Schools. By F. E. Kitchener, M.A., Headmaster of the Nowcastlc-undcr- 
Lyme High School. 4to. 2s. 

MILLAR.— ELEMENTS OP DESCRIPTIVE GEOMETRY. By J. B. Millar, 
Civil Engineer, Lecturer on Engineering in the Victoria Univeisity, Manchester. 
2d Ed. Cr. 8vo. 6s. 

PLANT.— PRACTICAL PLANE AND DESCRIPTIVE GEOMETRY. By E. C. 
Plant. Globe 8vo. [In prejxmition. 


MENSURATION. 

STEVENS.—ELEMENTARY MENSURATION. With Exercises on the Mensnra 
tion of Plano and Solid Figures. By F. H. Stevens, M.A. Gl. 8vo. 

[In prrjiaration. 

TEBAY.— ELEMENTARY MENSURATION FOR SCHOOLS. By 8 . Trbay. 
Ex. fe,ap. Svo. 3s. Gd. 

•TODHUNTER.— MENSURATION FOR BEGINNERS By Isaac Toptiunter, 
F.U.S. 18mo. 2s. Gd. KEY. By Rev. Fr. L. McCarthy. Cr. Svo. 7s. 6d. 


TRIGONOMETRY. 

BEASLEY.— AN ELEMENTARY TREATISE ON PLANE TRIGONOMETRY. 
With Examples. By R. D. Beasley, M.A. 9th Ed., revised and enlarged. 
Cr. 8vn. 3s. 6d. 

BOTTOMLEY.— FOUR-FIGURE MATHEMATICAL TABLES. Comprising Log- 
anthmic and Tngonometrieal Tables, and Tables of Squares, Square Roots, 
and Reciprocals. By J. T. Boitomlev, M. A., lecturer in Natural Philosophy 
in the University of Glasgow. Svo. 2s. Gd. 

HAYWARD.— THE ALGEBRA OF CO-I’LANAR VECTORS AND TRIGONO¬ 
METRY. By R. B. Hayward, M.A., F.R.S., Assistant Master at Harrow. 

[In preparation. 

JOHNSON.— A TREATISE ON TRIGONOMETRY. By W. E. Johnson, M.A., 
late Scholar and Assistant Mathematical Lecturer at Kiug's College, Cam¬ 
bridge. Cr. Svo. 8s. Gd. 

LEVETT and DAVISON.-ELEMENTS OF TRIGONOMETRY. By Raw now 
Levftt and A. F. Davison, Assistant Masters at king Edward’s School, 
Birmingham. [In the I'ress. 

LOCK. —Works by Rev. J. B. Lock, M.A., Senior Fellow and Bursar of Gonville 
ami Cains College, Cambridge. 

♦THE TRIGONOMETRY OF ONE ANGLE. Gl. Svo. 2s. fid. 

•TRIGONOMETRY FOR BEGINNERS, as far as the Solution of Triangles. 3d 
Ed. Gl. Svo. 2s. Gd. KEY. Cr. Svo. Gs. Gd. 

•ELEMENTARY TRIGONOMETRY. 6th Ed. (in this edition the chapter on 
logarithms has been carefully revised). Gl. 8vo. 4s. 6<1. KEY. Cr. Svo. 8s. Gd 
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ITIGnER TRIGONOMETRY. 5th Ed. Gl. 8vo. 4 h. fid. Both Tarts complete 
in One Volume. Gl. Svo. 7s. fid. 

M'CLELLAND and PRESTON.— A TREATISE ON SPHERICAL TRIGONO- 
M ETRY. With applications to Spherical Geometry and numerous Examples. 
By W. J. M’Ci.elland, M.A., Principal of the Incorporated Society’s School, 
Santry, Dublin, and T. Preston, M.A. Cr. 8vo. 8s. fid., or: Tart I. To the 
End of Solntion of Triangles, 4s. fid. Part II., 5s. 

MATTHEWS.— MANUAL OP LOGARITHMS. By G. P. Matthews, B.A. 8vo. 
fly. net. 

PALMER.— TEXT-BOOK OP PRACTICAL LOGARITHMS AND TRIGONO¬ 
METRY. Uy J. II. Palmer, Headmaster, U.N., H.M S. Cambridge , Devon- 
port. Gl. 8vn. 4s. 6d. 

SNOWBALL.— TnE ELEMENTS OP FLANK AND SPHERICAL TRIGONO¬ 
METRY. By J. C. Snowball. 14th Ed. Cr. Svo. 7s. fid. 

TODHUNTER. —Works by Isaac Tothiunter, F.R.S. 

"TRIGONOMETRY FOR BEGINNERS. 18mo. 2s. Cd. KEY. Cr. 8vo. 8s. fid. 
PLANE TRIGONOMETRY. Cr. Svo. 5s. A New Edition, revised by R. W. 

Hoao, M.A. Cr. 8vo. 5s. KEY. Or. 8vo. 10s. 6d. 

A TREATISE ON SPHERICAL TRIGONOMETRY. Cr. 8vo. 4s. fid. 

WOLSTENHOLME.— EXAMPLES FOR PRACTICE IN THE USE OP SEVEN- 
FIGURE LOGARITHMS. By Joseph Wolstenholme, D.Sc., late Professor 
of Mathematics in the Royal Indian Engineering Coll., Cooper’s Hill. Svo. 
5s. 

ANALYTICAL GEOMETRY (Plane and Solid). 

DYER.—EXERCISES IN ANALYTICAL GEOMETRY. By J. M. Dveh, M.A., 
Assistant Master at Eton. Illustrated. Cr. Svo. 4s. fid. 

FERRERS.— AN ELEMENTARY TREATISE ON TRILINEAR CO-ORDIN¬ 
ATES, the Method of Reciprocal Polars, and the Theory of Projectors. By 
the Rev. N. M. Fkrrehh, D.D., F.R.S., Master of Gonville and Cams College, 
Cambridge. 4th Ed., revised. Cr. 8vo. Cs. fid. 

FROST.—Works by lb roival Frost, D.Sc., F.R.S., Fellow and Mathematical 
Lecturer at King's College, Cambridge. 

AN ELEMENTARY TREATISE ON CURVE TRACING. 8vo. 12s. 

SOLID GEOMETRY. 3d Ed. Demy Svo. lfis. 

HINTS FOR THE SOLUTION OF PROBLEMS in the Third Edition of SOLID 
GEOMETRY. Svo. 8s. fid. 

JOHNSON.— CURVE TRACING IN CARTESIAN CO-ORDINATES. By W. 
Woolsky JonNPON, Professor of Mathematics at 1.ho U.S. Naval Academy, 
Annapolis, Maryland. Cr. 8vo. 4s. fid. 

M'CLELLAND.— THE GEOMETRY OF THE CIRCLE. By W. J. M'Clellanh, 
M.A. Cr. Svo. [In the Press. 

PUCKLE.— AN ELEMENTARY TREATISE ON CONIC SECTIONS AND AL¬ 
GEBRAIC GEOMETRY. With Numerous Examples and Hints for their Solu¬ 
tion. By G. II. PiiuKLE, M.A. 5th Ed., rc\ised and eularged. Cr. Svo. 
7s. fid. 

SMITH.—Works by Charles Smith, M.A., Master of Sidney Sussex College, 
Cambridge. 

CONIC SECTIONS. 7th Ed. Cr. Svo. 7s. fid. 

SOLUTIONS TO CONIC SECTIONS. Cr. Svo. 10s. fid. 

AN ELEMENTARY TREATISE ON SOLID GEOMETRY. 2d Ed. Cr. 8vo. 
9s. fid. 

TODHUNTER.—Works by Isa k o Todhunter, F.R.S. 

PLANE CO-ORDINATE GEOMETRY, as applied to the Straight Lino and tlio 
Conic Sections. Cr. Svo. 7s. fid. 

KEY. By 0. W. Bourne, M.A., Headmaster of King’s College School. Cr. Svo. 
10 b. fid. 
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TODHUNTER. — WoTkg by Tsaac Todhuntf.r, F.R.S.— continued. 

EXAMPLES OP ANALYTICAL GEOMETRY OF THREE DIMENSIONS. 
New Eil., revised. Or. Svo. 4s. 

PROBLEMS AND QUESTIONS IN 
MATHEMATICS. 

ARMY PRELIMINARY EXAMINATION, 1882-1890, Specimens of Papers sot at 
the. Willi Answers to the Mathematical Questions. Subjects: Arithmetic, 
Algebra, Euclid, Geometrical Drawing, Geography, French, English Dictation. 
Cr. 8vo. 3s. 6*1. 

CAMBRIDGE SENATE-HOUSE PROBLEMS AND RIDERS, WITH SOLU¬ 
TIONS:- 

1875—PROBLEMS AND RIDERS. Hy A. G. Grkentiill, F.R.S. Cr. 8vo. 8s. 6d. 

1878—SOLUTIONS OF SENATE-HOUSE PROBLEMS. By the Mathematical 
Moderators and Examinors. Edited by J. W. L. Glaisiikr, F.R.S., Fellow of 
Trinity College, Cambridge. 12s. 

CHRISTIE.—A COLLECTION OF ELEMENTARY TEST-QUESTIONS IN TURK 
AND MIXED MATHEMATICS; with Answers and Appendices on Synthetic 
Division, and on the Solution of Numerical Equations by Horner’s Method. 
By James R. Christie, F.R.S. Cr. 8vo. 8s. 6d. 

CLIFFORD.—MATHEMATICAL PAPERS. By W. K. Clifford. Edited hy R. 
Tucker. With an Introduction hy II. J. Stephen Smith, M.A. 8vo. 30s. 

MILNE. — Works hy Rev. John J. Mit.ne, Private Tutor. 

WEEKLY PROBLEM PAPERS. With Notes intended for the uso of Students 
preparing for Mathematical Scholarships, and for Junior Members of the Uni¬ 
versities who are reading for Mathematical Honours. Pott 8vo. 4s. Cd. 

SOLUTIONS TO WEEKLY PROBLEM PAPERS. Cr. 8vo. 10s. Od. 

COMPANION TO WEEKLY PROBLEM PAPERS. Cr. Svo. 10s. Gd. 

RICHARDSON.— MISCELLANEOUS MATHEMATICAL PAPERS. Elementary 
and Advanced. By A. T. Richardson, M. A., Senior Mathematical Master at 
the Isle of Wight College. [In the, Press. 

SANDHURST MATHEMATICAL PAPERS, for admission into the Royal Military 
College, 1881-1889. Edited by E. J. Bkooksmith, B.A., Instructor in Mathe¬ 
matics at the Royal Military Academy, Woolwich. Cr. Svo. 3s. Oil. 

WOOLWICH MATHEMATICAL PAPERS, for Admission into the Royal Military 
Academy, Woolwich, 1880-1888 inclusive). By the same. Editor. Cr. Svo. Gs. 

WOLSTENHOLME.— Works by Joseph Wolsteniiolmf., D.Sc., late Professor of 
Mathematics in the Royal Engineering Coll., Cooper’s Hill. 

MATHEMATICAL PROBLEMS, on Subjects included in the First and Second 
Divisions of the Schedule of Subjects lor the Cambridge Mathematical Tripos 
Examination. New Ed., greatly enlarged. 8vo. 18s. 

EXAMPLES FOR PRACTICE IN THE USE OF SEVEN-FIGURE LOG¬ 
ARITHMS. Svo. 5s. 

HIGHER PURE MATHEMATICS. 

AIRY. —Works by Sir G. B. Airy, K.C.B., formerly Astro tiomei-Royal. 

ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL EQUATIONS. 
With Diagiams. 2d Ed. Cr. 8vo. 5s. Gd. 

ON THE ALGEBRAICAL AND NUMERICAL THEORY OF ERRORS OF 
OBSERVATIONS AND THE COMBINATION OF OBSERVATIONS. 
2d Ed., revised. Cr. 8vo. Gs. Gil. 

BOOLE.— THE CALCULUS OF FINITE DIFFERENCES. By G. Boole. 3d Ed., 
revised by J. F. Moulton, Q.C. Cr. Svo. 10s. Gd. 

EDWARDS.— THE DIFFERENTIAL CALCULUS. By Jostmi Edwards, M.A. 
With Applications and numerous Examples. Or. 8vo. 10s. Gd. 

FERRERS.— AN ELEMENTARY TREATISE ON SPIIERTCAL HARMONICS, 
AND SUBJECTS CONNECTED WITH THEM. By Rev. N. M. Fkkrkrs, 
D.D F. R.S., Master of Gonville and Caius College, Cambridge. Cr. 8vo. 7s. Gd. 
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FORSYTH.-A TREATISE ON DIFFERENTIAL EQUATIONS. By Astorkw 
Russell Forsyth, F.R.8., Fellow and Assistant Tutor of Trinity College, 
Cambridge. 2d Ed. 8vo. 14s. 

FROST.—AN ELEMENTARY TREATISE ON CURVE TRACING. By Percivat. 
Frost, M.A., P.Se. 8vo. 12s. ' 

GRAHAM.— GEOMETRY OF POSITION. By R. H. Graham. Cr. 8vo. 
7s. fid. 

GREENHILL.—DIFFERENTIAL AND INTEGRAL CALCULUS. By A. G. 
Gueenhill, Professor of Mathematics to the Senior Class of Artillery Ofticcrs, 
Woolwich. New Ed. Cr. 8vo. 10s. 6d. 

APPLICATIONS OF ELLIPTIC FUNCTIONS. By the same. [Tn the Pm*. 
JOHNSON. —Works by Wu/liam Woolsey Johnsor, Professor of Mathematics at 
the U.S. Naval Academy, Annapolis, Maryland. 

INTEGRAL CALCULUS, an Elementary Treatise on the. Founded on the 
Method of Rates or Fluxions. 8vo. 9s. 

CURVE TRACING IN CARTESIAN CO-ORDINATES. Or. 8vo. 4s. 6d. 

A TREATISE ON ORDINARY AND DIFFERENTIAL EQUATIONS. Ex. cr. 
8vo. 1.0s. 

KELLAND and TAIT.— INTRODUCTION TO QUATERNIONS, with numerous 
examples. By P. Kelland and P. G. Tait, Professors in the Department of 
Mathematics in the University of Edinburgh. 2d Ed. Cr. 8vo. 7s. fid. 

KEMPE. —TIOW TO DRAW A STRAIGHT LINE: a Lecture on Linkages. By A. 

B. Kempe. Illustrated. Cr. Svo. Is. fid. 

KNOX. —DIFFERENTIAL CALCULUS FOR BEGINNERS. By Alexander 
Knox. Fcap. 8vo. 3s. fid. 

MUIR. —TIIE THEORY OF DETERMINANTS IN THE HISTORICAL ORDER 
OF ITS DEVELOPMENT. Parti. Determinants in General. Leibnitz (1698) 
to Cayley (1841). By Tiros. Muir, Mathematical Master in the High School of 
Glasgow. 8vo. 10s. fid. 

RICE and JOHNSON.— AN ELEMENTARY TREATISE ON THE DIFFEREN¬ 
TIAL CALCULUS. Founded on the Method of Rates or Fluxions. By «f. M. 
Rice, Professor of Mathematics in the United States Navy, and W. W. John¬ 
son, Professor of Mathematics at the United States Naval Academy. 3d Ed., 
revised and corrected. Svo. 18s. Abridged Ed. 9s. 

TODHUNTER. —Works by Isaac Toouuntkr, F.R.S. 

AN ELEMENTARY TREATISE ON THE THEORY OF EQUATIONS 
Cr. Svo. 7s. fid. 

A TREATISE ON THE DIFFERENTIAL CALCULUS. Cr. 8vo. 10s. fid. 
KEY. Cr. 8vo. 10s. fid. 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS APPLICATIONS. 

Cr. Svo. 10s. fid. KEY. Cr. 8vo. 10s. fid. 

A HISTORY OF THE MATHEMATICAL TH EORY OF PROBABILITY, from 
the time of Pascal to that ot Laplace. Svo. 18s. 

AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S, AND BESSEL’S 
FUNCTIONS. Cr. Svo. 10s. fid. 


MECHANICS: Statics, Dynamics, Hydrostatics, 
Hydrodynamics. (See also Physics.) 

ALEXANDER and THOMSON.— ELEMENTARY APPLIED MECHANICS. By 
Prof. T. Alexander and A. W. Thomson. Part If. Transverse Stress. 
Cr. 8vo. 10s. fid. 

BALL. —EXPERIMENTAL MECHANICS. A Course of Lectures delivered at the 
Royal College of Science for Ii eland. By Sir R. S. Ball, F.R.S. 2d Ed. 
Illustrated. Cr. 8vo. 6s. 

CLIFFORD.— THE ELEMENTS OF DYNAMIC. An Introduction to the Study of 
Motion and Rest in Solid and Fluid Bodies. By W. K. Clifford. Part I.— 
Kinematic. Cr. 8vo. Books 1.—III. 7s. fid.; Book IV. and Appendix, fis. 
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COTTERILL. —APPLIED MECHANICS: An Elementary General Introduction to 
the Theory of Structures and Machines, By J. H. Cotterill, F.R.S., Professor 
of Applied Mechanics in the Royal Naval College, Greenwich. 8vo. 18s. 
COTTERILL and SLADE.— LESSONS IN APPLIED MECHANICS. By Prof. 

J. H. Cotterii.Ii and J. H. Slade. Fcap. 8vo. 5s. 6d. 

DYNAMICS, SYLLABUS OF ELEMENTARY. Part I. Linear Dynamics. With 
an Appendix on the Meanings of the Symbols in Physical Equations. Prepared 
by the Association for the Improvement of Geometrical Teaching. 4to. Is. 
GANGUILLET and KUTTER.— A GENERAL FORMULA FOR THE UNIFORM 
FLOW OF WATER IN RIVERS AND OTHER CHANNELS. By E. Gan- 
ouillet and W. R. Kutter. Translated, with Additions, including Tables and 
Diagrams, and the Elements of over 1200 Gaugings of Rivers, Small Channels, 
and Pipes in English Measure, by R, Herino, Assoc. Am. Soc., C.E., M. Inst. 
C.E., and J. C. Thao twine Jun., Assoc. Am. Soc. C.E., Assoc. Inst. G.E. 
S\o. 17s. 

GRAHAM.— GEOMETRY OF POSITION. By R. H. Graham. Cr. Svo. 7s. 6d. 

GREAVES. —Works by John Greaves, M.A., Fellow and Mathematical Lecturer 
at Christ’s College, Cambridge. 

"STATICS FOR BEGINNERS. GL 8vo. 3s. 6d. 

A TREATISE ON ELEMENTARY STATICS. 2d Ed. Cr. 8vo. 6s. 6d. 
GREENHILL.—HYDROSTATICS. By A. G. Green mix, Professor of Mathematics 
to the Sonior Class of Artillery Officers, Woolwich. Cr. 8vo. [In preparation. 
*HICKS.—ELEMENTARY DYNAMICS OF PARTICLES AND SO!JDS. By 
W. M. Hicks, D.Sc., Principal and Professor of Mathematics ami Physics, Fulii 
College, Sheffield. Cr. 8vo. 6s. 6d. 

JELLETT.— A TREATISE ON THE THEORY OF FRICTION. By John II. 

•I kllett, B.D., late Provost of Trinity College, Dublin. 8vo. Ss. (id. 
KENNEDY.— THE MECHANICS OF MACHINERY. By A. B. W. Kennedy, 
F.R.S. Illustrated. Cr. 8vo. 12s. 6d. 

LOCK. —Works by Rev. J. B. Lock, M.A. 

"ELEMENTARY STATICS. 2d Ed. Gl. 8vo. 4s. 6d. 

"ELEMENTARY DYNAMICS. 3d Ed. Gl. Svo. 4s. 60. 

ELEMENTARY HYDROSTATICS. Gl. 8vo. [In preparation. 

MECHANICS FOR BEGINNERS. Gl. 8vo. Part I. Mechanics of Solids. 
[In the Press. Part II. Mechanics of Fluids. [In preparation. 

MACGREGOR. —KINEMATICS ANI) DYNAMICS. An Elementary Treatise. 
By J. G. MacGreqor, l).Sc., Muuro Professor of Physics in Dalliousie College, 
Halifax, Nova Scotia. Illustrated. Cr. 8vo. 10s. Gd. 

PARKINSON.— AN ELEMENTARY TREATISE ON MECHANICS. By S. 
Parkinson, D.D., F.R.S., late Tutor and Prielector of St. John’s College, 
Cambridge. 6th Ed., revised. Cr. 8vo. 9s. 6d. 

PIRIE.— LESSONS ON RIGID DYNAMICS. By Rev. G. Pirie, M.A., Professor 
of Mathematics in the University of Aberdeen. Cr. 8vo. 6s. 

ROUTH. —Works by Edward John Kouth, D.Sc., LL.D., F.R.S., iron. Fellow 
of St. Peter’s College, Cambridge. 

A TREATISE ON THE DYNAMICS OF THE SYSTEM OK RIGID BODIES. 
With numerous Examples. Two Vols. 8vo. Voi. I.—Elementary Paris. 
5th Ed. 14s. Vol. II.—The Advanced Parts. 4th Ed. 14s. 

STABILITY OF A GIVEN STATE OF MOTION, PARTICULARLY STEADY 
MOTION. Adams Piuse Essay for 1877. Svo. 8s. Gd. 

"SANDERSON. -HYDROSTATICS FOR BEGINNERS. By F. W. Sanderson, 
M.A., Assistant Master at Dulwich College. Gl. 8vo. 4s. 6d. 

TAIT and STEELE.—A TREATISE ON DYNAMICS OF A PARTICLE. By 
Professor Tait, M.A., and W. J. Steele, B.A. 6tli Ed., revised. Cr. Svo. 12s. 
TODHUNTER.— Works by Isaac Todiiunter, F.R.S. 

"MECHANICS FOR BEGINNERS. 18mo. 4s. 6d. KEY. Cr. 8vo. 6s. Od. 

A TREATISE ON ANALYTICAL STATICS. 5th Ed. Edited by Prof. J. D. 
Everett, F.R.S. Cr. Svo. 10s. 6d. 
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PHYSIOS: Sound, Light, Heat, Electricity, Elasticity, 
Attractions, etc. (See also Mechanics.) 

AIRT. —•‘Works by Sir G. B. Aiuv, K.C.B., formerly Astronomer-Royal. 

ON SOUND AND ATMOSPHERIC VIBRATIONS. With the Mathematical 
Elements of Music. 2d Ed., revised and enlarged. Cr. 8vo. 9s. 

GRAVITATION: An Elementary Explanation of the Principal Perturbations in 
the Solar System. 2d Ed. Cr. Svo. 7s. 6d. 

CLAUSIUS.— MECHANICAL THEORY OF HEAT. By U. Clausius. Trans¬ 
lated by W. R. Browne, M.A. Cr. Svo. 10s. Gd. 

CUMMING.— AN INTRODUCTION TO THE THEORY OF ELECTRICITY. 
By Linnaus Cumming, M.A., Assistant Master at Rugby. Illustrated. Cr. Svo. 
Ss. 6d. 

DANIELL.— A TEXT-BOOK OF TnE PRINCIPLES OF PHYSICS. By Alfred 
Daniell, D.Sr. Illustrated. 2d Ed., revised and enlarged. Svo. 21s. 

DAY.— ELECTRIC LIGHT ARITHMETIC. By It. E. Day, Evening Lecturer in 
Experimental Physics at King’s College, Loudon. Pott 8vo. 2s. 

EVERETT. —ILLUSTRATIONS OF THE C. G. S. SYSTEM OF UNITS WITH 
TABLES OF PHYSICAL CONSTANTS. By J D. Everett, F.R.S., Professor 
of Natural Philosophy, Queen's College, Bellast. New Ed. Ex. leap. Svo. 5s. 

FERRERS.— AN ELEMENTARY TREATISE ON SPHERICAL HARMONICS, 
and Subjects connected with them. By Rev. N. M. Ferrers, D.D., F.R.S., 
Master of Gonville and Caius College, Cambridge. Cr. 8vo. 7s. Cd. 

FESSENDEN. —PHYSICS FOR PUBLIC SCHOOLS. By C. Fessenden. 
Illustrated. Fcap. 8vo. [In the Press. 

GRAY.—TnE THEORY AND PRACTICE OF ABSOLUTE MEASUREMENTS 
IN ELECTRICITY AND MAGNETISM. By A Gray, F.R.S.E., Professor 
of Physics in the University College of North Wales. Two Vols. Cr. 8vo. 
Vol. I. 12s. 6d. [Vol. II. In the Press. 

ABSOLUTE MEASUREMENTS IN ELECTRICITY AND MAGNETISM. 2d 
Ed., levised and greatly enlarged. Fcap. 8vo. 5s. Gd. 

IBBETSON. —THE MATHEMATICAL THEORY OF PERFECTLY ELASTIC 
SOLIDS, with a Short Account of Viscous Fluids. By W. J. Iubetson, late 
Senior Scholar of Clare College, Cambridge. 8vo. 21s. 

’‘JONES.—EXAMPLES IN PHYSICS. Containing over 1000 Problems with 
Answers aud numerous solvod Examples. Suitablo for candidates preparing 
for the Intermediate, Science, Preliminary, Scientific, and other Examinations 
of the University of London. By D. E. Jones, B.Sc., Professor of Physics 
in the University College of Wales, Aberystwyth. Fcap. 8vo. 8s. (id. 

♦ELEMENTARY LESSONS IN HEAT, LIGHT, AND SOUND. By the same. 
Gl. 8vo. 2s. 6d. 

LOPKYER.— CONTRIBUTIONS TO SOLAR PHYSICS. By J. Norman Lockyer, 
F.ll.S. With Illustrations. Royal 8vo. 31s. (id. 

LODGE.— MODERN VIEWS OF ELECTRICITY. By Ouver J. Lodge, F.R.S., 
Professor of Experimental Physics m University College, Liverpool. Illus¬ 
trated. Cr. 8vo. Gs. Gd. 

LOEWY.— QUESTIONS AND EXAMPLES ON EXPERIMENTAL PHYSICS: 
Sound, Light, Heat, Electricity, and Magnetism. Dy B. Loewy, Examiner in 
Experimental Physics to the College of Preceptors. Fcap. 8vo. 2s. 

*A GRADUATED COURSE OF NATURAL SCIENCE FOR ELEMENTARY 
AND TECHNICAL SCHOOLS AND COLLEGES. By the same. In Three 
Parts. Parti. Fiust Year’s Course. Gl. Svo. 2s. Part II. [In preparcUion. 

LUPTON.—NUMERICAL TABLES AND CONSTANTS IN ELEMENTARY 
SCIENCE. By S. Lupton, M.A., late Assistant Master at Harrow. Ex. fcap. 
Svo. 2s. Gd. 

MACFARLANE.— PHYSICAL ARITHMETIC. By A. Macfarlane, D.Sc., late 
Examiner in Mathematics at the University of Edinburgh. Cr. 8vo. 7s. Gd. 
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"MATER. —SOUND: A Series of Simple, Entertaining, and Inexpensive Experi¬ 
ments iu the Phenomena of Sound. By A. M. Mayer, Professor of Physics 
in the Stevens Institute of Technology. Illustrated. Cr. 8vo. 8s. Gd. 

* MAYER and BARNARD. —LIGHT: A Scries of Simple, Entertaining, and In* 
expensive Experiments in the Phenomena of Light. By A. M. Mayer and 
C. Barnard. Illustrated. Gr. 8vo. 2s. 6d. 

MOLLOY.—GLEANINGS IN SCIENCE : Popular Lectures on Scientific Subjects. 
By the Rev. Gerald Molloy, D.Sc., Rector of the Catholic Uuiveisity of 
Ireland. 8vo. 7s. Gd. 

NEWTON. —PRINCIPIA. Edited by Prof. Sir W. Thomson, P.R.S., and Prof. 
Blackbukne. 4to. 31s. Gd. 

THE FIRST THREE SECTIONS OF NEWTON’S PRINCIPIA. With Notes 
and Illustrations. Also a Collection of Problems, principally intended as 
Examples of Newton's Methods. By P. Frost, M. A., D.Sc. 3d Ed. Svo. 12s. 

PARKINSON.— A TREATISE ON OPTICS. By S. Parkinson, D.D., F.U.S., 
late Tutor and Prielector of St. John’s College, Cambridge. 4tli Ed., revised 
and enlarged. Cr. Svo. 10s. 6d. 

PEABODY.— THERMODYNAMICS OF THE STEAM-ENGINE AN1) OTHER 
HEAT-ENGINES. By Cecil II. Peabody, Associate Professor of Steam 
Engineering, Massachusetts Institute of Technology. Svo. 21s. 

PERRT. — STEAM: An Elementary Treatise. By John Perry, Professor 
of Mechanical Engineering and Applied Mechanics at the Technical College, 
Fmsbury. 18ino. 4s. 6d. 

PICKERING.— ELEMENTS OF PHYSICAL MANIPULATION. By Prof. Ed¬ 
ward C. Pickering. Medium 8vo. Pait I., 12s. Gd. Part II., 14s. 

PRESTON.— THE THEORY OF LIGHT. By Thomas Preston, 31. A. Illus¬ 
trated. Svo. 12s. Gd. 

THE THEORY OF HEAT. By the same Author. Svo. [Zn preparation. 

RAYLEIGH.- THE THEORY OF SOUND. By Lord Rayleigh, F.R.H. Svo. 
Vol. 1., 12s. Gd. Vol. II., 12s. Gd. IVol. III. In the Press. 

SHANN.—AN ELEMENTARY TREATISE ON IIKAT, IN RELATION TO 
STEAM AND THE STEAM-ENGINE. By G. Suann, 31.A. Illustrated 
Cr. Svo. 4 s. Gd. 

SPOTTISWOODE.— POLARISATION OF LIGHT. By the late W. SrurnawoonK, 
F.R.S. Illustrated. Cr. 8vo. 8s. Gd. 

STEWART. —Works by Balfour Stewart, F.R.S., late Lang worthy Professor of 
Physics in the Owens College, Victoria University, Manchester. 

"PRIMER OF PHYSICS Illustrated. With Questions. lSmo. Is. 

"LESSONS IN ELE3IENTAltY PHYSICS. Illustrated. Fcap. 8vo. 4s. Gd. 

"QUESTIONS. By Prof. T. H. Cork. Fcap. 8vo. 2s. 

STEWART and GEE.— LESSONS IN ELEMENTARY PRACTICAL PHYSICS. 
By Balfour Stewart, F.R.S., and W. W. Haldane Gee, B.Sc. Cr. Svo. 
Vol. I. General Physical Processes. 6s. Vol. II. Electricity and 
3Iaonetism. 7s. Gd. [Vol. III. Optics, Heat, and Sound. In the Press. 

"PRACTICAL TUYSICS FOR SCHOOLS AND THE JUNIOR STUDENTS OF 
COLLEGES. Gl. Svo. Vol. I. Electricity and Magnetism. 2s. 6d. 

[Vol. II. Optics, Heat, and Sound. In the Press. 

STOKES.— ON LIGHT. Burnett Lectures, delivered in Aberdeen in 1883-4-& 
By Sir G. G. Stokes, F.R.S., Lucasian Professor of Mathematics In the 
University of Cambridge. First Course: On the Nature of Li out. Second 
Course: On Light as a Means of Investigation. Third Course; On the 
Beneficial Effectb of Light. Cr. 8vo. 7s. 6d. 

*»* The 2d and 3d Courses may be had separately. Cr. Svo. 2s. Gd. each. 

STONE.— AN ELEMENTARY TREATISE ON SOUND. By W. 11. Stone. 
Illustrated. Fcap. 8vo. 8s. Gd. 

TAIT. —HEAT. By P. G. Tait, Professor of Natural Philosophy in the University 
of Edinburgh. Cr. Svo. 6s. 

LECTURES ON SU31E RECENT ADVANCES IN PHYSICAL SCIENCE. By 
the same. 8d Edition. Crown 8vo. 0s. 
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TAYLOR. —SOUND AND MUSIC. An Elementary Treatise on the Physical Con¬ 
stitution of Musical Sounds and Harmony, including tlio Chief Acoustical 
Discoveries of Frofessor Helmholtz. By Sedley Taylor, M. A. Illustrated. 
2d Ed. Ex. cr. 8vo. 8s. lid. 

•THOMPSON. — ELEMENTARY LESSONS IN ELECTRICITY AND MAGNET¬ 
ISM. By Silvanus P. Thompson, Principal and Professor of Physics in the 
Technical College, Finsbury. Illustrated. New Ed., revised. Fcap. 8vo. 4s. 6d. 

THOMSON. —Works by J. J. Thomson, Professor of Experimental Physics in the 
University of Cambridge. 

A TREATISE ON THE MOTION OF VORTEX RINGS. Adams Prize Essay 
1882. 8vo. fis. 

APPLICATIONS OF DYNAMICS TO PHYSICS AND CHEMISTRY. Cr. 8vo. 
7s. (id. 

THOMSON.— Works by Sir W. Thomson, P.R.S., Professor of Natural Philosoi>hy 
in the University of Glasgow. 

ELECTROSTATICS AND MAGNETISM, REPRINTS OF TAPERS ON. 
2d Ed. 8vo. 18s. 

POPULAR LECTURES AND ADDRESSES. SVols. Illustrated. Cr. Svo. 
Vol. I. Constitution of Matte u. 7s. 6d. Vol. III. Navigation. 7s. (Jd. 

TODHUNTER. —Works by Isaac Toduunteu, F.R S. 

AN ELEMENTARY TREATISE ON LAPLACE’S, LAME’S, AND BESSEL'S 
FUNCTIONS. Crown 8vo. 10s. 6d. 

A HISTORY OF THE MATHEMATICAL THEORIES OF ATTRACTION, AND 
THE FIGURE OF THE EARTH, from the time of Newton to that of Laplace. 
2 vols. 8vo. 24s. 

TURNER.—A COLLECTION OF EXAMPLES ON HEAT AND ELECTRICITY. 

By II. H. Turner, Fellow of Trinity College, Cambridge. Cr. Svo. 2s. (id. 
WRIGHT. —LTGHT: A Course of Experimental Optics, chiefly with the Lantern. 
By Lewis Wright. Illustrated, Cr. Bvo. 7s. 6d. 


ASTRONOMY. 

AIRY. —Works by Sir G. B. Airy, K.C.B., formerly Astronomer-Royal. 

* POPULAR ASTRONOMY. 7tli Ed. Revised by IT. JJ. Turner, M.A. ISmo. 
4s. 6d. 

GRAVITATION: An Elementary Explanation of the Principal Perturbations in 
the Solar System. 2d Ed. Cr. 8vo. 7s. 6d. 

CHEYNE.— AN ELEMENTARY TREATISE ON THE PLANETARY THEORY. 
By C. II. II. CriEYNE. With Problems. 3d Ed. Edited by Rev. A. Freeman, 
M.A., F.R.A.8. Cr. 8vo. 7s. (id. 

CLARK and SADLER.— THE STAR GUIDE. By L. Clare: ami H. Saulkr. 
Roy. 8vo. 5s. 

CROSSLEY, GLEDHILL, and WILSON.— A HANDBOOK OF DOUBLE STARS. 
By E. C Rosa ley, J. Glediiill, ami J. M. Wilson. 8vo. 21s. 
CORRECTIONS TO THE HANDBOOK OF DOUBLE STARS. Svo. Is. 
FORBES.— TRANSIT OF VENUS. By G. Forbes, Professor of Natural Philo¬ 
sophy in the Andersonian University, Glasgow. Illustrated. Cr. Svo. 3s. 6d. 

GODFRAY.— Woiks by Huoh Godfray, M.A., Mathematical Lecturer at Pembroke 
College, Cambridge. 

A TREATISE ON ASTRONOMY. 4th Ed. 8vo. 12s. (5d. 

AN ELEMENTARY TREATISE ON THE LUNAR THEORY, with a brief 
Sketch of the Problem up to the time of Newton. 2d Ed., revised. Cr. Svo. 
5s. 6d. 

LOCKYER.— Works by J. Norman Lockyer, F.R.S. 

•PRIMER OF ASTRONOMY. Illustrated. ISmo. Is. 

•ELEMENTARY LESSONS IN ASTRONOMY. With Spectra of the Sun, Stars, 
and Nebulte, and numerous Illustrations. 30th Thousand. Revised thiough- 
ont. Fcap. Svo. 5s. Gd. 
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•QUESTIONS ON LOCKYER’S ELEMENTARY LESSONS IN ASTRONOMY. 

By J. Forbes Robertson. 18mo. Is. 6d. 

THE CHEMISTRY OF THE SUN. Illustrated. 8vo. 14s. 

THE METEORITIO HYPOTHESIS OF THE ORIGIN OF COSMICAL 
SYSTEMS. Illustrated. 8vo. 17s. net. 

THE EVOLUTION OF THE HEAVENS AND THE EARTH. Cr. 8vo. Illus¬ 
trated. [In the Frees. 

LOOKYER and SEABROKR—STAR-GAZING PAST AND PRESENT. By J. 
Norman Lockyer, F.R.S. Expanded from Shorthand Notes with the 
assistance of G. M. Seabroke, F.R. A.S. Royal 8vo. 21s. 

NEWCOMB.—POPULAR ASTRONOMY. By S. Newcomb, LL.D., Professor 
U.S. Naval Observatory. Illustrated. 2d Ed., revised. 8vo. 18s. 

HISTORICAL. 

BALL.—A SHORT ACCOUNT OF THE HISTORY OF MATHEMATICS. By W. 
W. It. Ball, M.A. Cr. 8vo. 10s. 6d. 


NATURAL SCIENCES. 

Chemistry; Physical Geography, Geology, and Mineralogy; Biology; 

Medicine. 

(For MECHANICS, PHYSICS, and ASTRONOMY, see 

MATHEMATICS.) 

CHEMISTRY. 

ARMSTRONG.—A MANUAL OF INORGANIC CHEMISTRY. By Henry Arm¬ 
strong, F.R.S., Professor of Chemistry in the City and Guilds of London Tech¬ 
nical Institute. Cr. 8vo. [In preparation. 

•COHEN.— THE OWENS COLLEGE COURSE OF PRACTICAL ORGANIC 
CHEMISTRY. By Julius B. Couen, Fh.D., Assistant Lertuier on Chemistry 
in the Owens College, Manchester. With & Preface by Sir Henry Roscok, 
F.R.S., and C. Schorlemmek, F.K.S. Fcap. 8vo. 2s. Gd. 

COOKE.— ELEMENTS OF CHEMICAL PHYSICS. By Josiatt P. Cooke, Jun., 
Erving Professor of Chemistry and Mineralogy in Harvard University. 4 th Ed. 
8vo 21a, 

FLEISCHER.— A SYSTEM OF VOLUM ETRIO ANALYSTS. By Em it. Fleischer. 
Translated, with Notes and Additions, by M. M. P. Mum, F. R.S.E. Illustrated. 
Cr. 8vo. 7s. Gd. 

FRANKLAND.— A HANDBOOK OF AGRICULTURAL CHEMICAL ANALYSIS. 
By P. F. Framkland, F.R.S., Professor ot Chemistry in University College, 
Dundee. Cr. 8vo. 7s. 6d. 

HARTLEY.— A COURSE OF QUANTITATIVE ANALYSIS FOR STUDENTS. 
By W. Noel Hartley, F.R.S., Professor of Chemistry and of Applied Chemis¬ 
try, Science and Art Dcpaitment, Royal College of Science, Dublin. Gl. 
8vo. 5s. 

HEMPEL.—METHODS OF GAS ANALYSIS. By I)r. Walther IIempel. Trans- 
lated by Dr. L. M. Dennis. [In preparation. 

HIORNS.—PRACTICAL METALLURGY AND ASSAYING. A Text-Book for 
the use of Teachers, Students, and Assayers. By Arthur H. Htorns, Prin¬ 
cipal of the School of Metallurgy, Birmingham and Midland Institute. Illus¬ 
trated. Gl. 8vo. 6s. 

A TEXT-BOOK OF ELEMENTARY METALLURGY FOR THE USE OF 
STUDENTS. To which is added an Appendix of Examination Questions, em¬ 
bracing the whole of the Questions set in the three stages of the subject by the 
Science and Art Department for the past twenty years. By the same. G1.8vo. 4s. 

C 
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IRON AND STICK I j MANUFACTURE. A Text-Book for Beginners. By the 
same. Illustrated. Gl. 8vn. 3s. tid. 

MIXED METALS OR METALLIC ALLOYS. By the same. Gl. 8vo. 6s. 

JONES.—*THE OWENS COLLEGE JUNIOR COURSE OF PRACTICAL CHEM¬ 
ISTRY. By Francis Jones, F.R.S. E., Chemical Master at the Grammai School, 
Manchester. With Preface by Sir Henry Roscoe, F.R.S. Illustrated. Fcap. 
8vo. 2s. 6d. 

•QUESTIONS ON CHEMISTRY. A Scries of Problems and Exercises in Inorganic 
and Organic; Chemistry. By the same. Fcap. 8vo. 3s. 

LAND AUER.—BLOWPIPE ANALYSIS. By J. Landauer. Authorised English 
Edition by J. Taylor and W. E. Kay, of Owens College, Manchester. 

[New Edition in the Press. 

LOCKYER.—THE CIIEMISTltY OF THE SUN. By J. Norman Lockyer, F.R.S. 
Illustrated. 8vo. 14s. 

LUPTON.—CHEMICAL ARITHMETIC. With 1200 Problems. By S. Lupton, 
M.A. 2d Ed., revised and abridged. Fcap. 8vo. 4s. Cd. 

MANSFIELD. -A THEORY OF SALTS. By C. B. Mansfield. Crown 8vo. 14s. 
MELDOLA.—THE CHEMISTRY OF PHOTOGRAPHY. By Raphael Mkldola, 
F.R.S., Professor of Chemistry in the Technical College, Finsbury. Cr. 8vo. 6s. 
MEYER.—HISTORY OF CHEMISTRY FROM THE EARLIEST TIMES TO 
THE PRESENT DAY. By Ernst von Meyer, Fh.D. Translated by George 
McGowan, Ph.D. 8vo. 14s. net. 

MIXTER.- AN ELEMENTARY TEXT-BOOK OF CHEMISTRY. By William G. 
Mtxter, Profossor of Chemistry in the Sheffield Scientific School of Yale College. 
2d and revised Ed. Cr. 8vo. 7s. 6d. 

MUIR.—PRACTICAL CHEMISTRY FOR MEDICAL STUDENTS. Specially ar¬ 
ranged for the first M.B. Course. By M. M. P. Muir, F.R.S.E., Fellow and Prte- 
lector in Chemistry at Gonville and Caius College, Cambridge. Fcap. 8vo. Is. 6d. 

MUIR and WILSON.— THFj ELEMENTS OF THERMAL CHEMISTRY. By M. 

M. P. Muir, F.R.S.E.; assisted by D. M. Wilson. 8vg. 12s. 6d. 
OSTWALD.—OUTLINES OF GENERAL CHEMISTRY (PHYSICAL AND 
THEORETICAL). By Prof. W. Ostwald. Translated by James Walker, 
D.Se., Ph.D. 8vo. 10s. net. 

RAMSAY.—EXPERIMENTAL PROOFS OF CHEMICAL THEORY FOR BE¬ 
GINNERS. By William Ramsay, F.R.S., Professor of ChcmisLry in Univer¬ 
sity College, London. Pott 8vo. 2s. 6d. 

REMSEN.—Works by Ira Remsen, Professor of Chemistry in the Johns Hopkins 
University, U.S.A. 

COMPOUNDS OF CARBON: or, Organic Chemistry, an Introduction to the 
Study of. Cr. 8vo. 6s. fid. 

AN INTRODUCTION TO THE STUDY OF CHEMISTRY (INORGANIC 
CHEMISTRY). Cr. Svo. 6s. 6d. 

•THE ELEMENTS OF CHEMISTRY. A Text-Book for Beginners. Fcap. 8vo. 
2s. fid. 

A TEXT-BOOK OF INORGANIC CHEMISTRY. 8vo. 16s. 

ROSCOE.—Works by Sir Henry E. Roscoe, F.R.S., formerly Professor of Chemistry 
in the Owens College, Victoria University, Manchester. 

•PRIMER OF CHEMISTRY. Illustrated. With Questions. 18mo. Is. 
•LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC AND ORGANIC. 
With Illustrations and Ghromolitho of the Solar Spectrum, and of the Alkalies 
and Alkaline Earths. Fcap. 8vo. 4s. fid. 

ROSCOE and SOHORLEMMER.—INORGANIC AND ORGANIC CHEMISTRY. 
A Complete Treatise on Inorganic and Organic Chemistry. By Sir Henry E. 
Roscoe, F.R.S., and Prof. C. Schorlemmer, F.R.S. Illustrated. Svo. 

Vols. I. and II. INORGANIC CHEMISTRY. Vol. I.—The Non-Metallic Ele¬ 
ments. 2d Ed. 21s. Vol. II. Part I.—Metals. 18s. Part II.—Metals. 18s. 
Vol. III.—ORGANIC CHEMISTRY. THE CHEMISTRY OF THE HYDRO- 
CARBONS and their Derivatives. Five Parts. Parts I., II., and IV. 21s. 
Parts III. and V. 18s. each. 
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ROSOOE and SCHUSTER.—SPECTRUM ANALYSTS. Lectures delivered In 
1868. By Sir H enby Roscoe, F.R.S. 4th Ed., revised and considerably en¬ 
larged by the Author and by A. Schuster, F.R.8., Pli.D., Professor of Applied 
Mathematics in the Owens College, Victoria University. With Appendices, 
Illustrations, and Plates. 8vo. 21s. 

•THORPE.—A SERIES OF CHEMICAL PROBLEMS. With Key. For use 
in Coliegos and Schools. By T. E. Thorpe, B.Sc. (Vic.), Pli.D., F.R.S. 
Revised and Enlarged by W. Tate, Assoc.N.S.S. With Preface by Sir H. E. 
Roscoe, F.R.S. New Ed. Fcap. 8vo. 2s. 

THORPE and RUCKER.—A TREATISE ON CHEMICAL PHYSICS. By Prof. 
T. E. Tiiorpe, F.R.S., and Prof. A. W. RUcker, F.R.S. Illustrated. 8vo. 

[In preparation. 

WURTZ.— A HISTORY O* 1 CHEMICAL THEORY. By Ad. Wurtz. Translated 
by Henry Watts, F.11.S. Crown 8vo. 6s. 

PHYSICAL GEOGRAPHY, GEOLOGY, AND 

MINERALOGY. 

BLANFORD.—THE RUDIMENTS OF PHYSICAL GEOGRAPHY FOR THE 
USE OF INDIAN SCHOOLS ; with a Glossary of Technical Terms employed. 
By H. F. Blankord, F.G.S. Illustrated. Cr. 8vo. 2s. 6d. 

FERREL.—A POPULAR TREATISE ON THE WINDS. Comprising the General 
Motions of the Atmosphere, Monsoons, Cyclones, Tornadoes, Waterspouts, 
Hailstorms, etc. By Wii.liam Ferrel, M.A., Member of the American National 
Academy of Sciences. 8vo. 18s. 

FISHER.—PHYSICS OF THE EARTH’S CRUST. By the Rev. Osmond Fisher, 
M.A., F.G.S., Hon. Fellow of King's College, Loudon. 2d Ed., altered and en- 
larged. 8vo. 12s. 

GEIKIE.—Works by Sir Archibald Gkikie, F.R.S., Director-General of the 
Geological Survey of the United Kingdom. 

*PltIMER OF PHYSICAL GEOGRAPHY. Illustrated. With Questions. 18mo. Is. 
•ELEMENTARY LESSONS IN PHYSICAL GEOGRAPHY. Illustrated. Fcap. 

8vo. 4s. 6d. •QUESTIONS ON THE SAME. Is. Cd. 

•PRIMER OF GEOLOGY. Illustrated. 18mo. Is. 

•GLASS-BOOK OF GEOLOGY. Illustrated. New and Cheaper Ed. Cr. 8vo 
4s. 6d. 

TEXT-BOOK OF GF.OLOGY. Illustrated. 2d Ed., 7th Thousand, revised and 
enlarged. 8vo. 28s. 

OUTLINES OF FIELD GEOLOGY. Illustrated. Now Ed. f revised and en¬ 
larged. Gl. 8vo. 3s. 6d. 

THE SCENERY AND GEOLOGY OF SCOTLAND, VIEWED IN CONNEXION 
WITH ITS PHYSICAL GEOLOGY. Illustrated. Cr. Svo. 12s. Cd. 
HUXLEY.—PHYSIOGRAPHY. An Introduction to the Study of Nature. By 
T. H. Huxley, F.R.S. Illustrated. New and Cheaper Edition. Cr. 8vo. 6s. 
LOCKYER.—OUTLINES OF PHYSIOGRAPHY—THE MOVEMENTS OF THE 
EARTH. By J. Norman Lookyku, F.R.S., Examiner in Physiography for the 
Science and Art Department. Illustrated. Cr. 8vo. Sewed, Is. Cd. 
MIERS.—A TREATISE ON MINERALOGY. By H. A. Miers, of the British 
Museum. 8vo. [Zn preparation. 

PHILLIPS. A TREATISE ON ORE DEPOSITS. By J. Arthur Phillips, F.R.S. 
Illustrated. 8vo. 25s. 

ROSENBUSCH and IDDINGS.—MICROSCOPICAL PHYSIOGRAPHY OF THE 
ROCK-MAKING MINERALS: AN AID TO THE MICROSCOPICAL STUDY 
OF ROCKS. By H. Rosenbusch. Translated and Abridged by J. P. Iddings. 
Illustrated. 8vo. 24s. 

WILLIAMS. —ELEMENTS OF CRYSTALLOGRAPHY FOR STUDENTS OF 
CHEMISTRY, PHYSICS, AND MINERALOGY. By G. H. Williams, Ph. IX, 
Cr. 8vo. 6s. 
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ALLEN.—ON THE COLOURS OP FLOWERS, as Illustrated in the British Flora. 
By Grant Allen. Illustrated. Cr. 8vo. 3s. fld. 

BALFOUR.—A TREATISE ON COMPARATIVE EMBRYOLOGY. By F. M. 
Balfour, F.R.S., Fellow and Lecturer of Trinity College, Cambridge. Illus¬ 
trated. 2d Ed., reprinted without alteration from the 1st Ed. 2 vols. 8vo. 
Vol. I. 18s. Vol. IL 21s. 

BALFOUR and WARD.—A GENERAL TEXT-BOOK OF BOTANY. By Isaac 
Bayi.ey Balfour, F.R.S., Professor of Botany in the University of Edinburgh, 
and H. Marshall Ward, F.R.S., Professor of Botany in the Royal Indian 
Engineering College, Cooper’s Hill. 8yo. [In preparation. 

*BETTANY.—FIRST LESSONS IN PRACTICAL BOTANY. By G. T. Bettany. 
lSmo. Is. 

♦BOWER.—A COURSE OF PRACTICAL INSTRUCTION IN BOTANY. By F. 
O. Bower, D.Sc., F.R.S., Regius Professor of Botany in the University of 
Glasgow. New Ed., revised. CJr. 8vo. 10s. 0d. Abridged Ed. [In preparation. 

BUOKTON.—MONOGRAPH OF THE BRITISH CICADA?, OR TETTIGIDA5. By 
G. B. Buckton. In 8 parts, Quarterly. Part I. January, 1890. 8vo. Parts 
I.-VI. ready. 8s. each, net. Vol. I. 83s. 6d. net. 

CHURCH and SCOTT.—MANUAL OF VEGETABLE PHYSIOLOGY. By 
Professor A. H. Church, and D. H. Scott, D.Sc., Lecturer in the Normal 
School of Science. Illustrated. Cr. Svo. [1 n preparation. 

COPE.—THE ORIGIN OF TIIE FITTEST. Essays on Evolution. By E. D 
Cope, M. Ph.D. 8vo. 12s. 6d. 

COUES.—HANDBOOK OF FIELD AND GENERAL ORNITHOLOGY. By 
Prof. Elliott Coues, M.A. Illustrated. 8vo. 10s. net. 

DARWIN.—MEMORIAL NOTICES OF CHARLES DARWIN, F.R.S., etc. By 
T. H. Huxley, F.R.S., G. J. Romanes, F.R.S., Archibald Geikie, F.R.S., 
and W. Thiselton Dyer, F.R.S. Reprinted from Nature. With a Por¬ 
trait. Cr. 8vo. 2s. fld. 

EIMER.—ORGANIC EVOLUTION AS THE RESULT OF THE INHERITANCE 
OF ACQUIRED CHARACTERS ACCORDING TO THE LAWS OK OR¬ 
GANIC GROWTH. By Dr. G. H. Theodor Eimkr. Translated by J. T. 
Cunninoham, F.R.S.E., late Fellow of University College, Oxford. 8vo. 12s. 6d. 

FEARNLEY.—A MANUAL OF ELEMENTARY PRACTICAL HISTOLOGY. 
By William Fearnlev. Illustrated. Cr. Svo. 7s. fld. 

FLOWER and GADOW.—AN INTRODUCTION TO THE OSTEOLOGY OF 
THE MAMMALIA. By W. H. Flower, F.lt.8., Director of the Natural His¬ 
tory Departments of the Btitish Museum. Illustrated. 3d Ed. Revised with 
the assistance of IIans Gadow, Ph.D., Lecturer on the Advanced Morphology 
of Vertebrates in the University of Cambridge. Cr. 8vo. 10s. Gd. 

FOSTER.—Works by Michael Foster, M.D., F.R.8., Professor of Physiology in 
the University of Cambridge. 

♦PRIMER OF PHYSIOLOGY. Illustrated. 18mo. Is. 

A TEXT-BOOK OF PHYSIOLOGY. Illustrated. 5th Ed., largely revised. 8vo. 
Part I., comprising Book I. Blood—The Tissues of Movement, The Vascular 
Mechanism. 10s. 6d. Part II., comprising Book II. The Tissues of Chemical 
Action, with their Respective Mechanisms—Nutrition. 10s. 6d. Part III. 
The Central Nervous System. 7s. 6d. 

FOSTER and BALFOUR.—THE ELEMENTS OF EMBRYOLOGY. By Prof. 
Michael Foster, M.D., F.R.S., and the late F. M. Balfour, F.R.S., Professor of 
Animal Morphology in the University of Cambridge. 2d Ed., revised. Edited 
by A. Sedgwick, M.A., Fellow and Assistant Lecturer of Trinity College, 
Cambridge, and W. Heape, M.A., late Demonstrator, in the Morphological 
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GRAY.—STRUCTURAL BOTANY, OR ORGANOGRAPHY ON THE BASIS 
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Ph.D., Assistant Professors, Normal School of Science and Royal School of 
Mines. With a Preface by T. H. Huxley, F.R.S. Cr. 8vo. 10s. Gd. 
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logy in the Medical School of St. Bartholomew’s Hospital, Professor of 
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LANG.—TEXT-BOOK OF COMPARATIVE ANATOMY. By Dr. Arnold Lang. 
Professor of Zoology in the University of Zurich. Translated by U. M. Bernard, 
M.A., and M Bernard. Introduction by Prot E. Haeckel. 2 vols. Illus¬ 
trated. 8vo. [In the Press. 

LANKESTER.—Works by E. Ray Lankesteii, F.R.S., Linacre Professor of 
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38 


NATURAL SCIENCES 


LUBBOOE.—Works by the Bight Hon. Sir John Lubbock, F.R.S., D.C.L.— coni. 
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SHUFELDT.—THE MYOLOGY OF THE RAVEN (i Corpus corax sinuatns). A 
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8vo. 4 s. 6d. 

STEWART and CORRY.—A FLORA OF THE NORTH-EAST OF IRELAND. 
Including the Phanerogamia, the Cryptogaiuia Vascularia, and the Muscmeie. 
By S. A. Stewart, Curator of the Collections in the Belfast Museum, and the 
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REACH REALITY? 8vo. 3s. 6d. 
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Cr. 8vo, Cs. 

HOWELL.—THE CONFLICTS OF CAPITAL AND LABOUR HISTORICALLY 
AND ECONOMICALLY CONSIDERED. Being a History and Review of the 
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•PRIMER OF POLITICAL ECONOMY. 18mo. Is. 

THE THEORY OF POLITICAL ECONOMY 3d Ed., revised. 8vo. 10s. 0d. 
KEYNES.—THE SCOPE AND METHOD OF POLITICAL ECONOMY. By 
J. N. Keynes, D.Sc. 7s. net. 

MARSHALL.—PRINCIPLES OF ECONOMICS. By Alfred Marshall, M.A. 
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FIRST LESSONS IN POLITICAL ECONOMY. Cr. 8vo. 5s. 

A BRIEF TEXT-BOOK OF POLITICAL ECONOMY. Cr. 8vo. 6s. 6d. • 
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42 


HUMAN SCIENCES 


BALL.—THE STUDENT’S GUIDE TO THE BAR. By Walter W. II. Ball, M A., 
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THE ENGLISH CONSTITUTION. By the same. Translated by Mrs. Eadkn, 
with Introduction by Sir F. Pollock, Bart. Cr. 8vo. 6s. 

BRYCE.—THE AMERICAN COMMONWEALTH. By James Bryce, M.P., D.C.L., 
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By the same. Cr. 8vo. 2s. 6d. 

RICHEY.—THE IRISH LAND LAWS. By Alex. G. Richey, Q.O., Deputy Begins 
Professor of Feudal English Law in the University of Dublin. Cr. 8\o. its. Gd. 

SIDGWIOK.—THE ELEMENTS OF POLITICS. By Henry Siikiwick, LL.D. 
8vo. 14s. net. 

STEPHEN.—Works by Sir J. Fitzjames Stephen, Bart. 

A DIGEST OF THE LAW OF EVIDENCE. 6tli Ed., revised and enlarged. 
Cr. 8vo. 6s. 

A DIGEST OF THE CRIMINAL LAW : CRIMES AND PUNISHMENTS. 4tli 
Ed., revised. Svo. 16s. 

A DIGEST OF THE LAW OF CRIMINAL PROCEDURE IN INDICTABLE 
OFFENCES. By Sir J. F. Stephen, Bart., and 11. Stephen, LL.M., of the 
Inner Temple, Barrister-at-Law. 8vo. 12s. 6d. 

A HISTORY OF THE CRIMINAL LAW OF ENGLAND. Three Vols. 8vo. 48s. 
GENERAL VIEW OF THE CRIMINAL LAW OF ENGLAND. 8vo. 14s. 


ANTHROPOLOGY, 

DAWKINS.—EARLY MAN IN BRITAIN AND I1TM PLACE IN THE TER¬ 
TIARY PERIOD. By Prof. W. Boyd Dawkins. Medium Svo. 26s. 

FRAZER.—THE GOLDEN BOUGn. A Study in Comparative Religion. By J. 
G. Frazer, M.A., Fellow of Trinity College, Cambridge. 2 vols. 8vo. 28s. 

ADLENNAN.—THE PATRIARCHAL THEORY. Based on the papers of the late 
John F. M'Lknnan. Edited by Donald M'Lennan, M.A., Bamster-at-Law. 
8vo. 14s. 

STUDIES IN ANCIENT HISTORY. By the Baiuc. Comprising a Reprint of 
“Primitive Marriage." An inquiry into the origin of tlio form of capture 
in Marriage Ceremonies. 8vo. 16s. 

TYLOR.—ANTHROPOLOGY. An Introduction to the Study of Man and Civilisa¬ 
tion. By K. B. Tylor, F.R.S. Illustrated. Cr. Svo. 7s. Gd. 

WESTERMARCK.—THE HISTORY OF HU M AN M ARIUAGE. By Dr. Edward 
Westeumauck. With Preface by A. R. Wallace. Svo. 14s. net. 

WILSON.—THE RIGHT HAND: LEFT-HANDEDNESS. By Sir D. Wilson. 
Cr. 8vo. 4s. 6d. 


EDUCATION. 

ARNOLD.—REPORTS ON ELEMENTARY SCHOOLS. 1852-1882. By Matthew 
Arnold, D.C.L. Edited by the Right Hon. Sir Francis Sandford, K.O.B. 
Cheaper Issue. Cr. 8vo. 3s. 6d. 

HIGHER SCHOOLS AND UNIVERSITIES IN GERMANY. By the same. 
Crown 8vo. 6s. 

BALL.—THE STUDENT'S GUIDE TO THE BAR. By Walter W. R. Ball, 
M.A., Fellow and Assistant Tutor of Trmity College, Cambridge. 4tli Ed., 
revised. Cr. 8vo. 2s. 6d. 
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'BLAKISTON.—T11E TEACH ER. Hints on School Management. A Handbook 
for Managers, Teachers’ Assistants, ami Pupil Teachers. By J. It. Blakibton. 
Or. 8vo. 2s. 6d. (Recommended by the Loudon, Birmingham, and Leicester 
School Boards.) 

CALDERWOOD. —ON TEACHING. By Prof. Hknuy Calderwood. New Ed. 
Ex. fenp. 8vo. 2s. 6d. 

FEARON.— SCHOOL INSPECTION. By D. It. Fearon. 6th Ed. Or. 8vo. 2S. 6d. 
FITOH.— NOTES ON AMERICAN SCHOOLS AND TRAINING COLLEGES. 
Reprinted from the Report of the English Education Department for 1888-89, 
with permission of the Controller of H.M.’s Stationery Office. By J. G. 
Fitch, M.A. Gl. 8vo. 2s. Cd 

GEIKIE.— THE TEACHING OF GEOGRAPHY. A Practical Handbook for the 
use of Teachers. By Sir Archibald Gkikie, F R.S., Director-General of the 
Geological Survey of the United Kingdom. Cr. 8vo. 2s. 

GLADSTONE.— SPELLING REFORM FROM A NATIONAL POINT OF VIEW. 
By J. H. Gladstone. Cr. 8vo. Is. 6d. 

HERTEL.— OVERPRESSURE IN HIGH SCHOOLS IN DENMARK. * By Dr. 
Hertel. Translated by C. G. Sorensen. With Introduction by Sir J. 
Crichton-Brown c, F.R.S. Cr. 8vo. 8s. 6d. 

TODHUNTER.— THE CONFLICT OF STUDIES. By Isaac Todjiuntbr, F.R.S. 
8vo. 10s. 6d. 


TECHNICAL KNOWLEDGE. 

(Sec also MECHANICS, LAW, and MEDICINE.) 

Civil and Mechanloal Engineering; Military and Naval Science; 

Agrloulture; Domestic Economy; Book-Keeping; Commerce. 

CIVIL AND MECHANICAL ENGINEERING. 

ALEXANDER and THOMSON.— ELEMENTARY APPLIED MECHANICS. By 
T. Alexander, Professor of Civil Engineering, Trinity College, Dublin, and 
A. W. Thomson, Professor at College of Science, Poona, India. Pait II. 
Transverse Stress. Cr. 8vo. 10s. 6d. 

CHALMERS. -GRAPHICAL DETERMINATION OF FORCES IN ENGINEER¬ 
ING STRUCTURES. By J. B. Chalmers, C.E. Illustrated. 6vo. 24s. 

COTTERILL.—APPLIED MECHANICS: An Elementary General Introduction to 
the Theory of Structures and Machines. By J. II. Cottjcuill, F.R.S., Pro¬ 
fessor of Applied Mechanics in the Royal Naval College, Greenwich. 2d Ed. 
8vo. 18s. 

COTTERILL and SLADE.— LESSONS IN APPLIED MECHANICS. By Prof. 
J. H. Cotterill and J. H. Slade. Fcap. 8vo. 5s. 6d. 

GRAHAM.— GEOMETRY OF POSITION. By R. II. Graham. Cr. 8vo. 7s. 6d. 

KENNEDY.— THE MECHANICS OF MACHINERY. By A. B. W. Kennedy, 
F.R.S. Illustrated. Cr. 8vo. 12s. 6d. 

WHITHAM. —STEAM-ENGINE DESIGN. For the Use of Mechanical Engineers, 
Students, and Draughtsmen. By J. M. Whititam, Professor of Engineering, 
Arkansas Industrial University. Illustrated. 8vo. 25s. 

YOUNG.— SIMPLE PRACTICAL METHODS OF CALCULATING STRAINS 
ON GIRDERS, ARCHES, AND TRUSSES. With a Supplementary Essay on 
Economy in Suspension Bridges. By E. W. Young, O.E. With Diagrams. 
8yo. 7s. 6d. 

MILITARY AND NAVAL SCIENCE. 

AITKEN.— THE GROWTH OF THE RECRUIT AND YOUNG SOLDIER. With 
a view to the selection of “ Growing Lads" for the Army, and a Regulated 
System of Training for Recruits. By Sir W. Aitken, F.R.S., Professor of 
Pathology in the Army Medical School. Cr. 8vo. 6s. 6d. 
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ARMY PRELIMINARY EXAMINATION, 1882-1890, Specimens of Papers set at 
the. With Answers to the Mathematical Questions. Subjects: Arithmetic, 
Algebra, Euclid, Geometrical Drawing, Geography, French, English Dictation. 
Cr. 8vo. 8s. Cd. 

MATTHEWS.—MANUAL OF LOGARITHMS. By G. F. Matthews, B.A. 8vo. 
6s. net. 

MAURICE.— WAR. By Frederick Maurice, Colonel C.B., R.A. 8vo. 5s.net. 

MEROUR.— ELEMENTS OF THE ART OF WAR. Prepared for the use of 
Cadets of the United States Military Academy. By James Mercur, Professor 
of Civil Engineering at the United States Academy, West Point, New York. 
2d Ed., revised and corrected. 8vo. 17s. 

PALMER.— TEXT-BOOK OF PRACTICAL LOGARITHMS AND TRIGONO¬ 
METRY. By J. H. P 4lmkr, Head Schoolmaster, R.N., H.M.S. Cambridge, 
Devonport. Gl. 8vo. 4s. 6d. 

ROBINSON.— TREATISE ON MARINE SURVEYING. Prepared for the use of 
younger Naval Officers. With Questions for Examinations and Exercises 
principally from the Papers of the Royal Naval College. With the results. 
By Rev. John L. Robinson, Chaplain and Instructor in the Royal Naval 
College, Greenwich. Illustrated. Cr. 8vo. 7s. fid. 

SANDHURST MATHEMATICAL PAPERS, for Admission into the Royal Military 
College, 1881-1889. Edited by E. J. Brooksmittt, B.A., Instructor in Mathe¬ 
matics at the Royal Military Acadcmv, Woolwich. Cr. 8vo. 8s. fid. 

SHORTLAND.— NAUTICAL SURVEYING. By the late Vice-Admiral Shorthand, 
LL.1). 8vo. 21s. 

THOMSON.—POPULAR LECTURES AND ADDRESSES. By Sir William Thom¬ 
son, LL.D., P.R.S. In 3 vois. Illustrated. Cr. 8vo. Vol. III. Navigation. 7s. fid. 

WILKINSON.— TH E BRAIN OF AN ARMY. A Popular Account of the German 
General Staff. By Spenser Wilkinson. Cr. 8vo. 2s. fid. 

WOLSELEY.— Works by General Viscount Wolseley, O.C.M.G. 

THE SOLDIER'S POCKET-BOOK FOR FIELD SERVICE. 5tli Ed., revised 
and enlarged, lfimo. Roan. 5s. 

FIELD POCKET-BOOK FOR THE AUXILIARY FORCES, lfimo. Is. fid. 

WOOLWICH MATHEMATICAL PAPERS, for Admission into the Royal Military 
Academy, Woolwich, 1880-1888 inclusivo. Edited by E. J. Brooksmith, B.A., 
Instructor in Mathematics at the Royal Military Academy, Woolwich. Cr. 
8vo. 6s. 


AGRICULTURE. 

FRANKLAND.—AGRICULTURAL CHEMICAL ANALYSIS, A Handbook of. 
By Percy F. Frankland, F.R.S., Professor of Chemistry, University College, 
Dundee. Founded upon Leitfculcn fur die Agriculture, Chemiche Analyse, von 
Dr. F. Krocker. Cr. 8vo. 7s. fid. 

HARTIG-—TEXT-BOOK OF THE DISEASES OP TREKS. By Dr. Robert 
Hartio. Translated by Wm. Somerville, B.Sc., D.tE., Professor of Agricul¬ 
ture and Forestry, Durham College of Science, Newcastlo-on-Tyne. Edited, 
with Introduction, by Prof. II. Marshall Ward. 8vo. [In preparation. 

LASLETT.—TIMBER AND TIMBER TREES, NATIVE AND FOREIGN. By 
Thomas Laslett. Cr. 8vo. 8s. fid. 

SMITH.— DISEASES OF FIELD ANT) GARDEN CROPS, CHIEFLY SUCH AS 
ARE CAUSED BY FUNGI. By Worthington G. Smith, F.L.S. Illustrated. 
Feap. 8vo. 4s. fid. 

TANNER.—<‘ELEMENTARY LESSONS IN THE SCIENCE OF AGRICULTURAL 
PRACTICE. By Henry Tanner, F.C.S., M.R.A.C., Examiner in the Prin¬ 
ciples of Agriculture under the Government Department of Science. Fcap. 
8vo. Ss. 6d. 

*FIRST PRINCIPLES OF AGRICULTURE. By the same. 18nio. Is. 

THE PRINCIPLES OF AGRICULTURE. By the same. A Series of Reading 
Books for use in Elementary Schools. Ex. fcap. 8vo. 

*1. The Alphabet of the Principles of Agriculture, fid. 

*11. Further Steps in the Principles of Agriculture. Is. 

*1 IT. Elementary School Readings on the Principles of Agriculture for the 
third stage. Is. 
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WARD.— TIMBER AND SOMIS OF ITS DISEASES. By H. Marshall Ward, 
M.A., F. li.S., F.R.S., Fellow of Christ’s College, Cambridge, Professor of 
Botany at the Royal Indian Engineering College, Cooper’s Hill. With Illustra¬ 
tions. Cr. 8 vo. 6 s. 


DOMESTIC ECONOMY. 

'BARKER.—FIRST LESSONS IN THE PRINCIPLES OF COOKTNG. By Lady 
Barker. 18mo. Is. 

"BERNERS.—FIRST LESSONS ON HEALTH. By J. Berners. 18mo. Is. 

'COOKERY BOOK.—THE MIDDLE CLASS COOKERY BOOK. Edited by tho 
Manchester School of Domestic Cookery. Fcap. 8 vo. 1 b. 6 d. 

CRAVEN.—A GUIDE TO DISTRICT NURSES. By Mrs. Dacre Craven (nk 
Florence Sarah Lees), Hon. Associate of the Order of St. John of Jerusalem, 
etc. Cr. 8 vo. 2 s. 6 d. 

FREDERICK.—niNTS TO HOUSEWIVES ON SEVERAL POINTS, PAR¬ 
TICULARLY ON THE PREPARATION OF ECONOMICAL AND TASTEFUL 
DISHES. By Mrs. Frederick. Cr. 8 vo. Is. 

"GRAND’HOMME.—CUTTING-OUT AND DRESSMAKING. From the French of 
Mdlle. E. Grand'iiomme. With Diagrams. ISmo. Is. 

JEX-BLAKE.—THE CARE OF INFANTS. A Manual for Mothers and Nurses. 
By Sophia. Jex-Blake, M.D., Lecturer on Hygiene at the London School of 
Medicine for Women. 18mo. Is. 

RATHBONE.—THE HISTORY AND PROGRESS OF DISTRICT NURSING 
FROM ITS COMMENCEMENT IN THE YEAR 1859 TO TnK PRESENT 
DATE, including the fonndation by the Queen of the Queen Victoria Jubilee 
Institute for Nursing the Poor in their own Homes. By William Rathbonb, 
M.P. Cr. 8 vo. 2s. 6 d. 

"TEGETMEIER.—HOUSEHOLD MANAGEMENT AND COOKERY. With an 
Appendix of Recipes used by tho Teachers of the National School of Cookery. 
By W. B. Tkgetmkieu. Compiled at the request of the School Board for 
London. 18mo. Is. 

"WRIGHT. T 1 IE SCHOOL COOKERY-BOOK. Compiled and Edited by C. E. 
Guthrie Wriout, Hon. Sec. to the Edinburgh School of Cookery. I 81110 . Is. 

BOOK-KEEPING. 

"THORNTON.—FIRST LESSONS IN BOOK-KEEPING. By J. Thornton. 
Cr. 8 vo. 2 s. 6 d. KEY. Oblong 4to. 10s. 6 d. 

"PRIMER OF BOOK-KEEPING. By the same. 18mo. Is. 

KEY. 8 vo. 2 s. 6 d. 

COMMERCE. 

MACMILLAN’S ELEMENTARY COMMERCIAL CLASS BOOKS. Edited by 
James Gow, Litt.D., Headmaster of Nottingham School. Globe 8 vo. 

The following volumes are arranged for :— 

"THE HISTORY OF COMMERCE IN EUROPE. By II. n e B. GmBms, M.A. 
8 s. 6 d. [Ready. 

COMMERCIAL GERMAN. By F. C. Smith, B. A., formerly scholar of Magda¬ 
lene College, Cambridge. [In the Press. 

COMMERCIAL GEOGRAPHY. By E. C. K. Conner, M.A., Professor of Poli¬ 
tical Economy in University College, Liverpool. [In preparation. 

COMMERCIAL FRENCH. 

COMMERCIAL ARITHMETIC. By A. W. Sunderland, M.A., late Scholar of 
Trinity College, Cambridge; Fellow of the Institute of Actuaries. [In prep. 

COMMERCIAL LAW. By J. E. C. Munro, LL.D., Professor of Law and 
Political Economy in the Owens College, Manchester. 
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GEOGRAPHY. 

(See also PHYSICAL GEOGRAPHY.) 

BARTHOLOMEW.—"THE ELEMENTARY SCHOOL ATLAS. By Johk Bar¬ 
tholomew, F.R.G.S. 4 to. Is. 

"MACMILLAN'S SCHOOL ATLAS, PHYSICAL AND POLITICAL. Consisting 
of 80 Maps and complete Index. By the same. Prepared for tho use of 
Senior Pupils. Royal 4to. 8s. 6d. Half-moroceo. 10s. 6d. 

THE LIBRARY REFERENCE ATLAS OF THE WORLD. By the same. 
A Complete Series of 84 Modern Maps. With Geographical Index to 100,000 
places. Half-morocco. Gilt edges. Folio. £2:12:6 net. Also issued in 
parts, 5s. each net. Geographical Index, 7s. Gd. net. Part I., April 1891. 
"CLARKE.—CLASS-BOOK OF GEOGRAPHY. By C. B. Clarke, F.R.S. New 
Ed., revised 1889, with 18 Maps. Fcap. 8vo. 3s. Sewed, ’2s. Gd. 

GEIKIE.—Works by Sir Arciurald Geikie, F.R.S., Director-General of the Geo¬ 
logical Survey of the United Kingdom. 

"THE TEACHING OF GEOGRAPHY. A Practical Handbook for the use of 
Teachers. Cr. 8vo. 2s. 

"GEOGRAPHY OF THE BRITISH ISLES. 18mo. Is. 

"GREEN.—A SHORT GEOGRAPHY OF THE BRITISH ISLANDS. By John 
Richard Green and A. S. Green. With Maps. Fcap. 8vo. 3s. Gd. 

"GROVE.—A PRIMER OF GEOGRAPHY. By Sir Georoe Grove, D.O.L. 
Illustrated. 18mo. Is. 

KIEPERT.—A MANUAL OF ANCIENT GEOGRAPHY. By Dr. H. Kikpert. 
Cr. 8vo. 5s. 

MACMILLAN’S GEOGRAPHICAL SERIES.--Edited by Sir Archibald Geikie, 
F.R.S., Director-General of the Geological Survey of the United Kingdom. 
"THE TEACHING OF GEOGRAPHY. A Practical Handbook for the Use of 
Teachers. By Sir Archibald Geikie, F.R.S. Cr. 8vo. 2s. 

"MAPS AND MAP-DRAWING. By W. A. Elderton. 18mo, Is. 
"GEOGRAPHY OF THE BRITISH ISLES. By Sir A. Geikie, F.R.S. 18ino. Is. 
"AN ELEMENTARY CLASS-BOOK OF GENERAL GEOGRAPHY. By II. It. 
Mill, D.Sc., Lecturer on Physiography and on Commercial Geography in 
the Heriot-Watt College, Edinburgh. Illustrated. Cr. Svo. 3s. Gd. 
"GEOGRAPHY OF EUROPE. By J. Sime, M.A. Illustrated. Gl. 8vo. 3s. 
"ELEMENTARY GEOGRAPHY OF INDIA, BURMA, AND CEYLON. By li. 
F. Blanford, F.G.S. Gl. 8vo. 2s. Gd. 

GEOGRAPHY OF NORTH AMERICA. By Prof. N. S. Siialt;r. [In preparation. 
GEOGRAPHY OF THE BRITISH COLONIES. By O. M. Dawson and A. 
Sutherland. [/r the Pre 4*. 

STRACHEY. — LECTU RES ON GEOGRAPHY. By General Richard Strachky, 
R.E. Cr. 8vo. 4s. Gd. 

"TOZER.—A PRIMER OF CLASSICAL GEOGRAPHY. By H. F. Tozer, M.A 
18mo. Is. 


HISTORY. 

ARNOLD.—THE SECOND PUNIC WAR. Being Chapters from TIIE HISTORY 
OF ROME, by the late Thomas Arnold, D.D., Headmaster of Rugby. Edited, 
with Notes, by W. T. Arnold, M.A. With 8 Maps. Or. 8vo. 5s. 
ARNOLD.—A HISTORY OF THE EARLY ROMAN EMPIRE. By W. T. 

Arnold, M.A. Cr. 8vo. [In prejiaratinn. 

"BEESLY.—STORIES FROM THE HISTORY OF ROME. By Mrs. Beeslt. 
Fcap. Svo. 2s. 6d. 

BRYCE.—Works by Jamf.s Bryce, M.P., D.C.L., Regius Professor of Civil Law 
in the University of Oxford. 
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THE HOLY ROMAN EMPIRE. 9th Ed. Cr. Svo. 7a. Gd. 

*** Also a Library IhUtion. Demy 8vo. 14s. 

THE AMERICAN COMMONWEALTH. 2 vols. Ex. cr. Svo. 25s. Part I. 
The National Government. Part II. The State Governments. Part HI. 
The Party SyBtera. Part IV. Public Opinion. Part V. Illustrations and 
Reflections. Part VI. Social Institutions. 

*BUCKLEY.—A HISTORY OF ENGLAND FOR BEGINNERS. By Arabella 
B. Buckley. With Maps and Tables. Gl. 8vo. 8s. 

BURY.—A HISTORY OF THE LATER ROMAN EMPIRE FROM ARCAD1US 
TO IRENE, a.d. 395-800. By John B. Bury, M.A., Fellow of Trinity College, 
Dublin. 2 vols. 8vo. 32s. 

CASSEL.—MANUAL OF JEWISH HISTORY AND LITERATURE. By Dr. D. 
Cassel. Translated by Mrs. Henry Lucas. Fcap. Svo. 2s. Cd. 

ENGLISH STATESMEN, TWELVE. Cr. 8vo. 2s. 6d. each. 

William tiie Conqueror. By Edward A. Freeman, D.C.L., LL.D. 

Henry IT. By Mrs. J. R. Green. 

Edward I. By F. York Powell. [7n preparation. 

Henry VII. By James Gairdner. 

Cardinal Woirey. By Bishop Creighton. 

Elizabeth. By E. S. Beesly. [In preparation. 

Oliver Cromwell. By Frederic Harrison. 

William III. By H. D. Traill. 

Waltole. By John Morley. 

Chatham. By John Morley. . [In preparation. 

Pitt. By John Morley. [In preparation. 

Peel. By J. R. Thurseield. 

FISKE.—Works by John Fiske, formerly Lecturer on Philosophy at Harvard 
University. 

THE CRITICAL PERIOD IN AMERICAN HISTORY, 1783-1789. Ex. cr. 
8vo. 10s. fid. 

THE BEGINNINGS OF NEW ENGLAND; or, The Puritan Theocracy in its 
Relations to Civil and Religious Liberty. Cr. 8vo. 7s. 6d. 

THE AMERICAN REVOLUTION. 2 vols. Cr. Svo. 18s. 

FREEMAN.—Works by Edward A. Freeman, D.C.L., Regius Professor of Modern 
History in the University of Oxford, etc. 

11 OLD ENGLISH HISTORY. With Maps. Ex. fcap. Svo. Cs. 

A SCHOOL HISTORY OK ROME. Cr. 8vo. [In preparation. 

METHODS OF HISTORICAL STUDY. 8vo. 10s. 6d. 

THE CHIEF PERIODS OF EUROPEAN HLSTORY. Six Lectures. With an 
Essay on Greek Cities under Roman Rule. 8vo. 10s. 6d. 

HISTORICAL ESSAYS. First Series. 4th E<L 8vo. 10s. Cd. 

HISTORICAL ESSAYS. Second Series. 3d Ed., with additional Essays. 8vo. 
10s. 6d. 

HISTORICAL ESSAYS. Third Series. 8vo. 12s. 

THE GROWTH OF THE ENGLISH CONSTITUTION FROM THE EARLIEST 
TIMES. 4th Ed. Cr. 8vo. 5s. 

’'GENERAL SKETCH OF EUROPEAN HISTORY. Enlarged, with Maps, etc. 
18mo. 3s. 6d. 

*PRIMER OF EUROPEAN HISTORY. 18mo. Is. (History Primers.) 
FRIEDMANN.—ANNE BOLEYN. A Chapter of English History, 1527-1530. By 
Paul Frikdmann. 2 vols. 8vo. 28s. 

"GIBBINS.—THE HISTORY OF COMMERCE IN EUROPE. By II. de B. 

Gibbins, M.A. With Maps. Globe 8vo. 8s. Cd. 

GREEN.—Works by John Hicitahd Green, LL.D., late Honorary Fellow of 
Jesus College, Oxford. 

*A SHORT HISTORY OF THE ENGLISH PEOPLE. New and Revised Ed. 
With Maps, Genealogical Tables, and Chronological Annals. Cr. Svo. 8s. 6d. 
159th Thousand. 

•Also the same in Four Parts. With the corresponding portion of Mr. Tait's 
“Analysis.” Crown 8vo. 3s. each. Part I. 607-1265. Part 11. 1204-1653. 
Part III. 1540-1689 Part IV. 1660-1873. 
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HISTORY OF THE ENGLISH PEOPLE. In four vols. 8vo. 16s. each. 

Vol. 1.—Early England, 449-1071; Foreign Kings, 1071-1214; The Charter, 
1214-1291; The Parliament, 1307-14C1. With 8 Maps. 

VoL II.— The Monarchy, 1461-1540; The Reformation, 1540-1603. 

Vol. HI.—Puritan England, 1603-1660; The Revolution, 1660-1688. With four 
Maps. 

VoL IV.—The Revolution, 1688-1760; Modern England, 1760-1815. With 
Maps and Index. 

THE MAKING OF ENGLAND. With Maps. 8vo. 16s. 

THE CONQUEST OF ENGLAND. With Maps and Portrait. 8vo. 18s. 

* ANALYSIS OF ENGLISH HISTORY, based on Green's “ Short History of the 

English People.” By C. W. A. Tait, M.A., Assistant Master at Clifton College. 
Revised and Enlarged Ed. Crown 8vo. 4s. Od. 

* READINGS FROM ENGLISH HISTORY. Selected and Edited by John 

Richard Greek. Three Parts. Gl. 8vo. Is. 6d. each. I. Ilengist to Creasy. 
II. Cressy to Cromwell. III. Cromwell to Balaklava. 

GUEST.— LECTURES ON THE HISTORY OF ENGLAND. By M. J. Guest. 
With Maps. Cr. 8vo. 6s. 

♦HISTORICAL COURSE FOR SCHOOLS.— Edited by E. A. Freeman, D.C.L., 
Regius Professor of Modem History in the University of Oxford. 18ino. 
GENERAL SKETCH OF EUROPEAN HISTORY. By E. A. Freeman, 
D.C.L. New Ed., revised and enlarged. With Chronological Table, Maps, and 
Index. 3s. 6d. 

HISTORY OF ENGLAND. By Edith Thompson. New Ed., revised and 
enlarged. With Coloured Maps. 2s. 6d. 

HISTORY OF SCOTLAND. By Maroaret Macakthur. 2s. 

HISTORY OF ITALY. By Rev. W. Hunt, M.A. New Ed. With Coloured 
Maps. 3s. 6d. 

HISTORY OK GERMANY. By J.’Sime, M.A. New Ed., revised. 3s. 
HISTORY OK AMERICA. By John A. Doyle. With Maps. 4s. 6d. 
HISTORY OF EUROPEAN COLONIES. By E. J. Payne, M.A. With Maps. 
4s. 6d. 

HISTORY OK FRANCE. By Charlotte M. Yonoe. With Maps. 3s. 6d. 
HISTORY OF GREECE. By Edward A. Freeman, T).C.L. | In preparation. 

HISTORY OF ROME. By Edward A. Freeman, D.C.L. [In preparation. 
"HISTORY PRIMERS. —Edited by John Richard Green, LL.D. 18mo. Is. each. 
ROME. By Bishop Creighton. Maps. 

GREECE. By C. A. Fykve, M.A., late Fellow of University College, Oxford. 
Maps. 

EUROPE. By E. A. Freeman, D.C.L Maps. 

FRANCE. By Charlotte M. Yonoe. 

GREEK ANTIQUITIES. By Rev. J. P. Mahahty, D.D. Illustrated. 
CLASSICAL GEOGRAPHY. By H. F. Tozer, M.A. 

GEOGRAPHY. By Sir G. Grove, D.C.L. Maps. 

ROMAN ANTIQUITIES. By Prof. Wilkins, Litt.D. Illustrated. 

ANALYSIS OF ENGLISH HISTORY^ By Prof. T. F. Tour, M.A. 

INDIAN HISTORY: ASIATIC AND EUROPEAN. By J. Talboyh Wheei.er. 
HOLE.—A GENKAliOGLCAL STEMMA OF THE KINGS OF ENGLAND AND 
FRANCE. By Rev. C. Hole. On Sheet. Is. 

JENNINGS. —CHRONOLOGICAL TABLES. A synchronistic arningement of 
the events of Ancient History (with an Index). By Rev. Annum CL 
Jennings. 8vo. 5s. 

LABBERTON.— NEW HISTORICAL ATLAS AND GENERAL HISTORY. By 
R. II. Lauberton. 4to. New Ed., revised and enlarged. 15s. 
LETHBRIDGE.— A SHORT MANUAL OF THE HISTORY OF INDrA. With 
an Account of India as it is. The Soil, Climate, and Productions; the 
People, their Races, Religions, Public Works, and Industries; the Civil 
Services, and System of Administration. By Sir Roper Lei hdridue, Fellow 
of the Calcutta University. With Maps. Cr. 8vo. 6s. 
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THE DIVINE LIBRARY OF THE OLD TESTAMENT. By the same. [In prep. 
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THE PENTATEUCH AND BOOK OF JOSHUA: An Hislorico-Critical Inquiry 
into the Origin and Composition of the Hexnteuch. By A. Kuenen, Professor 
of Theology at Leiden. Translated by P. H. Wickstked, M.A. Svo. 14s. 

PROCTER.—A HISTORY OF THE BOOK OF COMMON PRAYER, with a Ration¬ 
ale of its Offices'. By Rev. F. Procter. 18th Ed. Cr. 8vo. 10 s. (id. 

11 PROCTER and MACLEAR.—AN ELEMENTARY INTRODUCTION TO THE 
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